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Abstract

In this present paper we wil find Common fixed theorem for two mapping in fuzzy metric space taking the
concept of integral type mappings.
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1. Introduction and Preliminaries
Ever since the notion of fuzzy set was introduced by Zadeh[7]in 1965, the concept of fuzzy metric space was
introduced by various authors in different directions.Especially,Deng[1], Erceg[2], Kaleva and
Seikkala[4],Karmosil and Michalek[5] have introduced the concept of fuzzy metric space in different ways.
George and Veeramani[3]modified the concept of fuzzy metric spaces in the sense of Karmosil and Michalek[5]
and defined the Hausdorff topology of fuzzy metric spaces.Consequently they showed every metric induces a
fuzzy metric. Mishra, Sharma and Singh[6]also proved some fixed point theorem in fuzzy metric spaces. Sushil
Sharma [8] also proved common fixed point theorems for six mappings.
In fuzzy metric space Banach’s contraction mapping principle [10] is one of the pivotal results of nonlinear
analysis. It has been the source of metric fixed point and its significance rests in its applicability in different
branches of mathematics.
Theorem 2.1[10] Let (X,d) be a complete metric space, ¢ € [0,1) and f:X—X be a mapping such that for each
x,y € X,

d(fx.fy) < cd(x,y),
then f has a unique fixed point a € X, such that for each x € X, Lim,_, fx=a.
In 2002, Branciari [11]obtained a fixed point theorem for a single mapping satisfying an analogue of a Banach
contraction principle for integral type inequality. After the paper of Branciari, a lot of research works have been
carried out on generalizing contractive conditions of integral type for different contractive mappings satisfying
various known properties.
Theorem 2.2(Branciari)[11] Let (X,d) be a complete metric space , ce(0,1) and let f:X — X be a mapping such

that for each x,yeX,
ax,y)

a(fx.fy)
f e(t)dt < cf p(t)dt
0 0
Where ¢: [0, +00) — [0, +0) is a Lesbesgue — integrable mapping which is summable on each compact subset

of [0, +x), nonnegative, and such that for each € > 0,
foe @(t) > 0, then f has a unique fixed point a € X such that for each xeX,lim,_,, f"x=a
Theorem 2.3[12] Let (X,d) be a complete metric space and f: X =X such that

fod(fxrfJ’) u(t)dt < a fod(xvfx)+d(3’rfJ’) u(t)dt + ﬁ fod(x'y) u(t)dt _,’_,y fomax {d(x'fy)'d(y’fy)}u(t)dt,

For each x,y € X with non-negative reals a, 8,y such that 2a + 8 + 2y < 1, Where u: [0, +) — [0, +0) is a
Lesbesgue — integrable mapping which is summable,non-negative and such that for each € > 0,
&

f u(t)dt > 0.

Then f has a unique fixed point in X.
There is a gap in the proof of Theorem 2.3 . In fact , the authors [12]
Used the inequality < foau(t)dt + fob u(t)dt for 0 <a<b, which is not true in general. The aim of the paper is
to present in the presence of this inequality an extension of Theorem 2.3 using altering diatance functions. On
taking the concept of Branciari we establish some common fixed point theorem for two mapping in S-fuzzy
metric space.
Definition- [2.4] The 3-tuple (X,S.*) is said to be a S-Fuzzy Metric Space if X is an arbitrary Set, * is a
continuous t-norm and S is a Fuzzy set on X° x (0,00) satisfying the following conditions.

@) S(x,y,z,t) >0

(i) S(x,y,z,t)=1 if and only if x=y=z (Coincidence)
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(iii) S(x,y,z,t)= S(y,z,x,t)= S(z,y,X,,t) (Symmetry)
(iv) S(x,y,z,r+s+t)>S(x,y,w,r)* S(x,w,z,8)*S(W,y,Z,t)
(Tetrahedral inequality)
) S(x,y,2,.); (0, ©)—[0,1] is continuous for all x,y,z,w € X
and r,s,t >0
Geometrically S(x,y,z,t)represents the Fuzzy Perimeter of the triangle whose vertices are the points x,yand z

with respect to t >0.
Definition- [2.5 ] A Sequence {x,} in a S-Fuzzy Metric Space (X,S,*) is called A Cauchy Sequence if and only
if for each € >0, t>0 there exists no€ N such that S(x,,Xm,Xp,t) > 1- € for all n,m,p >n,
Definition- [2.6 ] A binary operation *:[0o,1 ] X [0,1 ] —[0,1] is a (continuous) t-norm if ([0,1],*) is an abelian
(topological) monoid with unit 1 such that a*b<c*d whenever a<candb<d (a,b,c,d € [0,1])
Definition- [2.7 ] The 3-tuple (X,S,*) is said to be a Fuzzy Metric Space if X is an arbitrary Set,* is continuous t-
norm and S is Fuzzy set on X* x(0, ).

@) S(x,y,t) >0

(i1) S(x,y,t)=1 for all t>0 if and only if x=y

(1i1) S(x,y,t)= S(y,X,t)

(iv) S(x,y,H)* S(v,2,8) < S(X,z,t+s)

) S(x,y,.); (0, ©0)—[0,1] is a continuous for all x,y,z € X and t,s>0
Definition- [2.8 ] A Sequence {X,} in a Fuzzy Metric Space (X,S,*) converges to x in X if and only if S(x,,x,t)
— 1 asn—wo
Definition- [2.9 ] A Sequence {x,} in a Fuzzy Metric Space (X,S,*) is said to be a Cauchy Sequence if and only
if for each € >0, t>0 there exists n,€ N such
that S(Xp,Xm,t) > 1- € for all n,m>n,
Definition- [2.10 ] A Fuzzy Metric Space (X,S,*) is said to be complete if every
Cauchy Sequence in (X,S,*) is a convergent sequence.
Definition- [2.11 ] A S- Fuzzy Metric Space in which every Cauchy Sequence is a convergent sequence , is
called a Complete S- Fuzzy Metric Space.

2. Main Result

Theorem-3.1:- Let T & P be two self mappings of a complete Fuzzy Metric Space (X,S,*) with t-norm * defined
by a*b=min{a,b} : a,b € [0,1]

Satisfying the conditions

S(Tx,Py,z,kt min { S(x,y,z,t),S(x,Tx,z,t),S(y,Py,z,t),w,
;O p0ydt = | IO
for all x,y,z in X and 0<k<1,t>0
(2.5) S(x,y,z,t) — 1 as t—o0
Then T & P have a unique common fixed point.
Proof:- Consider an arbitrary point x, in X and define a sequence {x,} in X by X,,+1= TXon , Xonso = PXons1 for

all n=0,1,2..........
On using (2.4) for any p € N, we have

k k
fOS(xl,xz,xp, t) (p(t)dt _ fOS(Txo,le,xp, t) (p(t)d ¢

. S(x0,Tx0,Xp,t)S(X1,PX1,Xp,t)
min {S(Xo,X1,Xp,t),S(X0,TX0,Xp,t),S (X1,PX1,Xp,t), SRoxLAp.D)

>, p(t)dt

S(x0,Tx1,Xp,t)S(X1,X2,Xp,t
min {S(Xo,X1,Xp,t),S(X0,X1,Xp,t),S(X1,X2,Xp 1), (x0.Tx1 P )S(x1x pt)

> fo S(x0,X1,Xp,t) (p(t)dt

> [min SCoxaRpOSEXPO) (1) gy

This implies that
fOS(xl,xz,xp,kt) ¢(t)dt > fOS(xo,xl,xp,t) ¢(t)dt
Again using (2.4) for any PeN we have

S(X2,X3,Xp,kt) S(P,Tx3,xp,kt)
Jo P edt = [T p(t)dt

_ (S(Tx1,Pxq1,xp,kt)
=, p(t)dt

min {S(x2,X1,Xp,t),S(X2, TX2,Xp,t),S(X1,PX1,Xp,t),

Zfo S(x1,x2,xp,t) (p(t)dt

S(x2,Tx2,Xp,t)S(X1,PX1,Xp,t)
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. S(x2,%3,Xp,t)S(X1,X2,Xp,t)
min {S(x1,X2,Xp,t),S(X2,X3,Xp,1),S(X1,X2,Xp,t), SGLxzxpD)

. p(t)dt
2fomin {S(XZ,X3,Xp,t),S(X1,X2,Xp,t)} ® (t)dt

This implies that
fOS(xz,x3,xp,kt) (p(t)dt > fOS(xl,xz,xp,t) (p(t)d ¢
Inductively we have

S(XnXn+1Xp.kt) S(Xn-1XnXp,t)
N w(t)dtzfg (pk(t)dt
> fo (Xn-2.Xn-1.Xp,t/ )(p(t)d t

- S(xg,x1,%p,t/K" 1)
= p(t)dt
Or

S(Xn,Xn+1.Xp.Kt) S(X.x1,Xp,t/K™)
Jo p(t)dt > [ p(t)dt

So for p,q €N & t>0 we have for k=3

fOS(Xann+van+p+qr3t) (p(t)dt
> fOS(Xann+1an+p+qvt)*S(Xann+1vxn+pvt)*s(xn+1an+ern+p+qvt) (p(t)d t

AqxApxAzxA
2[{)1 2*A3 4¢(t)dt
t
Where A;=S (Xo, X1, Xn+p+q,k—n),

Ay=S (XO: X1 Xn+ps kin) )
A3:S(Xn+1' Xn+2» Xn+p+q' t/3)'
A4=S (Xn+2' Xn+Ps Xn+p+qr g)
zf(;Al*Az*As*As*Aﬂ o(Ddt
Where As=S(Xo, X1, Xn4p+qr /3K"*1),
As=S(Xq, X1, Xpp, t/3K"H1),
Az= S(Xn+2' Xn+pr Xn+p+q t/3)'
> foAl*AZ*AS*Aé*A7 oO)dt
2f0A1*A2*A5*A6*A7* ----------------------- pt)dt
Where As=S(Xo, X1, Xn4p+qr t/3K"*1),
As=S(Xq, X1, Xpp, t/3K"H1),
A= S(Xn+2' Xn+pr Xn+p+q t/3)'
p)dt
Where Ag=S(Xo, X1, Xn4piq t/K"F723P72),
Ag = S(xo,xl,xn+p,t/k“+p_23p_2),

A1*Ay*xAg*Ag*...xAg*Ag*A1g
>/

_ t
AIO_ S Xn+p—1, Xn+p» Xn+p+q 3p-2)

Aq*Az*As*Ag*...xAg*Ag*rA1q
>, pDdt

Where  A;1=S(Xg, X1, Xp4pq /37 1KMHP7Y),

On taking lim n—oo we have

lm e S (XnyXnipsXnipra,3t) = TFIFI* (2p-1) times
Which implies that

S (XnsXn+psXntp+q,3t) — as n—00

i.e. for even €>0,t>0, = nyEN such that

S (XnsXn+p-Xniprqpt) > 1-€ for all n>n,
Thus {x,} is a Cauchy Sequence. By the completeness of the space , there is a point u in X such that
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lim ., X,=u
Now we shall prove that u is a fixed point of T

By(2.4) we have

S(Tw,X2n42Xnkt) S(Tu,Pxyn+1,Xn,kt)
Js p(t)dt = [, p(t)dt,
S(wTuxn,t)SXan+1,PX2n+1,%n,t)

S(Wx2n+1,%n,t) (p(t)dt

>

j- min{S(u,x2n+1,%n.t),S(uTuxn t).S(X2n+1,PX2n+1.Xnt)}s
0

On taking lim,,_,,, we have
S(Tu,u,u,kt) min {S(u,Tu,u,t),1}
Js p®)dt = [ p(t)dt

:f(f(u,Tu,u,t) (p(t)dt

Which yields Tu=u
Similarly we can prove Pu=u
Thus Tu=u=Pu
Hence u is a common fixed point of T&P. For the uniqueness of u, let v be another common fixed point of T&P.
Then by (2.4) we have

S(Tu,Pu,v,kt)

S(U,UV,Kt)
Js p()dt =, @(t)dt
> fOS(u,u,v,t) (p(t)dt
Which gives us u=v

To prove T&P are continuous at u. Let {y,} be a sequence in X such that
lim, ., y,=u
On using (2.4) we have

fOS(TJ’n'innrxm,kt) P(t)dt = fOTJ/anxan'erkf P(t)dt

J‘min sOnxantrxmt).SC . . )80}
0

Z min { S(YHaX2n+ 1 ,Xm,t), S(ynsTYmeat)s S(X2n+ 1 sPX2n+ 1 ,Xm,t),
S(yn,Tyn,xm,t)S(x2n+1,Px2n+1,xm,t) }

S(yn,x2n+1,xm,t)
On taking lim,_,, or ., we have
S(lim Ty,,u,u,kt) > min{1,S(u,limTy,,u,t)}
This implies that
lim, ., Ty,=u=Tu=T lim,_,,, y,
Hence T is continuous at u, Similarly we can show that Pis continuous at u.
Theorem-3.2:- Let {T,} & {P,} be two self mappings of a complete Fuzzy Metric Spaces (X,S,*) with t-norm *
defined by
a*b =min {a,b: a,b € [0,1]} satisfying the conditions

. S(x,Tix.2,t)S(YV,Pjyz,t)
min {S(x,y,2,t),S(X,Tix,2,t),S(V.P j Z,t), Gy D) jy

@dt > f edt
0

For all x,y,z in X: 0<K<1, t>0, i,j EN

S(x,y,z,t) > last — o

Then {T,} and {P,}have a unique common fixed point in X.

Proof:- Consider an arbitrary point x0inX. Define a sequence {Xn} such that X,=Ts.+1X, and
X2n+2:P2n+2X2n+1 \4 HZO, 1 ,2, .............

On using for any Pen we have

S(x1,%2,%p,kt) _ S(Tlxorplevxp.kt)
fg (pdt 7f0

J-S(Tix,Pjy‘Z,kf)
0

@dt

(XO.T1x0.xp,t)S(X1.P2x1.xp.t)1
S(x0.x1.%p.t) 4

S
min {S(xo,xl,xp,t),s(xo,Tle,xp,t),S(xl,Ple,xp,t),
>
- Y0

@dt

S(x0.x1,%p,t)S(x1,x2,%p,t)
SGrox1p.)

J‘min {S(xo,xl,xp,t),S(xo,xl,xp,t).S(x1.Xz ,xp.f).
>
- Y0

@dt

Which implies that

f;(xl,xz,xp,kt) pdt > fOS(xo,x1,xp,t) pdt

10
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Again using (2.2.1) for any pEN we have

S(x2,x3,xp,kt S(P2x1,T3Xx2,xp,kt
(XZJ 3x2.xp.f)5(x] P2xqXp:t)

S
min{S(x2,%1,%p,t),S(%2,T3x5,%p,t)S(%1,P2x; Xp.t)};

> fo S(x1.x2,xp,t) (p(t)dt
min{S(xl,xz,xp,t),S(xz,x3,xp,t)S(xl,xz,xp,t)},S(xz'xiéqgjflgz'xp't)
=N e p(t)dt
Which implies that
S(x2,x3,xp,kt) S(x1,%2,%p,t)
I p(t)dt = [ p(t)dt

Inductively we have
S(XnXn+1.Xp.kt) S(xn-1.%nXpt)
Jo p(t)dt = [ p(t)dt
2 f:(xn—zrxn—lvxprt/k) (p(t)dt

Or

S(XnXn+1.Xp.kt) S(x0,%1,%p,t/K™)
Jo p®)dt = @(t)dt

So for p,q EN & t>0 we have for k=3

S(XnXn+pXn+p+q.3t) S(xnvxn+1vxn+p+qrt)*s(xnvxn+1rxn+prt)*5(xn+1vxn+prxn+p+qvf)
Jo @(t)dt = [ @(t)dt

> fOS(XOrxlrxn+p+q‘t/kn)*5(xorxlrxn+prt/kn)*5(xn+1‘xn+2‘xn+p+qr§)*5(xn+2‘xn+p‘xn+p+qrt/3) ® (t)dt

Aq*Ap*A3*xAs*As
Jo p(t)dt

\%

Where A;= S(Xo, X1, Xnip+q t/K™)
Ay=S(x0, %1, Xn1p, t/k™)
A3: S(XO, X1, xn+p+q: t/Skn+1)
Ay=S(x0, %1, Xp1p, t/3K™T)
As=S(Xn 42, Xntp) Xntprq t/3)

> f(;41*A2*A3*A4*A5 .................. (p(t)dt
Where A;= S(Xo, X1, Xnip+q t/K™)
A2: S(XO, X1, xn+p' t/kn)
Az=S(X0, X1, Xn1p+qr t/3k™*)
A= S(x0, %1, X 1p, t/3K™T)
A5: S(xn+2r xn+p: xn+p+q: t/S)

> J‘OA1*A2*A3*A4* ----------- *Ag*A7+Ag (p(t)dt
Where A;= S(Xo, X1, Xnip+q t/K™)
Ay=S(x0, %1, Xn1p, t/k™)
Az=S(X0, X1, Xn1p+qr t/3k™*)
A4_: S(xo, X1, xn+p, t/3kn+1)
A6: S(xO' X1 Xn+p+qr t/kn+p—23p—2)
A7: S(xo, xl, xn+p, t/kn+p_23p_2)
Ag=S(Xp1p-1, Xn4ps xn+p+q,t/3p_2)
f(;Al*Az *Ag ¥ Ag* i *AgxA7xAg (p(t)dt
Where A;= S(Xo, X1, Xnip+q t/K™)
A2: S(XO, X1, xn+p' t/kn)
A3: S(XO, X1, xn+p+q: t/Skn+1)
A4: S(xo, X1, xn+p, t/3kn+1)
A6: S(XO, X1, xn+p+q! t/kn+P—23p—2)

11
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A7=S(xq, X1, Xn1p, t/kn+tP-23p-2)
Ag=S(Xq, X1, Xpypyq t/3P TP

On taking lim n—oo0 we have

lim e s (xnxn+p,xnp+q,3t) > TFI¥I* (2p-1) times
Which implies that

S (XnsXn+psXntp+q,3t) — as n—00

i.e. for even €>0,t>0, = nyEN such that

S (XnsXntp-Xnipiqpt) > 1-€ for all n>n,

Thus {x,} is a Cauchy Sequence. By the completeness of the space , there is a point u in X such that
lim,_,, X,=u

Now we shall prove that u is a fixed point of T;

By(2.4) we have

S(TiwXz2n+2.%Xn.kt) S(Tiw,Pan2X2n+1.Xn.kt)
I pt)dt =[] p(t)dt

S(wTjuxnt)S(X2n+1.Pant+2X2n+1.4n.t)
S(ux: Xt
(uwx2n+1.xXn.t) (p(t)dt

min {S(u,X2n+1.%n,t),.SWTiuxn,t),S(X2n+1,P2n+2X2n+1,Xnt);

-0

On taking lim,_,,, we have
fS(Tiu,u,u,kt) min {S(u,T;u,u,t),1}

5 p(ydt =, p(dt
_ f:(u,Tlu,u,t) (p(t)dt
Which yields Tju=u
Similarly we can prove Pju=u
Thus u is common fixed point of T;and P;
To prove uniqueness, let v be another common fixed point of T; and P;.

Then by (2.2.1) we have
fS(u,u,v,kt) S(T{w,P ju,v,kt)

o p(t)dt=; @(t)dt
S(uuw,t
>[S00 o 1ydt
Which gives u=v
Thus u is a unique common fixed point of T; and P;
Now
To prove that T; and P; are continuous at u. Let {y,} be a sequence in X such that
lim,_, y,=u

On using (2.4) we have
f;(TiYn'x2n+2rxm.kt) (p(t)dt _ f;(Tiyn.PjXZnﬂ.xm,kt) (p(t)dt

= fmin SUnx2ns1Xmt)S W Tiypxmt)S(X2ns 1P jXans1.Xm.t)—}
- J0

= min { S(yn5X2n+l 7Xm5t)5S(ymTimemat)aS(x2n+l 5ij2n+l 5Xm5t)5
S(yn,Ti yn,xm,t)S(x2n+1,P]'X2n+1,xm,t)}

S(yn,x2n+1,xm,t)
On taking lim,_, or .., we have
S(lim T;y,,u,ukt) > min{1,S(u,limT;y,,u,t)}
This implies that
lim,_, Ty,=u=Tu=Tlim, ., y,
Hence Tj is continuous at u, Similarly we can show that P;is continuous at u.
Therefore T and Pj are continuous at u.
This completes the proof.
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upon request of readers and authors.
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