Network and Complex Systems www.iiste.org
ISSN 2224-610X (Paper) ISSN 2225-0603 (Online) LN ]
VoL, No.5, 2014 ISTE

Some Fixed point Theorems in Generalization Metric space

Sarika Jain, Rashmi Tiwari’, Ramakant Bhardwaj”™"
Department of Mathematics, Sagar Institute of Science Technology and Research, Bhopal(M.P.),India
* Department of Mathematics, Govt. Narmada Mahavidyalay Hoshangabad
“Department of Mathematics, Truba Institute of Engineering & Information Technology,Bhopal(M.P.),India
rkbhardwaj100@gmail.com

Abstract

In this paper we establish some fixed point results for mapping satisfying sufficient contractive conditions on a
complete G-metric space.
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1. Introduction

In 1992, Bapure Dhage in his Ph.D. thesis introduced the concept of a new class of generalized metric space
called D-metric spaces[2-3]. In 2005 Mustafa and Sims[6] shows that most of the results concerning Dhage’s D-
metric spaces are invalid. Therefore, they introduced a improved version of the generalized metric space
structure, which are called G-metric spaces as generalization of metric space (¥, 4. to develop and to introduce a
new fixed point theory for a variety of mappings in this new setting, also to extend known metric space theorems
to a more general setting.

For more details on G-metric spaces, one can refer to the papers [6]-[9].

Now, we give preliminaries and basic definitions which are used throughout the paper.

In 2004, Mustafa and Sims [7] introduced the concept of G-metric spaces as follows:

Definition 1.1[7] Let ¥ be a nonempty set, and let G: X x X = X — R™*, be a function satisfying the
following properties:
(Gl) G{xwz) = Oifx = ¥ = =
(G2) 0 = fr(x.xy): fordlzy € Kwithz £
(G3) Gixxy) < Gryelfordleyz e X withz £
(G4) Glxw.2) = Glx 23 = G{w zx) =. .. (symmetry in all three variables);
(G5) Giz, v.2) = Glx,aa) + Glayz).foralzv.z.a € X (rectangl inequality ).
Then the function G is called a generalized metric, or, more specifically a =-metric on X, and the pair (¥, &) is
called a G-metric space.
Definition 1.2. [7] Let (¥, &) be a G-metric space, and let (x;) be a sequence of points of ¥. & pointx € X is
said to be the limit of the sequence (=g if

lirp g Gl %0, %) = 0, and one say that the sequence (%g) is G-convergent to = Thus, that if zp — Oin
a G-metric space (i &, then for any € = 0. there exists ¥ € M such that G(x = ) = €, forallmm = N,
(we mean by M the Natural numbers).
Proposition 1.3.[7] Let (X, 1) be G-metric space. Then the following are equivalent.
1) (%p) is -convergent to =
2 G(%p, %¥g X) > 0,as N — 0.
3) G(#, X, X) — 0,as N — oo,
(@) G(%m, %n, X) — 0,as m, n — o,
Definition 1.4.[7] Let {X.5) be a G-metric space, a sequence {xg) is called G-Cauchy if given € = 0, there is
N € W such that Gz, xg.3) = e, foralln,m,l = N. Thatis G{xp, xp. ) 20 asn,m1 - o,
Proposition 1.5. .[7] In a G-metric space, (X &)}, the following are equivalent
1. The sequence ixg ) is 3-Cauchy.
2. For every £ = 0, there exists § € N such that Glxg. %g.%q) < €, forallnm = N.
Definition 1.6. [7] A G-metric space (X, =] is said to be G-complete ( or complete = metric ) if every -Cauchy
sequence in X ) is G-convergent in (¥ &),
Proposition 1.7. .[7] A G-metric space (X G) is G-complete if and only if (¥ 4% is a complete metric space.
Theorem 1.8 .[7] Let (¥ dJ) be a complete metric space, and E be a function mapping X into it self, satisfy the
following condition,
AR, R = ad(x R )+ bd(v. R )+ cdixv)vey € X
where a.b, ¢ are nonnegative numbers satisfyinga + b + ¢ = 1. Then, E has a unique fixed point (i.e., there
existsu € X; Bu = u).
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3. Main Results

In this section, we will present several fixed point results on a complete G-metric space.
Theorem 2.1. Let (X.x) be a complete G-metric space, and let # : X — X be a mapping satisfies the
following condition
6 O CHe, By, Bz) + B [GQr, Re, Re) 4+ (v By, Bv) 4+ Gz Az, Rz]]
= oGlxy. 2] (2.1(1))
for all x.3.z € X, where the constants e &. ¢ satisfy a. b, £ = 0;
l-ec=o+b oxl,
Proof. Take an arbitrary and define a sequence xy=x,, n=0,12....
Substituting x = xy,. ¥ = x4y, £ = Xy,0. then we have
6 G{Rxp Ay Rigy,) + B[O Qe R Rty + Gy Ry Rityy) + Glp,e Rirg,a Big,,]]
A A T STE WY
R ESTOTE STCTE Y I -0 L0 S SPPE SR IE O ESPRTE S TE S [ L O S TE ST Sy ||
= P S ST S
R EPTTE PTCTE STEY I - 1 € SYESUETE S B O A PP STy

X1 Lpen Lyl = o L) -V P Y
. -b
Sincel=c=p+b=>0=c—h=p= Elc:':Tc:l

-b
We assume that ET = k then

I5I:j'.-‘l‘il+1.-".:r:‘l‘?l+2-"l]'.-‘t‘il+3::I d—: k I::I:‘l]'.-ﬂ-'‘.:r:‘l‘il+1.-".:r:‘l‘?l+2:I
Similarly we can show that
I5|:-‘r1-14-'rﬂ+:I.J-‘r1c|+2:| = kG[Iﬂ—L’Iﬂ-’Iﬂ+1]'
Processing n times
Ot TnenLnrn) S KT (g xp,x).
Next we show that {x,, ] is Cauchy sequence. Without loss of generality assume that n = m,
Then
E[IﬂJImJIm+L:| = I5|:-']'--1':J-T--1':+1.Jj'--ﬂ+1.:| +G|:Iﬂ+1*xm4-fm+1:|
= I5':3'--1':*-']-'-1':+1.J-']'--1'-|+:I.:|"' I5':3'--1':+1.J-"'f1'1+2J-']'--1':+2:| + I::|:-']-'-1':+24-']'--1?14j'--m+1.:|
= I5|:-']'--1':J-T--1':+I.J-T--1':+1.:|‘l' I5|:-:L-1-1+1.J-']'--1c|+:lé-']f1c|+:1:' +
e -+G[Im—1JImJIm+1:|
A A N YT I O LUkl Y oy R + KMy o],
K14+ K+ k2 + + K™ gy rs),

G, X200

1A 10

= 1-gmm
Hence, limit .t — oo

fim Gl 2.2 =1
1 41— £a l: 11417 1‘:"l+1:|

i.e. Ly 1is Cauchy sequence.
Since (X, &7 is complete, so there exists w € X such that :x,, = w, which implies,
ity oa Ol w) =0,
Next we will show that w is fixed point of . we take x = xyand v ==z =w in
(2.1(i)) then
6 (e, Aw w4+ b [GClo Reg R + Glw, w, Bw) + Clw e, Bw]] £ 0 Gl w)
o Ol Rw Bw) + b [Glr o) + 2 Glw, Bw, Bw ] ] = e Glo,w,w)
Asn —  we have
(64 2676 0w, Rw, Rw) < 0
Which is contradiction, so Aw = w i.e. wis fixed point of &.
Uniqueness:
Let # and g are two more fixed points of #, different from w, i.e. w # g * g.
We take x = w,¥ = g, 2 = g in (2.1(i)) then
o GCiw, Bp, Rg) + b [Glw, Rw, Bw) + Gip, Bp. Bp) + (g Rg.Rg])
= clhiw.pg)

= G{w.p.g) = ZG(w.p.q)
Which is contradiction, so w = = g, i.e. w is unique fixed point of &.
This complete the proof of theorem .
Theorem 2.2, Let (X. &) be a complete G-metric space, and let # : ¥ — X be a mapping satisfies the
following condition
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min {6 (R, By, Rz) G (x, B, R, G (v, Ry, B, G (z Rz, R )

S ROl WED e e e (2.2(1))

forall z,v.2 € X, wherel = o = 1,
Proof. Take an arbitrary and define a sequence =y =x,, n=0,12....
Substituting x = xy. ¥ = Tyu4p. £ = Xaeq.in (2.2(0)) then we have
. {G[HIﬂJHIﬂ+1-'RIﬂ+1:I DO Xy, Ry ), I5':-':’-"r:+1.JH-':’-"r:+1.J*":L'f'r:|+1.::h}
min
D) PR & YRRV & Y
Y LG Y SIETE S
min {Elixﬂ+l-'xﬂ+2-'xﬂ+2:| NSV SRPE SR N 1 SRPE ST S N
L ESVRPE ST Sy
= ool T ) -
min {E[Iﬂ+1.-'xﬂ+2-'xﬂ+2] -'Gl::xﬂ-'xﬂ+l-'xﬂ+1:|} = Y P YL S ST RO (2.2(i))
If we take
i {G{xﬂ+1.-'xﬂ+2-'xﬂ+2:l -'Gl::xﬂ-'xﬂ+l-'xﬂ+l:l} = C(Xpip XnsnEner)
Then from (2.2(ii))
Y ESVEPE SUCTE SEY N O SOE SR S
And if we take
MmN {E[Iﬂ+l-'xﬂ+2-"rﬂ+2] -'El::xﬂ-'xﬂ+l-'xﬂ+1:|} = O e Tnar)
Then
A ESTESTRTE SR g 3 O ST STSPESIRY
Which is contradiction, so that
L) UL T U N ) S SRR S
Similarly we can show that
T STPESTER ) - - 1 E SRS PR ) B

Next we show that {x, ] is Cauchy sequence. Without loss of generality assume that n = m,
Then

G[Iw-'rm*xm:l = GI:Iﬂ-'Iﬂ—L-'Iﬂ—lj_'_ L) P g ey

= G&ﬂ’xﬂ—l’xﬂ—lj_'_ IR + G {1 s L)
ol L T P I S il Y o Sy ISR Ll £ [ S DY
o L I R + K™Y Gy,

Tz

14

g G, X200

Hence, limit #. 1 — oo

m.!}m}zﬂ e e T =10

i.e. 1x,,1is Cauchy sequence.

Since (X, &7 is complete G — metric space which gives w € X such that {x,1 = w,as n =

Next we will show that w is fixed point of . for this we take x = x, and v = z = w /7 (2.2(i)]) then
o (7 (R R, R O (o R Ree 06 O, R, By, (0w, R, R T2 a2 (e w w)

wio (6 (R R, B, 6 (o R R 0 O, R, Ru T = e G (e e, )

Asn — = we have

s {6 CRw, R, Rw), Glw, Rw, Rw), 0w, Bw, Buw) 1= 6 60w, w,w)

Which is contradiction, so fw = w i.e. wis fixed point of R.

Uniqueness:

Let # and g are two more fixed points of &, different from w, i.e. w * p ¥+ g.

We take & = w,v = p, 2 = g in (2.2({)] then

miniG (Rw, Rp, Rg), Glw, Rw, Rw), G(p. Rp, Rp) . Glg. Rg. Re) 1 = o Glw.p.q)

= Glw, gl = elw.p.g)

Which is contradiction, so w = = g, i.e. w is unique fixed point of &.

This complete the proof of theorem .

Theorem 2.3, Let (X, ) be a complete -metric space, and let # : ¥ — X be a mapping satisfies the

following condition
tnin {6 Ry Ay Az 6 xRy Ax) , Gy Ay RAp) EizRzAn ]}

tnin {6 (xR Axn,E0p Ry A6 (s R
forall x.%.2 € X where 0 < & < 1,
Proof. Take an arbitrary and define a sequence xu43=x,, n=012.. ..
Substituting & = xy,. ¥ = x4, E = y.q.i0(2.3(i))then we have
it {6 R¥n Ay A¥p g )6 R X A¥n ), 62 (Ypay Rn g R¥n )]

min {6 (2n Ran A g b (i v g A R ¥ LB e 1 R 2 v B}

L oeblrny.z) ... (2.3()
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= E'Gl:xﬂ-'fﬂ+l-'xﬂ+1:|
Tl {E[Iﬂ+i’xﬂ+2-'xﬂ+2]'E[Iﬂ’xﬂ+1’xﬂ+1]4 fr I:-:L-1-1+1.J-'r1':+2*-‘]1-1'-|+2:|}
min {El:xﬂ-"rﬂ+l-'xﬂ+1:|-'E[Iﬂ+l-'xﬂ+2-'xﬂ+2]-' I5'i-"-'1':+1.J-‘JL'1':+2H'f1-1+2:'}
= o Glrg e e

it {6 (e A2 ¥m e 26 (e a4 Fp e 40 B2 (g A2t ez) | .
- = Y (S P S R (2.3(ii))
TR T SPRESANPIE APy 1 - S S SR

Case I: If we take
. 2
T {E[Iﬂ+l-'xﬂ+2-'xﬂ+2]'E[Iﬂ-'xﬂ+1-'xﬂ+1]-' & IiIﬂ+1.J-"-'1':+2J5L'1-1+2:'} _ I5I::fﬂ+1.*-'J'fﬂ+2-'-']'-’1'1+Ej''5'i-‘rw-151'.|+1.J-"-'1':+1.:'

GO LA E RSP SOy Y L S S Sy | TS SR S
Then from (2.3(ii))
| R ] A S Sy
Y I S S
| . S ] - I: -+l ﬂ+1:|
I5I::r‘l‘?l+1.-'‘Jr‘l‘3|+2-':]:‘l‘l+2::I i o Gl:xﬂ-"rﬂ+l-'xﬂ+l:|
Case II:
if we take
i H
T R Y P S R ¥ L - S SO TN it i SO SRR e |

R LT E ST Py Y A £ Ly
_ I5I:--J’--1':+1.J-1-1'1+2J-'rﬂ+2-:|' I5':-"--1':*-":1':+:I.J-‘r1c|+1.:|

A ESIRPE S Sy
Then from (2.3(ii))

En eyt 2tn e 2 B dn s g nag)
A A O S ST S
Grnvifdnezinz)

Then Gixy, tpppXnpr) = 0 O0n X, 20041)
Which is contradiction, so that

Case IlI:
if we take
; 2 2
TRif {E[Iﬂ+i’xﬂ+2-'xﬂ+2]'E[Iﬂ’xﬂ+1’xﬂ+1]4 g I:Iﬂ+1-'xﬂ+2-"rﬂ+2:|}_ g I:‘rﬂ+i-'xﬂ+2-'rﬂ+2:|

min {E[Iﬂ+l’xﬂ+2-’xﬂ+2] . E[‘Tﬂ-’xﬂ+1-’xﬂ+1]} NS SR Sy

th1en from (2.3(ii))

B2 (Are 1 Aoz
£ Omettnezdnez) B Gty )
EirnAneiAne1l

O (Lprr Tnrz Taazd 5 8 O(x0 oy Tass)  Where b = o
Case IV:
if we take
: 2 2
T {E[Iﬂ+l-'xﬂ+2-'xﬂ+2]'E[Iﬂ-'xﬂ+1-'xﬂ+1]-' & IiIﬂ+1.J-"-'1':+2J5L'1-1+2:'}_ L8 ESURPE SPTE MY

min {':"_|:-'r1'1+1.*-"--1':+24-'rﬂ+2:I ! E[Iﬂ-'rﬂ+1-'xﬂ+1:|} I5|:Iﬂ+1.4-"--1c|+2-'-‘r1'1+2:'
Ti;en from (2.3(ii))
6" (Fpeitnezdnez)
6 (e w2 2 ) Y P P S
I5I:-‘rﬂ+1.*-'J'C1CI+2-'-'J'-’1¢|+2::I A O OE SR S
From case I, I, Il and IV, we have
I5[-‘JL}-:+1.J-'J'C+:|+:!J-'J'-’r.|+:!::I A O SPE SR S
By induction we have
L ENRE ST SPY E- Ll A PP
Similarly we can show that
E[Iﬂ’xﬂ+l’xﬂ+l]] i: o E[Iﬂ—i.-'xﬂ-'xﬂ+2:| .
Next we show that i, 1is Cauchy sequence. Without loss of generality assume that n = m,
Then
E[IﬂJImJIm] = E[Iﬂ-'rﬂ—l-'xﬂ—lj-'- E[Iﬂ—LJIm*Im:'
El:::rﬂ.lxﬂ_l.lxﬂ_j_:l+ R + E[Im_l,:rm, Im:I
R ATy N ikl A Sy IS e A T E TSI
KMl k+Kk5+ + K" G(xpy. ).

T2

1A,

=
=

I

G xp.oXal.

i— [{11 =T
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Hence, limit mz.11 = @2

m{%q?‘]‘_}!-m Gl L) =0

i.e. Lz, Jis Cauchy sequence.
Since {X. &7 is complete G — metric space which gives w € ¥ such that {x, } — w,
as mn -+,
Next we will show that w is fixed point of &. for this we take xx = x,, and
v =z =w in(2.3(i)) then
min U0 (Rx g Bw, Bw), 6 (x, Re g Bx 0. G 0w, Bw, Bw), Glw, Bw, Rw )1 = 6 Glx,w.w)
min U0 (Rx g Bw, Bw), 6 (x, Re g Re 060w, B, Rwl )} = o 6 (xw,w)
As# - & we have
min 10 (Rw , Bw, Bw), Glw, Bw, Bw), Glw, Bw, Bw) 1 = o & (w,w,w)
Which is contradiction, so Aw = w i.e. wis fixed point of &.
Uniqueness:
Let # and g are two more fixed points of &, different from w, i.e. w £ g * g,
We take x = w, v = p.2 = g in (2.3(i)) then
miniG (Rw, Rp, Rg), Glw, Rw, Rw), G(p. Rp, Rp) . Glg. Rg. Re) 1 = o Glw.p.q)
= Glw, gl = elw.p.g)
Which is contradiction, so w = = g, i.e. w is unique fixed point of &.
This complete the proof of theorem.
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