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Abstract

This paper deals with an M™M/G/1 queues with second optional service, optional re-service and Bernoulli
vacations. Each customer undergoes first phase of service after completion of service, customer has the option to
repeat or not to repeat the first phase of service and leave the system without taking the second phase or take the
second phase service. Similarly after the second phase service he has yet another option to repeat or not to repeat
the second phase service. After each service completion, the server may take a vacation with probability € or
may continue staying in the system with probability 1—& . The service and vacation periods are assumed to be
general. The time dependent probability generating functions have been obtained in terms of their Laplace
transforms and the corresponding steady state results have been obtained explicitly. Also the average number of
customers in the queue and the waiting time are also derived.

Keywords: Batch arrival, Second optional service, Optional re-service, Average queue size, Average
waiting time.

1. Introduction

For the first time the concept of Bernoulli vacation were studied by Keilson and Servi [6]. In many
applications such as hospital services, production systems, bank services, computer and communication
networks; there is two phase of services such that the first phase is essential for all customers, but as soon
as the essential services completed, it may leave the system or may immediately go for the second phase of
service.

Recently, Madan [8] and Medhi [10] investigated an M/G/1 queueing system with a second
optional service in which some of arrivals may require a second optional service immediately after
completion of the first essential service.

Ke [5] studied an M™/G/1 system with startup server and J additional options for service. Choudhury
and Paul [3,4] studied a batch arrival queue with an additional service channel under N-policy.

At present, however most of the studies are devoted to batch arrival vacation models under
different vacation policies because of its interdisciplinary character. Numerous researchers including Baba
[1], Choudhury [2], Lee et al. [7], Madan and Choudhury [9] and many other have studied batch arrival
queue under different vacation policies.

In this paper we consider batch arrival queue with second optional service in which the first phase
of service is compulsory whereas the second phase is optional. Each customer undergoes first phase of
service after completion of which customer has the option to repeat or not to repeat the first phase of
service and leave the system without taking the second phase or take the second phase service. Similarly
after the second phase service he has yet another option to repeat or not to repeat the second phase service.
Further, we assume that this option of repeating the first phase or the second phase service can be availed
only once.

The outline of the paper is as follows. The model description is given in section 2. Definitions and
equations governing the system are given in section 3. The time dependent solution have been obtained in
section 4 and corresponding steady state results have been derived explicitly in section 5. Average queue
size and average waiting time are computed in section 6.

2. Model description

We assume the following to describe the queueing model of our study.
a) Customers arrive at the system in batches of variable size in a compound Poisson process and they
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are provided one by one service on a first come - first served basis. Let AC,dt ( i >1) be the first order
probability that a batch of i customers arrives at the system during a short interval of time (t,t+dt],

where 0< ¢, <1 and Zci =1and A >0 is the arrival rate of batches.
i=1

b) There is a single server who provides the first phase service for all customers, as soon as the first
service of a customer is completed, he may opt to repeat the first service with probability r; or may not
repeat with probability 1—r,. After completing the first service, the customer may opt to take the second
optional service with probability p or may leave the system without taking the second service with
probability 1— p . Similarly after taking the second phase service he may demand repetation of second
phase service with probability r, or may leave the system without repeating the second phase service with
probability 1- r,. Further, we assume that this option of repeating the first phase or the second phase
service can be availed only once.
c) The service time follows a general (arbitrary) distribution with distribution function B;(S) and density
function b,(S) . Let £ (x)dx be the conditional probability density of service completion during the
interval (X, X+ dx], given that the elapsed time is X, so that

ux)=-2%)iogp
1- Bi (X)

and therefore,
S

—I;zi(x)dx
b.(S) = #(s)e ° , 1=1,2.
d) After each service completion, the server may take a vacation with probability & or may continue
staying in the system with probability 1— 6.
e) The server’s vacation time follows a general (arbitrary) distribution with distribution function V (t)
and density function v(t). Let y(X)dx be the conditional probability of a completion of a vacation during
the interval (X, X+ dx] given that the elapsed vacation time is X, so that

_ V(X
r) =17, 0’

and therefore,
t

—J.y(x)dx
v(t) = y(t)e °
f) Various stochastic processes involved in the system are assumed to be independent of each other.
3. Definitions and Equations governing the system

We define Pn(i) (x,t) = Probability that at time t, the server is active providing i th phase service and there
are n (N>0) customers in the queue excluding the one being served and the elapsed service time for this

customer is X . Consequently P®(t) = J.Pn(”(x,t)dx denotes the probability that at time t there are n
0

customers in the queue excluding one customer in the Ith phase service irrespective of the value of X for
i=1, 2. R,E"(X,t) = Probability that at time t, the server is active providing i th phase repeating service
and there are n (n>0) customers in the queue excluding one customer who is repeating ith phase
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service and the elapsed service time for this customer is X Consequently R (t) = J.R,E” (x,t)dx denotes
0

the probability that at time t there are n customers in the queue excluding one customer who is repeating

I th phase service irrespective of the value of X for i=1, 2.

V, (x,t) = Probability that at time t, the server is under vacation with elapsed vacation time X and there

are n(N>0) customers in the queue. Accordingly V, (t) =IVn(x,t)dx denotes the probability that at
0

time t there are N customers in the queue and the server is under vacation irrespective of the value of X.
Q(t) = Probability that at time t, there are no customers in the queue and the server is idle

but available in the system.
The system is then governed by the following set of differential-difference equations:

Z RO+ PO (0 +[+ IRV (KD =0 )
9 PO (x,t) 2 PO (X, 1) +[A+ 14, ()PP (x,t) = /Izn:ck PO (x,1),
OX ot k=1
n>1 @)
0 0
PP+ R (00 + [+ (IR (1) =0 @
2 p(x, 1)+ 2 PO (x, 1) 4[4+ 15, (OIPL (x, 1) = 2D e, PE (1),
OX ot k=1
n>1 @)
O RO, 1)+ L RO (%) +[A+ 4 (IR (x,1) =0 ©)
OX ot
T RO+ L ROX )[4+ 4 IRD(x 1) = 23 6,RY, (x.b),
OX ot k=1
n>1 (6)
0 0
= RP(x,1) o R (x,t) +[A+ 1, ()R (x,t) =0 ©)
P RO, 1)+ 2V (x,) +[4 + 5, (OIRD (x, 1) = 23 6,RE), (x.1),
OX ot k=1
n>1 @)
V(KD 2V, (1,0 =2+ (OVo(xD) ©
0 0 n
&Vn (X, 1)+ avn (1) =21+ 7N, (X,1) + 2D 6V,  (x,t),n>1 (10)
k=1

£Q()+2Q1) = (1-0)(1-1) R (x D ()X

+(1=0) [ RP (1) s, () dx + (L- 0) (1 p) [ R (x,8) 1, ()l

+(1-0)(1- p)(L-1) [ PP (x s ()X + [ Vo(x,t)y()dx  (11)
The above equations are to be solved subject to the following boundary conditions

PY(0,1) = 2¢,,Q(t) + (1-O)(1- p)(1-1) [ PE(X, )24 (x)dx
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+(1=0)(1—1,) [ PA1) 1, 00X+ [ V1 (6, 1) (x)lx
+(1=0)(1- p) | RE (x4 ()X +(1—0) [ R, (x,1) 1, ()

n>0 (12)

RP(0,t) = p(1—r) [ P t) 4 () + p [ RY (x,8) 1, ()l
n>0 (13)
RO(0,t) =1, jo “PO(x,t) 14 (X)dx, n>0 (14)
(15)

ROO,0) =r,[ PP (x, 1), ()dx, >0
V,(0.0) = (1= P)O(-r) [ R (x )4 (x)elx
+6(1-,) j:Pn@) (X, 1) 24, (X)dx + (1— )6 jo “R® (%, 1) 24, (X)dx
+0 jo “R®(X,1) 14, (X)dx, >0 (16)

We assume that initially there are no customers in the system and the server is idle. So the initial

conditions are
PO (©0)=R"(0)=0forn>0and Q(0) =1. (17)

4. Probability generating functions of the queue length:

the time - dependent solution
We define the probability generating functions ,

PO(x,2,t) = > 2"RP (x,1); P (z,t) = > 2"PP(1),C(z) = D ¢, 2",
n=0 n=0 n=1

RO(x,2,t) = Y2RO(x,1):RV(2,t) = Y2"RO(t) fori =1,2. (18)
n=0 n=0
V(x,z,t)=iZ”Vn(x,t); V(z,t)=iZ"Vn(t), x>0 (19)
n=0 n=0

which are convergent inside the circle given by z < 1 and define the Laplace transform of a function
f(t) as

f(s)= je*“ f (t)dt, R(s) > 0. (20)
0
We take the Laplace transform of equations (1) - (16) and use (17) to obtain

%Em(x, 8)+(s+ 2+ (X)R™(x,5) =0 (21)
aﬁ P (x,8)+(s+ A+ (X)) (x,8) = 2D ¢ R (xs),n>1 (22)

X k=1
% R (x,9)+(s+ A+ 1, ()R (x,5) =0 (23)
ZRE(s) (5 + A+ i (P (45) = AY G R (X 8)n 21 24)

X k=1
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%ﬁo(”(x,s)+(s+i+,ul(x))§o‘l)(x, s)=0 (25)
aﬁ RO(x,5)+(5+ 2+ 1, ()R (x,5) = 136, R, (x,5),n 21 (26)
X k=1
%ﬁo(z)(X, $)+(s+ A+ 14,(X)RP(x,5) =0 (27)
aﬁ R®(x,5)+(s+ A+ 15,()RP(x,5) = 2D G, RE, (x,5),n 21 28)
X k=1
S8+ 5+ A+ 1N (x,9) =0 9)
X
82\7” (X,5) +[s+ A+ 7NV, (%,5) = 2D 6V,  (x,5),n>1 (30)
X k=1

(s+AQ(8) =1+ (1- p)(L-1)(1-6) [ P® (%, 5) 4, (x)lx
+(1-5)(A-0) [ B (%), ()X +(1-O) [ RP (x,5) 1, (X)dx
+(1-0)(1- p) | R (%, 8) 1 () d+ [ Vo (x,5)(x)lx (31)
R9(0,5) = Ac,,Q(8) + (1-0)(1- p)(L—1) [ PL(x,5) 14 (X)x
+(1=0)(1-1,) [ P, )11, ()X + (1= O) (L p) [ RE (x,5) 4 () lx
+(1-0) [ RE,(%,8) 22, () + [V, 1 (x,8)7()dx, n20  (32)

P®(0,s) = p(1— rl).[:Pn(l)(x, $) 14, (X)dx + pj:erl)(x, $) a4 (X)dx,

n>0 (33)
RO(0,9) =1, P (x,8)44(x)dx, n=0 (34
R (0,5) =1, [ PP (x )4, (), =0 5)

V,(0,5) = 6(1-1)(1— p)[ PV (x,5) 4 (X)dx
+0(1— p) [ RY (x,8) 24 () dx+ O(1L-1,) [ "B (x,5) 1, (X)dx

+0 jo "RO(x,5) 14, (X)dX, N>0 (36)

Now multiplying equations (22), (24), (26) (28) and (30) by z" and summing over n from 0 to oo,
adding to equations (21), (23), (25) and (27) using the generating functions defined in (18) and (19) we get

%5‘”@, 2,8)+[s+ A —AC(2) + 1, (X)]P®(x,2,8) =0 (37)
% P@(x,2,8) +[s+A1—AC(2)) + 1,(X)]P?(x,2,8) =0 (38)
% RO(x,z,8) +[s+ A1 —AC(2) + 14 (X)JR™(x,2,8) =0 (39)
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% R®(x,z,8) +[s+ 1 —AC(2) + 1,(X)JR®(x,2,8) =0 (40)

%\T(X, 2,8)+[s+A—AC(2) + y(X)M (x,2,5) =0 (41)

For the boundary conditions, we multiply both sides of equation (32) by z" sum over n from 0 to o, and

use the equation (31), we get
P®(0,2,5) =[1-(s+ A)Q(s)]+ AC(2)Q(s)

+(1-0)(1-r)(1-p)[ P (x,2,5)4(x)dx
+(1-6)(1-p) fﬁm(x, 2,5) 14,(X)dX + (1 6) j:ﬁ@)(x, 2,5) 14, (X)dx

+(1-6)(1-r,) j:’5<2>(x, 2,3) 14, (X)dX + j:\T (x,2,5)y(X)dx  (42)
Performing similar operation on equations (33) to (36) we get,
P(0,2,5) = (1-1) p[ P (x,2,9)(X)dx+ p[ R (%, 2,5) 4 ()x  (43)

R®(0,z,5) = rlj:ﬁ(” (X, 2,8) 11, (X)dx (44)

R®(0,z,5) = rzj:ﬁz)(x, z,8) 1, (X)dx (45)

V(0,2,5) = 0(1—1,)(1- p) | PV (x,2,5)14 (x)dlx
+60(1-1,) L “PO(X, 2,5) 1, (X)dx +O(1— p) jo "RY(X, 2, ) 14, (X)dx

+ HI:R(Z)(X, Z,8)1,(x)dx, n>0 (46)

Integrating equation (37) between 0 to X, we get

—[s+l—/1C(z)]x—jyl(t)dt
P®(x,2,5)=P®(0,z,5)e 0 (47)
where P®(0,z,5) is given by equation (42).

Again integrating equation (47) by parts with respect to X yields,

PU(2,5) = PO(0,7,9)| TS A-4C () )
’ Y S+ 1—-AC(2)
where
B,(s+A—AC(2)) = je’[S*HC‘Z)]XdBl(x)
0

is the Laplace-Stieltjes transform of the first phase service time B, (X). Now multiplying both sides of

equation (47) by £4(X) and integrating over X we obtain
IIS(l’ (X, 2,8) 4 (X)dx = P®(0,2,5)B,[s + A(1-c(2))] (49)
0

Similarly, on integrating equations (38) to (41) from 0 to X, we get

X
—[s+/1—}LC(z)]x—J-/¢2 (t)dt

P®(x,z,5)=P®(0,z,9)e 0 (50)
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X
—[s+£—/1C(z)]x—I/.11 (t)dt
R®(x,z,5) =R™(0,z,5)e 0

X
—[s+1-AC(z)] X—J,uz (t)dt
0

R®(x,2,5) =R®(0,z,5)e

X

—[S+A—AC(Z)]X—J.}/(t)dt
V (x,2,8) =V (0,z,5)e 0

(51)

(52)

(53)

where P?(0,2,5),RY(0,z,5), R®(0,z,5) and V (0,2,s) are given by equations (43) to (46).

Again integrating equations (50) to (53) by parts with respect to X yields,

P®(z,5) = P(0, Z,S){l_ §2 (S—I—ﬂ—ﬁC(Z))}

s+A1—-AC(2)

RY(z,5)=RY (0,7, s){l_ By(s+4 _AC(Z))}
s+A—AC(2)

R® (2,5) = ﬁ(z)(O, 2, S){l_ §2 (s+ /1(1_(:(2)))}
s+A—-AC(2)

1-V (s+ A—-AC(2))
s+A—A4AC(2)

V(z,5) =V (0,z, s){

where
B,(s+1—AC(2)) = j;"’er[“i%(z)]XolB2 (%)

V(s+A—AC(2)) = Lwe—[swl—/lC(z)]de (x)

(54)

(55)

(56)

(57)

are the Laplace-Stieltjes transform of the second phase service time and vacation time. Now multiplying

both sides of equations (50) to (53) by £4(X), £, (X) and y(X) integrating over X, we obtain

]35(2) (%, 2,8) 11,(X)dx = P?(0,z,8)B,[s + 1 — AC(2)]

Tﬁ‘“ (%, 2,8)1,(X)dx = R®(0,z,8)B,[s + A — AC(2)]

[e¢)

j R®(x,2,5)1,(x)dx = R®(0,2,5)B,[s + A — AC(2)]

T\T(x, 2,9)7(X)dx =V (0,z,5)V[s + A —AC(2)]

Using equation (58) in (45), we get
R®(0,z,s)=r,B,(a)P?(0,z,5)
By using equation (49) in (44), we get
R®(0,z,5)=rB,(a)PP(0,z,53)
Using equations (49), (59) and using (63) in (43), we get
P®(0,2,5) = pB,(a)[1-r, +1,B,(@)]P"(0,2,5)
Using equations (49), (58), (59) and (60) in (46), we get

V(0,2,5) = 6B, (a)B,(a)[1- 1, + 1B, (Q)I[1-1, +1,B,(a)]P (0, 2,5)

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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+0(1- p)B,(@)PP(0,z,s) (65)
Using equations (49), (58) to (61) in (42), we get
PM(0,2,5) =[1-sQ(s)]+ A(C(2)-1)Q(s)
+B,(@)(1-r,+1B,(a))(1-0+&V (a))
[1-p+pB,(a)(1-r, +1,B,(a))IP"(0,2,5) (66)
Similarly using equations (62) to (65),_in (66), we ggt
Bi(0,2,5) = AC@-1Q ész +(1-5Q(s))

(67)

where

Dr = z-B,(a)(1- 1, + ,B,(a))(1- 0+ &V (a))[1- p+ pB,(a)(1-1, +1,B, ()],
and a=s+A1-A4AC(2).

Substituting (67) into equations (62) to (65), we get

5910.2.9 = PR (@11 o8 @) RO OB
2010.2.9 = 8@ QD+ ACO-1Q0) ”
RO(0,2,9) = 1,8, (@B, ()11 + 1B,(a) (LS QENHACAQEN

V(0,2,9)= 2B @)1 + KB @)L p+ PE,(@)(1-T, +1,B,(a)
[A(C(2)-1Q(5) + (1-5Q(s))] &

Using equations (67) to (71) in (48) and (54) to (57), we get
PY(z,5),P?(z,5),RY(z,5), R?(z,5) and V (z,5) Thus which completes the proof of the

theorem.

5. Conclusion

In this paper we have studied a batch arrival queue with two phases of service and optional re-service with Bernoulli
vacation. This paper clearly analyzes the transient solution, steady state results , Mean number of customer in the queue and
the system of our queueing system.
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