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Abstract

The aim of this paper to prove some fixed point theorems for generalized weakly contractive condition in
ordered partial metric spaces. The result extend the main theorems of Nashine and altun[17] on the class of
ordered partial metric ones.
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Introduction and preliminaries

The concept of partial metric space was introduced by Methuews [16] in 1994.In such spaces the distance of a
point to itself may not be zero. Specially from the point of sequences, a convergent sequence need not have
unique limit. Methuews [16] extended the well known Banach contraction principle to complete partial metric
spaces. After that many interesting fixed point results were established in such spaces. In this direction we refer
the reader to Velero[21]. Oltra and Velero[23]. Altun et at[4]. Ramaguera[24]. Altun and Erduran[2] and
Aydi[6,7,8]. First we recall some definitions and properties of
partial metric spaces [see 2, 4, 16, 22,23,24,25 for more details]

Definition 1.1:- A partial metric on non empty set X is a function

p:XxX =0 suchthatforall X,),z € X.
(p)x=yep(xy)=pxy)=p(r)

(2,) P, < p(x,y)

tp,) p(x,y)= p(3.%)

(7)) Px) < p,x)+ p(z,y)- p(z.2)

A partial metric space is a pair (X, p) such that X is a non-empty set and p is a partial metric on X.
Remarks 1.2:- It is clear that if p(x, y) =0 , then from (p,) and (py).
%=y Butif x=y, p(x,y) may not be 0. A basic example of a partial metric space is the pair

(D +,p) where p(x,y)=max{x,y} for all x,y €[] ,
Each partial metric p on X generates a T, topology 1, on X which has a base the family of open p-balls
{B,(x,&),xe€ X,&>0} Where

B (x e)={yeX:p(x,y)<px,x)+e&}forall xe X and &> 0.

If p is a partial metric on X then function P XxX—> R+ given by
P'(x,y)=2p(x,) - p(x,x) = p(,») (1.1)
Is metric on X.

Definition 1.3:- let (X , p) be a partial metric space and {xn } be a sequence in X. then

(i)ﬁ ikx, | converges to a point x € X if and only if p(x,x)= lim p(x,x,).
P>+
(ii)ﬁmxn} is called Cauchy sequence if there exists ( and is ﬁnite) lim “,b(xn xm).

n,m—>+0
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Definition 1.4:- A partial metric space (X , p) is said to be complete if every Cauchy sequence (x,) in x

converges, with respect to 1, to a point x € X, such that p(x,x)=lim p(x,,x,,).
Lemma 1.5:- Let (X,p)be a partial metric space then.

(a) { x,} is a Cauchy sequence in (X,p)if and only if it is a Cauchy sequence in the metric space (X,p°).
(b) (X,p) is complete if and only if the metric space (X,p®) is complete. Further more
lim p’(x,,x)=0if and only if
n—+0w

p(x,x)=lim p(x,,x)= lim p(x ,x )
n—>+0 n,m—>+0
Definition 1.6:- (([2]) suppose that (X, p) is a metric space. A mapping
F:(X , p) —>(X , p) is said to be continuous at X € X , if for every £>0 there exists >0 such that

F(B,(x, 5))< B,(Fx.e).

The following results are easy to check.
Lemma 1.7 :- let (x,p) be a partial metric space F:X—X is continuous if and only if given a sequence { x, } EN

and x € X such that p(x,x)= lim p(x, x,),
n—>+oo

hence p(Fx,Fx)= lim p(Fx,Fx,).
n—>+0

Remarks 1.8: ([22]) let (x, p) be a partial metric space and F :( x, p) —(x, p) if F is continuous on (X, p) then F:
X, p) —(X, p°) is continuous.

On the other hand. Fixed point problems of contractive mapping in metric spaces endowed with a partially order
have been studied by many authors (see [1,3,5,9,10,11,12,14,15,17,18,19,20,21]. In particular Nashine and altun
[17] proved the following.

Theorem 1.9:- Let (X, <) be a partially ordered set and (X, d) be a complete metric space. Suppose that T:X—X
is a nondecreasing mapping such that for every to comparable elements. x,y € X

¥ (d(Tx,Ty)) < ¥ (m(x,y)) - @ (m(x,y)) (1.2)

Where

M(x,y)=a;d(x,y)+ a,d(x, Tx)+ asd(y, Ty)+ a4 [d(y, Tx)+d(x, Ty) [+ as[d(y, Ty)+d(x,Tx)]

With a,>0 , a5,a3,a4,a5 >0,a,+a,+as+2(as+as )< 1 and ¥ P :[(0,+00] — [0,40] ¢ is a continuous non decreasing

@ is a lower semi continues function and ¥(t)=0=(? (t) If and only if t=0. Also suppose there exists x, € X with
xo< Txy. Assume that

i T is continuous or
il. If a nondcreasing sequence { x,} converges to x, then x, < x for all n.
Then T has a fixed point

The purpose of this paper is to extend theorem (1.9) on the class of ordered partial metric space. Also a common
fixed point result is given.

2. Main results
Theorem 2.1:- (X, <) be a partially ordered set and (X, p) be a complete partial metric space. Suppose that T:
X—X is a nondecreasing such that for every two comparable element x, yE X.

Y(p(Tx,Ty)<=¥ (8(x,y)) - @ (B(x.y)) (2.1)

Where

0(x,y)=aip(x,y) + a;p(x,Tx) + asp(y,Ty) + a4 [p(y,Tx) + p(x,Ty)]

+as[p(y,Ty) + p(x,Tx)] (2.2)

With . (a;, ag,a5)>0 , (az,a3) >=0,(a;+a,+a;+2(as+as ))< 1 and ¥ Q :[(0,40] — [0,+0] ¥ is a continuous

nondecreasing, ) is a lower semi continuous function and

Y(t)=0= (P (t).if and only if t=0 . Also suppose there exists there exists x, € X with x,< Tx,.
Assume that:

1. T is continuous or

ii. If a non decreasing sequence { x, } converges to X in (X, p) then x,<x for all n.
Then T has a fixed point, say z moreover p(z,z)=0.
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Proof: - If Tx,=x, then the proof is completed. Suppose that Txy#x,. Now since x0<Tx0 and T is non decreasing
we have
X0<TXOSTEXOS e, <T " o<T™ 'x<.ooonn

Put x,=T"x, hence x,.=Tx,. If there exists nyE {1,2,....} such that 0 (xno , xno—l ) =0 then by definition (2.2), it

is clearthatp(x X ):p('xno’Txno—l): 0,

ny—=1°>"n,
So x, ,=x, =Tx, _, andso we are finished. Now we can suppose
0 0 0

0(x,,x,.1)>0 (2.3)
For all n>1, let us check that

llm p(xn+1y X,,):O (24)

n—>+o0

By (2.2), we have using condition (p4)

e(xmxn-l) :alp(xnxn-l) + aZP(xm Txrl) + a3p(xn-1, Txn-]) + a4[p(x,,_1, Txn) +p(xn; Txn-l)

+ aj[p(xn-b Txn-l) +p(xm Txn)]

= alp(xn, xn'l) + aZP(xm xn+1) +a3p(xn-1, xn) +a4[p(xn-1: xn+1) +p(xn:xn)]
+a5[p(xn-1:xn) +p(xn’xn+1)]
S(aI+a3+a4+a5)p(xn’xn—1)+(a2+a4+a5)p(xn’xn+1) [by (p4)]

Now we claim that

P(anrI’xn)Sp(xn’xn—I) ( 25)

For all n>1. Suppose that is not true, that is there exists no>1 such that P (xnoﬂ > Xno ) >p (xno 5 xno—l) now

since X, < Xp,+1 We can use the inequality( 2.1) then we have
b4 (p(xn0+l,xn0 )) =Y (p(Tan Ix, ))
<W(O(x,.x, ) 00(x,.%, )

< W(a+a,+a,+a;)p( x,.x,,)
+(ay+a,+a)p(x,.%,.)-0(0( %,.%, 1))

< W (a+a,+a+2a,+2a) (%, %, ) - 0(0(x,.%, 1))
<¥ (p(x,%,4)-2(0(x, %, 1))

Which implies that ¢(@ (xna, xnofl) )<0 and by property of ¢ given that 9( X, xn071) =0 , this

contradict (2.3) hence( 2.5 )holds and so the sequence p(x,+,x,) is non increasing and bounded below. Thus there
exists p>0 such that limit

lim p(x,..x,)=p. Assume that p >0, by (2.2), we have
I
ap= hm alp(xmxn—l)S llm Supe( xmxn-l)
n—>+00 n—>+o0

=1im sup [(a;+as) px,x,1)+ap( X, x,.1)
n—>+o0

Fay[p(n-1Xn+1) P O X) | Fas[P -1, X0) TP (X X 1)
< llm Sup[( a1+a3+a4+a5 )p(xn’xn—l)-'_ (a2+a4+a5 )p(xn’xn—I)]

n—>+00

This implies that
0<app< lim supl (x,, x,.))< (a;+asxtas+2a,+2as )p <p
n—>+o0

And so there exists p;>0 and subsequence {x,y)} of {x,} such that

im  O(x, . %,0-1)= P <P

k—>+0
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By the lower semi-continuity of ¢? we have

(o) < klijgo inf @(60 (xn(k) 9xn(k)+1))

From( 2.1) we have
¥ (pxny+1.Xna)) = ¥ (O(Tny, Txngy-1))

<V O sy Xuny1)- P (OCuXnay-1))
And taking upper limit as K—-oo we have using the properties of ¥ and ¢

)< W (o)) — klilgo inf ¢( e(xn(k) K n()+1 )

<p)- P (p)

<¥(p)- P (py)

That is @ (p;) =0 thus by the property of ¢ we have p,=0 which is a contradiction. Therefore we have p=0
that is (2.4) holds.
Now we show that{x,} is a cauchy sequence in the partial metric space (x,p).
From lemma 1.5 it is sufficient to prove that {x,} is a Cauchy sequence in the metric space (X,p*)suppose to the
contrary. Then there is a €>0 such that for and integer K there exist integer m(k)>n(k)>k such that
ps(xn(k):xm(k))>8 (26)
For ever integer K let m(k) be the least positive integer exceeding n(k) satisfying
(2.6 )and such that
D’ Cngigp Xmay-1) <€ (2.7)
Now using (2.4)
&< D" Ry Xma) <P’ (xn(k),xn;(k)-J) + D" X1, Xmqi)

et D' Kngiy- 1 Xmei)
Then by (2.4) it follows that

. s B
klirgo )% (xn(k),xm(k)) =& (2.8)

Also by the triangle inequality. We have

S S N
‘p (xn(k)’xm(k)—l)_p (xn(k)’xm(k))‘ s=p (xm(k)—l’xm(k))
By using (2.4), (2.8) we get

: s B
lim p (xn(k),xm(k)_l) =& (2.9)

k—>+o0
On the other hand by definition of p® .

s _
p (‘xn(k)’xm(k)—l)_zp ('xn(k)"xm(k))_p (‘xn(k)"xn(k))_p (xm(k)’xm(k))

N

)4 (xn(k)’xm(k)—l) =2p ('xn(k)"xm(k)—l ) 4 (xn(k)"xn(k) ) 4 (‘xm(k)—l’xm(k)—l)
letting k—-+oo, we find thanks to (2.8), (2.9) and the condition p; in (2.4)

Hence

. &

Jim - p (X"Uf)’xm(k)):z_ (2.10)
. £

klj)rzloop (X"Uf)’xm(k)—l): 2_ (2.11)

In view of (2.2) we get
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ap (xn(k)’xm(k)—l ) < g(xn(k)’xm(k)—l)
a,p (xn(k) s Xon(hy-1 ) t+a,p (xn(k) T Xa(k) )
tasp (xm(k)—l’Txm(k)—l)
+a,lp (xm(k)—l > T X000 ) +p (xn(k) s T X000 )]
+as [p (xm(k)—l T X000 ) +p (xn(k) s T X )}
=a,p (xn(k) s Xn(k)-1 ) +a,p (xn(k) s Xn(k)+1 )
+Ta,p (xm(k)—l’xm(k))
+a,[p (xm(k)—l > Xn(k) ) +p (xn(k) > Xn(k)+1 )]
+a; [p (xm(k)—l > X (k) ) +p (xn(k) > Xn(k)+1 )}
<ap (xn(k)’ Xon(k)-1 ) ta,p (xn(k)’xn(k)H)
ta,p (xm(k)fl > X (k) )
+a, [p (xm(k)—l > Xn(k) ) +p (xn(k) > Xn(ky+1 ) +p (xn(k) > X (k) )]

+as [p (xm(k)—l ) ) +p (xn(k) > Xn(k)+1 )]

Taking upper limit as K— +oo and using (2.4),(2.10) and (2.11) we have

0< algﬁ lim sup & (xn(k),xm(k)_l)ﬁ (a,+2a, +2a5)§ﬁg.

k—+0

this implies that there exists £,>0 And subsequence {X,s))! of { X, } Such that

&
lim 6 (x x ): e < =
P n(k(p))> N m(k(p)-1 1 2

By the lower semi continuity of ¢? we have

P(2) < lim inf 9 (0, %001 ))
Now by (2.1) we get...

% (%) = plggo supy (P (xn(k(p)) > Xom(k(p) ))

< fim SuPW(p R ))+(p (Tx""“P”’Tx’””‘(p»_l))
_ }}iglw sup ¥ (P(TX,, 4o TX pieorny)
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< lim sup [‘/f (9 (xn(k(p))’ X (k(p))-1 )) -9 (9 (xn(k(p))’ Ko (k(p))-1 ))}

p— +o
=y (&)~ plir?w inf ¢ (‘9 (xn(k@))’xm(k(p))—l ))
<y (&)-0(s)

o[ v

Which is a contradiction? Therefore {x,} is a Cauchy sequence in the metric space
(X, p°) from lemma (1.5) (X, p®) is a complete metric space. Then there is z€ X such that

lim p°(x,,z)=0
Again from lemma (1.5), we have thanks to( 2.4) and the condition (p,).
p(z,z)=lm p (x,,z)=1im p (x,,x,)=0 (2.12)
n—>-+oo n—>+0

We will prove that Tz=z
1. Assume that (i) hold, that is T is continuous. By( 2.12) the sequence converges in(X,p)to z, and since T
is continuous hence the sequence.. converges to Tz that is

p(Tz,Tz)=lim p (Tx,,Tz) (2.13)
Again thanks to (2.12)
P(zT2= lim p (x,,2) = lim p (Tx, ,T2) = p(T2,Tz) @14

On the other hand by(2.1),(2.14)
Y((p(zT2)=Y¥ (p(T2T2)<¥ (0(z.2)- P (0(z2)
Where from (2.12) and the condition p,
0(z.z) = app(z.z) +(artas+2a,+2as)p(z,1z)
= (artast2a,t2as )p (2,12 )<p(z.1z)

Thus, ¥ (p(zT2), <¥(0(z2)- P A (22))

<¥p(zT2)- P (0(z2)
In follows that @ (@(z, 2))=0 so 6 (z.z )=( a,+as+2a,+2as )p(z Tz) =0 that is p(z, Tz)=0, because &> 0.

Hence z=Tz that is z is a fixed point of T
Assume that ii holds than we have x,<z for all n, Therefore all n, we can use the inequality (2.1) for x, and z

since
O(zx,)=ap(z.x,) +axp(z,Tz)+asp(x, Tx,) +ayp(x, Tz) +p(z, Tx,) +as[p(x,, Tx,) +p(z, Tz)]
= aip(z.x,)tap(z,Tz) Y asp(X, X)) tas[p(xn T2)Hp(.X01) Tas[p(Xn X ) T0(z,T2)]
Hence from (2.4), (2.12)

hm 9 (Zs 'xn) = (a1+ a4+ aS)p(Za TZ)

n—+oo
we have,

v (p(z,T2) = lim supy (p(7z,x,.,))
= nlir&supy/(p(Tz,Txn ))
< lim supy | (l//(z,x"))-go(é’(z,xn)) ]

<V ((a; +astaslp(Tz2))- P (arta,tas)p(Tzz).
<¥(p(Tz22)- P ((artastas)p(Tz2)).
Then @ ((a,+a,+as)p(Tzz))=0 And since (asas) >0 hence by the property of (P we have p(Tz,2)=0 so Tz=z,

This complete the proof of theorem (2.1)
Remarks 2.2 Theorem 2.1 holds for ordered partial metric spaces, so it is an extension of the result of Noshine
and altun (17) given in theorem (1.9) which is verified just for ordered metric ones.
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Corollary 2.3 :- Let (X,<) be a partially ordered set and (x,p) be a complete partial metric space suppose that
T:X— X be a non decreasing mapping such that for every two comparable elements x,y €X

P(Tx,Ty) ,<0(x.y)- P (O(x.y) (2.15)
Where
Ox.y)=ap(x.y)tamp(x,Tx)+asp(y,1y)
+ap(y, Tx)+p(x, Ty) *as[p(, Ty)+p(x, Tx)] (2.16)
With (a,a,as)>0.(asa3)>0,(a,+artas+2a,+2a5)<I and @ : (0,+0) — (0,40). @ is a lower semi continuous

function and (P (t)=0 if and only if t=0 also suppose that there exists xo € X with x,< Tx,, Assume that

1. T is continuous or ¢

il. If anondcreasing sequence {x,} converges to x, in (X,p),then x,<x for all n.

Then T has a fixed point, say z moreover p(z,z)=0

Proof: - It is sufficient to take ¥ (t)=t in theorem.

Corollary 2.4:- Let (X.<) be a partially ordered set and (X,p) be a complete partial metric space suppose

that T:X— X be a non decreasing mapping such that for every two comparable elements x,y € X
P (Tx, Ty)< kO(x,y) (2.17)
Where
O(x.y)=ap(x.y)+ap(x,Tx)+asp(y.1y)

tay[p(y, Tx)+p(x,1y) *as[p(y. 1y) +p(x, Tx)] (2.18)

With k£ €/0,1],(a;,a,a5)>0,(aza3)>0,(a;+atas+2a,+2a5)<I also suppose , there exists xo € X with x,< Tx,
Assume that

i T is continuous or

il. If anondcreasing sequence {x,} converges to x in(X,p) then x,<x for all n.

Then T has a fixed point, say z moreover p(z,z)=0
Proof: - It sufficient to take ¥(#)=(1-k)t in corollary (2.3)
We give in the following a sufficient condition for the uniqueness of the fixed point of the mapping T.
Theorem 2.5 :- Let all the conditions of the theorem (2.1) be fulfilled and let the following condition hold for
arbitrary two points x,y € X there exists z€ X which is comparable with both x and y. If (a;+2a,+2a,+2a;)< 1
or (a;+2as;+2a,+2as) <1. Then the fixed point of T is unique.
Proof :- Let u and v be two fixed point of T, i.e Tu=u and Tv=v. we have in mind, p(u,u)=p(v,v)=0. Consider the
following two cases.

1. U and v are comparable. Then we can apply condition 2.1 and obtain that

Y(p(u,v)=¥(p(Tu, Tv))<=POwv))- P (Ouv))
Where
O(uv)=ap(u,v)+ap(u,Tu)+asp(v,Tv) +a,[pu,Tv)+p(v,Tu)] +a5[p(v,Tv)+p(u,Tu)]
= aip(u,v)*ap(uu)tayp(vy)+ta/p(uyv)tpv.u)]+as/p(v,v)+puu)]
=((a; +2a,+2as)p(u,v))+ ap(u,u)+asp(vy)
<(a; taytast2a,+2as)p(u,v)<p(u,v).
We deduce
Po(u,v) <P(p@uv)- P (@ (uv)) ie O@u,v)=0

So p(u,v)=0 meaning that u=v, that is the uniqueness of the fixed point of T.

2. Suppose that u and v are not comparable. Choose and element w & X comparable with both of them.
Then also u=T"u is comparable is T"w for each n (Since T is nondecreasing) Appling (2.1) one obtain
that

Y(p(u, T'w)=¥(p(TT" "u, TT"'w))
<O "u, T"'w))- @ OT"'u, T"'w))

=0, T"'w)- @ O@, T"'w))
Where
O, T 'w)=ap (u, T"'w)+ ap(u,T T w)+asp(T"'w,T T"'w)
+ay[p(u,T T"'w)+p(T"'w, Tu)]+as[p((T"'w,T T"'w)+p(u, TT"'u)]
=ap (u, T"'w)+ ap(uu)+asp(T"'w, T'w)
+agpu, T'w)+p(T"'w, w)]+as[p((T""w, T'w)+p(u,u)]
=(artay)p (u, T"'w)+ap(T"'w, T'w)+ap(u, T'w)+asp(T"'w, T'w)
=(a; tastastagp(u,T"'w)+ (astastas)pu,T'w)
Similarly as in the proof of theorem (2.1). It can be shown that under the condition (a;+2a3+2a,+2as) <I
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P(u, T'w)<p(u, T"'w)
Note that when we consider

Yp(T" w,u)< POT ww)- P 0T w,w)
Where
T 'w,w)= (a; +a)p(u, T"'w)+ap (T"'w, T'w)+ a,p(u, T'w)+ as p(T"'w, T'w)
<(a; +ayta,tas)p(u,T"'w)+( aytastas) pu, T'w))
Hence one finds under (a; +2a,+2a,+2as) < that p(T"w,u)<p(T""'w,u)
In each case, it follows that the sequence {p(u,/"w)} is non increasing and it has a limit />0 adjusting again
in the proof of theorem (2.1). one can finds that /=0 in the same way it can be deduced that p(v,T"w)—0 as
n—-+ooNow passing to the limit in p(u,v)< p(u,T"w)+ p(T"w,v) it follow that P(u,v)=0 so u=v, and the
uniqueness of the fixed point is proved.
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