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Abstract

In this paper we study a unique common fixed point theorem. The existence of fixed
point for two weakly compatible maps is established under new contractive condition of
integral type by using another functions ¢ and .
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1. Introduction

The concept of commutativity has been used and generalized by many authors in several
ways. For this Jungck (1976) proved a common fixed point theorem for commuting maps
generalizing the Banach’s fixed point theorem. On the other hand Sessa (1982) has
introduced the concept of weakly commuting .1t is further generalized by Jungck (1988),
so called compatibility. It can be easily verified that when two mappings are commuting
then they are compatible. Clearly commuting, weakly commuting mappings are
compatible but conversely need not be true.

The study of fixed point theorems satisfying various types of contractive inequalities has
been a very active field of research during the last few decades. Such condition involves
rational, irrational and general type expressions. To study more about this matter we
recommended going deep into the survey articles by Rhodes (1977), (1983).

In (2002) Branciari obtained a fixed point result for a single mapping satisfying an
analogue of a Banach contraction principle for integral type inequality as below:

Theorem 1.1(Branciari 2002) Let (X, d) be a complete metric space, 8 € [0,1),P: X —» X
a mapping such that for each x,y € X,

[ ode<p [ p0)dt

0

Where ¢: [0, +) — [0, +00) is a “Lebesgue-integrable function” which is summable on
each compact subset of R*, non-negative, and such that for each € > 0, foego(t)dt > 0.
then P has a unique fixed point such that for each x € X,lim,,_,, f" x = z.
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After this result, there are many theorems dealing with mappings satisfying a general
contractive condition of integral type.

Vishal Gupta et al. (2008) prove a common fixed point theorem for R-weakly commuting
fuzzy maps satisfying a general contractive condition of integral type. Recently Vishal
Gupta (2008) proves a Common Fixed Point Theorem for Compatible Mapping.

Some other is noted in (Abbas et al. 2007; Altun 2007; Branciari 2002; Rhoades 1987,
Rhoades 2007; Kumar Setal. 2007; Vijayaraju et al. 2005)

2. Preliminaries

We recall the definitions of complete metric space and other results that will be needed in
the sequel.

Definition 2.1. Let f and g be two self maps on a set X. Maps f and g are said to be
commuting if fgx = gfx forall x € X.

Definition 2.2. Let f and g be two self maps on a set X.If fx = gx, for some x
€ X then

x is called coincidence point of f and g.

Definition 2.3. Let f and g be two selfmaps on a set X,then f and g are said to be weakly
compatiable if they commute at their coincidence points.

Lemma 2.4. Let f and g be weakly compatiable self mapping of a set X.If f and g have
a unique point of coincidence w ,then w is the unique common fixed of f and g.
Definition 2.5. A sequence {x,} in a metric space (X ,d)is said to be convergent to a
point x € X ,if Tlli_r)?od(xn,x) =0

Definition 2.6. A sequence {x,} in a metric space (X ,d) is said to be cauchy sequence

if li_r)?od(xn,xm) =0 foralln,m>t.

Definition 2.7. A metric space (X ,d) is said to be complete if every cauchy sequence
in X is convergent.

3. Main Result

Theorem3.1. Let S and T be self compatible maps of a complete metric space (X, d)
satisfying the following conditions

Q) S(X) c T(X) (3.1)
a(sx,Sy) d(Tx,Ty) a(Tx,Ty)

i) W[ o@de<y [{T o@dt - ¢ [{T p0)dr (32)
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for each x,y € X where 1:[0,+x) — [0,4+00) is a continuous and non decreasing
function and ¢: [0, +x) — [0,+) is a lower semi continuous and non decreasing
function such that Y(t) =¢(t)=0ifand only if t = 0 also ¢: [0, +) — [0, +0) is
a “Lebesgue-integrable function” which is summable on each compact subset of R*, non-
negative, and such that for each € > 0, foego(t)dt > 0.

Then S and T have a unique common fixed point.

Proof : Let x, be an arbitrary point of X. Since S(X) c T(X).Choose a point x,in X such
that Sx,=Tx;. Continuing this process, in general, choose x,,; such
that y, - Txp41=Sx, n=10,12......

For each integer n > 1,from (3.2)
d nn d n-uv’n dd n-unn
ll)fo (y Y. +1)(p(t)dt S l/)fo (y 1,Y: )(p(t)dt _ d)fo (y 1,Y: )(p(t)dt (33)

Since v is continuous and has a monotone property, Therefore

fod(yn'yn-i-l)(p(t)dt S fod(yn_l'yn)(p(t)dt

Let us take Z, = fod(y"’y"“) @ (t)dt, then it follows that Z,, is monotone decreasing and

lower bounded sequence of numbers. Therefore there exist k = 0 such thatZ, — k
asn — oo. Suppose that k > 0.

Taking limit as n — oo on both sides of (3.3) and using that ¢ is lower semi
continuous, we get,

Y(k) < Y(k) — ¢pk) <y(k)
This is a contradiction. Therefore k = 0. This implies

Z, > 0asn—- oo

fod(y"’y"“) p(t)dt > 0as n > o (3.5)

Now we prove that {y,,} is a Cauchy sequence. Suppose it is not. Therefore there exist an
e > 0 and subsequence {ymp} & {yn@p} such that for each positive integer p, n(p)is
minimal in the sense that

56 d(Yny Ym)) Z € d(Yn@p)-1 Ymm)) < €
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Now,
€= d(Yn(p)'Ym(p)) = d(Yn(p)IYn(p)—l) + d(yTl(p)—l'Ym(p))
< e+ d(Vnw) Ynm)-
(3.7) ( n(p) Yn(p) 1)
Now

0<L= [fomdt < [r0rm®) gy < [FOIn0-1) g ge

0 0

Letting p — o and from (3.5)

lim, ., [0 @) g (1)de = £ (3.8)

Now consider the triangle inequality,
d(Vney Ym@) < AVn@y Yne-1) + AVne)-1 Ymey-1) + dVme)-1 Ymn)
d(Vn@y-1 Ym@-1) < AWn@)-1.Yne) + AVne) Yme) + dVme) Ymey-1)

and therefore,

fod(Yn(p)er(p)) (p(t)dt < fod(Yn(p)'Yn(p)—1)+ d()’n(p)—lr)’m(p)—l)"’ d()’m(p)—l:)’m(ﬁ)) (p(t)dt

A(Ynp)-1Ym@p)-1) A(Ynp)-1Yn@)+ V@) Ymm)+ AVm@p)Ymp)-1)
fo n(p)-1Ym(p)-1 (p(t)dt < fo n(p)-1Yn(p) n(p)Ym(p) m(p)Ym(p)-1 (p(t)dt

Taking p — oo and using (3.5) and (3.8) in above inequalities, we get

fod(Yn(p)—1er(p)—1)¢(t)dt < L< fod(J’n(p)—w’m(p)—l)go(t)dt

This implies,
lim,,_, [0 @-2m®-) () ge = 1 (39)
p—x Jg @ .

Now from (3.2), we have

W fod(yn(p)'Ym(p)) (p(t)dt <y fod(yn(p)—l'ym(p)—1) (p(t)dt -
¢ fod(yn(p)—1JYm(p)—1) (p(t)dt
Taking limit as p — oo and using (3.8) and (3.9), we get

VL) =PL) - (L)

This is a contradiction. Hence {y,} is a Cauchy sequence. Since (X, d) is complete
metric space, therefore there exist a point v such that
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Sx, > v& Tx, >vasn—->x
Consequently, we can find h in X such that T(h) = v.

Now,

d(Sxy Sh) d(Tx, Th) d(Txy Th)

¥/, P()dt <y [ p(t)dt - ¢ [, p(t)dt
On taking limit as n — oo implies

d(v,Sh)

¥(J, @ ()dt) <1 (0) - ¢(0)

And so w(fod(v 1) @(t)dt) = 0 implies that S(h) = v. Hence v is the point of

coincidence of Sand T.

Now we prove that v is the unique point of coincidence of S and T. Suppose not,
therefore there exist (T # v) and there exist a in X such that T(a) = S(a) = .

Using (3.2) we have

a(Tv,Ta) a(sv,Sa) d(Tv,Ta)

¥ [, pOdt = [ p)dt<y [ o(t)dt -
¢f0d(Tv,Ta)(p(t)dt d}fod(Tv,Ta)gD(t)dt < d}fod(TV'Ta)gD(t)dt

This is a contradiction which implies T = v. This proves uniqueness of point of
coincidence of S and T. Therefore by using lemma (2.4), the result is proved.
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