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Abstract

In this paper, we consider semiparametric regression model where the mean function of this model has two
part, the first is the parametric part is assumed to be linear function of p-dimensional covariates and
nonparametric ( second part ) is assumed to be a smooth penalized spline. By using a convenient connection
between penalized splines and mixed models, we can representation semiparametric regression model as mixed
model. In this model, we investigate the large sample property of the Bayes factor for testing the polynomial
component of spline model against the fully spline semiparametric alternative model. Under some conditions on
the prior and design matrix, we identify the analytic form of the Bayes factor and show that the Bayes factor is
consistent.
Keywords: Mixed Models, Semiparametric Regression Model, Penalized Spline, Bayesian Model, Marginal
Distribution, Prior Distribution, Posterior Distribution, Bayes Factor, Consistent.

1. Introduction

In many applications in different fields, we need to use one of a collection of models for correlated data
structures, for example, multivariate observations, clustered data, repeated measurements, longitudinal data and
spatially correlated data. Often random effects are used to describe the correlation structure in clustered data,
repeated measurements and longitudinal data. Models with both fixed and random effects are called mixed
models. The general form of a linear mixed model for the i" subject (i = I,..., n) is given as follows (see
[10,13,15]),

Y= XiB+ Y1 Zijwij+ & . u;~N(0,G;), €~N(O,R;) @)
where the vector Y; has length m;, X; and Z;; are, respectively, a m; X p design matrix and a m; X g; design
matrix of fixed and random effects. B is a p-vector of fixed effects and uy; are the q;-vectors of random effects.
The variance matrix G; is a q; X q; matrix and R; is a m; X m; matrix.

We assume that the random effects {u;;; i = 1,..,n; j = 1,..,7} and the set of error terms {¢;, ..., €, } are
independent. In matrix notation (see [13,15]),

Y=XL+Zu+e 2
HereY = (Yy,...,Y,)7T haslength N = Y™ m;, X = (XT,..,XI)Tisa N x p design matrix of fixed effects, Z
is a N x g block diagonal design matrix of random effects, q = ¥_,q; , u = (uf,...,uf)T is a g-vector of
random effects, R = diag(R,,...,R,)isaN x N matrixand G = diag(G,,...,G,) isaq X q block diagonal
matrix. In this paper, we consider semiparametric regression model (see [1,6,8,9,10,13,15]), for which the mean
function has two part, the parametric ( first part ) is assumed to be linear function of p-dimensional covariates
and nonparametric ( second part) is assumed to be a smooth penalized spline. By using a convenient connection
between penalized splines and mixed models, we can representation semiparametric regression model as mixed
model. In this model we investigate large sample properties of the Bayes factor for testing the pure polynomial
component of spline null model whose mean function consists of only the polynomial component against the
fully spline semiparametric alternative model whose mean function comprises both the pure polynomial and the
component spline basis functions. The asymptotic properties of the Bayes factor in nonparametric or
semiparametric models have been studied mainly in nonparametric density estimation problems related to
goodness of fit testing. These theoretical results include (see [4,7,12,14]). Compared to the previous approaches
to density estimations problems for goodness of fit testing and model selection, little work has been done on
nonparametric regression problems. Choi and et al 2009 studied the semiparametric additive regression models
as the encompassing model with algebraic smoothing and obtained the closed form of the Bayes factor and
studied the asymptotic behavior of the Bayes factor based on the closed form ( see [3] ).
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In this paper, we obtain the closed form and studied the asymptotic behavior of the Bayes factor in spline
semiparametric regression model and we proved that the Bayes factor converges to infinity under the pure
polynomial model and the Bayes factor converges to zero almost surely under the spline semiparametric
regression alternative and we show that the Bayes factor is consistent.

2. Semiparametric and Penalized Spline

Consider the model:
yi = Z;’:O Bixji + m(xpi1) + € i=12,..,n ©))

Where y,, ..., y,, response variables and the unobserved errors are ¢ , ..., €, are known to be i.i.d. normal with
mean 0 and covariance oI with g2 known.

The mean function of the regression model in (3) has two parts. The parametric ( first part ) is assumed to be
linear function of p-dimensional covariates x;; and nonparametric (second part) m(x,.,) is function defined on
some index set T c R™.

The model (3) can be expressed as a smooth penalized spline with g degree, then it's become as:

Vi = Z?:o Bjxj; + Z?:l ﬁp+jx1],+1,i + Zlk{:l{uk(xp+1,i -kl + ¢ 4)
where k4, ..., kg areinnerknotsa < k; <,,,< kg < b.

By using a convenient connection between penalized splines and mixed models. Model (4) is rewritten as
follows (see [13,15])

Y=XB+Zu+e (5)
where
[ Bo 1
y.1 .ép u,l (Xp+11 — kl)q+ o (Xpy1n — kx)g.
Y = : , ﬁ = Iﬁ . , U= : , 7 = : .. :
+
In | p; Ug (xp+1,n - kl)lj— (xp+1,n - kK)g-
185+q
[1 X11 xpl xp+1_1 x;+1,1]
q
X = 1‘ X.12 XI.)z Xp+1_2. J.CZH_LZI
1 x Xpn X wox3
- in - Apn  Ap+in p+1in

We assume n< k+p+q+1n+s=k+p+q+1, (sisinteger number and greater than 1 ), and we
assume that the design matrix is orthogonal in the following way:

MIM,=nl, vn=>1 (6)
where:

M,=(X,Z,)and Z.bethe n—(p+qg+1)Xxn—(p+q+ 1) matrix,and let Z = Z,. + Z;

Based on the above setup for regression model (5) and the assumption of the orthogonal design matrix (6), we
consider a Bayesian model selection problem in a spline semiparametric regression problem. Specifically, we
would like to choose between a Bayesian spline semiparametric model and its pure polynomial counterpart by
the criterion of the Bayes factor for two hypotheses,

Hy:Y =XB +e€ Versus H:Y=Xf+Zu+e (7

As for the prior of 8, and € under H,, we assume § and u are independent and
B~N(,3%0) , Yo= 05lpiqs1 (8)
u~N(@©,Y) , Y= ollk ©)

3. Bayes factor and marginal distribution

The response y; in (4) follows the normal distribution with mean »; and variance ¢2 , where n; = Z?:o Bjxj; +
Zj.’zlﬂjx;JrLi + YR {ur (e — Ki)1, for, i = 1,2,...,n. Thus, given covariates and 7, = (175, ..., 7,)", the n-
dimensional response vector Y, = (y;,...,y,)" follows the n-dimensional normal distribution with mean 7,
and covariance matrix o2I, where L, is the n x n identity matrix. Also from the prior distributions specified

in (8) and (9), we can deduce the joint distribution of 7, is the multivariate normal distribution (MVN) with
mean zero and n X ncovariance matrix XY X7 + Z¥, Z7.
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In summary, we have the following:-
Yalny ~ MV N, (1, Uezln) ) M~ MVNn(On!XZOXT + ZZIZT) (10)
Result 1:
Suppose the distribution of 7, and Y, are given by (10). Then the posterior distribution of P(n,|Y;)is the
multivariate normal with the following mean and variance.
E(nnlyn' 062) = ZZ(ZZ + 0-62111 )_IYn
VaT(Uan, 062) = (251 + (Gezln )_1)_1 = 22(22 + 0-62117. )—10.62[11
Where ¥, = XY, XT + ZY,ZT. Furthermore, marginally Y,, follows
Y,~ MVN(0,02I, +Y,) (11)
Note the (i, j)th element of },,
Y20 ) = TR0 of xuxiy + Ther 0dzazi; L ij=1.m (12)
where z, = (Xp41 — ki)d
Applications of the previous result yield that, the marginal distribution of Y,, under H, and H, are respectively
N, (0,V;,) and N,,(0,V;), where
Vo = 021, + XY XT
Vi =02, + XY XT + 23,27
Hence, the Bayes factor for testing problem (7) is given by:

1
_ p(Y[Ho)  2mdet(Vp)

1 _
exp{ — 7Y V5 Y}

01 — -
p(Y|H1) ; ex _lyTv—ly
ﬁndet(Vl) p{ 7V )
det(V; 1 — —
= s Pl W (V' =V DY) (13)

4. Asymptotic behavior of Bayes factor

The Bayes factor is said to be consistent if ( see[3,14])
lim,,n,Byy =0 , a.s. Py under the Hy, (14)
limy,,,Byy =0 , a.s. Py under the Hy, (15)
We investigate the consistency of the Bayes factor, by establishing (14) and (15), under the spline
semiparametric regression model described in the section 2. By truncating the regression up to the first n terms.

j -(p+q+1

Wegety; = Z?:o Bixji + Z?:l ﬁp+jx,],+1,i + ZZ:? 1 ){uk(xp+1,i - k)it +e

Now define V; ,, as the covariance matrix of the marginal distribution of ¥;, under H; as:-
Vin = O-ezln + XZOXT + Zer,erw

= oZl, + M, D, M} (16)
Where ¥, .. is diagonal matrix with diagonal elements o7 fromsizen— (p +q+1) X n—(p + ¢ + 1) and
ZO Orl ]
D, =
n Olr Zl,r

where 0,.,, 04, are the matrices for zeros element with size (p+q+ 1) Xn—(p+qg+1)andn—(p+q+
1) X (p + q + 1), respectively.
Then, we can rewrite (16) by using D,, as:

Vin =My [Z1, + D, | M} (17)
Let V, be the covariance matrix of the marginal distribution of Y, under H,, then V, can be represented as:

Vo =62l + XY0 X" + Z,0,,.ZF
= o2l + M,,C,ML

where:

_ ZO Orl
Cn_ Olr Orr

where 0, is the matrix for zeros element with size n — (p + g + 1) x n — (p + q + 1), then we can rewrite V,
as the following:

aé T
Vo=M, [ %1, + C, | M} (18)
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Then we can use the two matrices above (V, , V3 ,,) for matrix inversions and calculating determinants as shown
in following lemma.
Lemmal: Let V,,, and V, be defined as in (17) and (18) respectively, and suppose M,, satisfied (6). Then, the
following hold.
i) M,MI =MI M, =nl,

2 —
i) det(V,) = np+q+1(%e+ O.E)p+q+1 Gez(n (p+q+1))
2 2
iii) det(V,,) =n" (%6 + Ug)p+q+1(%e + g2)n-(+a+D)

- -1 1 O'g -1 T
v) Vol= S M, [Zho+ G| M

LM, [Zn+ Dn]_lM,f

V) Vig =
Proof:-
i) By multiplying M,, and M to equation (6) from right and left side, we have:-
M MIM,MF = M,nl,M}
= M, nM}
= nM,MT
Multiplying (M, MI)~ to the above equation from left side, we get:-
My, MM ME (M, ME)™ = nM, MT (M, MT)™t
M,ML = nI,

iy Vo=M, [Ulen + C, ] ME, and by using (6), we get

- 2
Co+af) 0 0 0
ai 2
0 Z+af) 0 0
= [X' Zr] . . [X: ZT]T
. : 0_62
0 0 = 9
0 0 aé
% 4 2 0 0 0
n(=+a3)
2
_ 0 nCe+af) - 00
I z R
) 0 o 0|
Ll o 0 0 o2

Then

o2 5 (n=-(p+q+1)
det(V,) = nP*a+t -+ a3 Pra*1g?

o2 r
i) Vi =My [0, + D, | M]

- 2
Co+af) 0 w0 0
2

0 ”f+a§) 0 0
= [X’ ZT] . . 2 : : [Xr Zr]T

0 0 %42 0

2
0 0 0 %5+0§_
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o 2
n(; +03) 0 -0 0
0.2
0 n(E+ ag) 0 0
= ' . UEZ : i :
0 0 Tl(; + O'u) 0
0 0 0 a@+od)
Then

2 2
o} 0,
dEt(VLn) = (75 + apg)p+q+1(?€ + crlf)"_(p““l)

; -1 _ a¢ T -1
iv) Vil = (M, [Z1,+ C, M]3
-1 g2 -1
=My [ Zn+ | M,
-1 _ 2 -1 -1
=l MIT [ E L+ G| My
= LMMIMI 7 [0+ € ]_1M “LM, M by lemma L.i
_le n n n n n n n n n y .
1 2 -1
= M, [Z1+C,| M
-1 UEZ T -1
V) Vit= (M, [E1,+ Dy | MEY
-1[ o2 -1 -
=My [Zn+ Dy M,
It -1 o2 BT o
="l M{ 7 [Z 1, + Dy | M, Mnl,
1 -1 o2 -1
= M ML ML [+ Dy | My MM

= LM, [Z1+ Dn]_lM,Tl

n2

Now let

~ Jdet(Vyn) 1 _ _

By, = ﬁ(;o) exp{— Yy (Vo' =Vi)Y,} (19)
Which an approximation of By, with V; replaced by V; ,, in (13)
Thus,

- 1 det(Vy,) 1 _ _
log Boy = 5 OQF(V(S - EYnT( Vo '=ViYy
~ det(Vy ) o
2log By, = = — Yy (Vs 1_V1,7%)Yn

og ——~ 17
8 det(Vy)
By results of lemmal we have:-

n 0-62 2\p+q+1 O-ez 2\n—(p+q+1)
n (74‘0’3) (T+O'u)

(n—(p+q+1))

2log By, = log

2
npta+i (0-_6 + O—/?)p+q+1o-€2
n

1 ol i ol -
- v, [71n+ Cn] - [71n+ Dn] MY,

2
nn—(p+q+1) (%+a.5)n—(p+q+1)

0 0
log —ﬁ{YnTMn[ (P+q+1)x(p+q+1) 1r] MIY,}

04 Q

aez(n—(p+q+1))

2+N0F
log( 2 yn=00+) 7o, )

where
1 0 0
(p+q+1)x(p+q+1) 1r T
= —=M M
Qn nz n 0r1 Qr n
. n?o?
and Q, = Diag (m
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To establish the consistency of the Bayes factor we focus on By, , first and the remaining terms will be
considered later. Without loss of generality we assume o2 = 1 in the remainder of this paper.
Now let

_ n nU& _ 77.20"5
Sn,l T ai=l (1+nc2)  (1+nod) (20)
Snz = Xiqlog(1+ nof) = nlog(1 + no?) (21)
naﬁ 2 3 0"3. 2
Sps = ( 27 = () (22)

Lemma2: let Y, = (y;,...,y,)T where y;'s are mdependent normal random variable with mean Z?zo Bjxj; +
Zj? 1Bp+ sz],' +1,; andvariance of = 1, then there exist a positive constant C; such that
[Z" P+t 10g(1 + nod) — Y1 Q,Y, ] > (,, with probability tending to 1.

ThIS implies that, under H,.
log By; — oo, in probability.
Proof:
Let X,, = (X, X,, ..., X,,) are independent standard normal random variables, Note that ¥, ¢ X,, + Xp and
YrZQnYn =X, + XB)TQn Xn +XB)
= XrT;Qan + (X.B)TQn(X.B) + X];QnX.B + (X.B)TQan
By the orthogonality of the design matrix

0 0
(Xﬁ)TQn — (Xﬁ)T 1 M [ (p+Q+1)><(p+Q+1) er MZL‘ =0.
.

Then Y7 QnY, = X70QuX,
Using the expectation formula of the quadratic form given in (12), we obtain

n
no?

0 < E(XpQuX,) =tr(Q,) = A+nod) Sni1
=1 u

Notethat
2 0(p+q+1)X(p+q+1) Olr T 0(p+q+1)X(p+q+1) 0 T
Qn= M M, M, M,
7"1 Orl Qr
0
_ %Mn[ (p+q+8)><(p+q+1) r] MT
rl
and
2.2
tr(Q2) = & Y, (A%yz = g (22 =g,

n? 1+nod 1+no?

Similarly, using the variance formula of the quadratic form of the multivariate normal variables, we have
2
var (X5 QnXn) = 2tr(QF) = 2By (t5)? = 283,

1+noy

Sn2—S5;
Letc, = % Then,

n,1

1 _
Pr{Sn—1 [Z?=1(p+q+1) log(1 + no2)? — YnTQnYn] <c,)
YrQ,Y, S
T [{T';S‘Q—nn} > “ne Cn ]
n,1 n,1
(Uretnl  EQRQu) | Snp G Quta)
Sn,l Sn,l - i n Sn,l
! Snz = EQGT Q%)
= [_{(YYZ‘QnYn) - E(YrTQnYn)} = z L Cn]
Sna Sin
X var(Y1 Qu¥n) _ 85n.3 n-oo
= Sna (Snézsi_sln'l)z " (Sna=Sn1)? —0,
n,

where the last statement holds from the Chebyshev inequality.
Then S, , —Sp1 = ¢S, forsomec; >0andletc, = ¢, /2.

Hence, we conclude that there exists a positive constant C; = ¢; /2 such that
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[Z" P+atD156(1 + no2)? — YnTQnYn] > (,, with probability tending to 1.

5n1
Consequently, it follows that
2log By, = Y-V og(1 + no2)? — YT Q,Y, % o in probability under H,

log By o

Lemma3
Suppose we have the penalized spline smoothing, then
1 n—oo
—tr(Vi—Vt) —0

S
Proof:
Since V; — Vy,, is the covariance matrix of n*(x) = XpZ5_ (+q)+1 Zk U = Zgu it is a positive definite matrix.
Thus Vi, — V! is also a positive definite matrix. Thus, tr( Vin ) > tr( V1), also from the matrix analogue
of the Cauchy-Schwarz inequality, we have

(27 V) < \/tr(ZTZ)tr(Vl 2) = 1zl Vi

where
p+q+1 _» n—-(p+q+1) ) 2
il = Cer(vizd) 32 —[ (, +aﬁ + —toi) N2
i=1
Note that
-2 2
p+q+1 — p+q+1 — p+q+1 — n“(p+q+1) < p+q+1 —-0(1
P (% 4 6f) e <B> 2maly < €y
n
And
n—-(p+q+1) _
oz 2 n—(p+q+1) n nd n3
2. (wrt) = S e = e O™
i=1 <€+O.u) (WE‘FO}%) € u u

1

. _ 1/2 _
Thus, it follows that ||V 1| = {O (H)} =0(n)"V/2
Since supyepoq)llZsll <1 from the distances between truncated power functions, it follows that 1Z,1? =
n Sk(xl) <n,where ZZ,(x;) = (xp41; — ki) is element in Z;
Thus tr( Vii—-vit) = —tr( Vid(Vy =V ) vt)

TL

= Zk =n—(p+q+1) Uu(Zk V1,r3(Zk Vi

-1 n+s 2
S ” 1n ” k=n—-(p+q+1) ”Zk”
nof sn+s 1< Ko _  Koi _ K(+nod)
= nsp, Sk=n-(p+q+1) Sna 252 ")
(1+TLO'%')
Thus
1 K(1 + no n-oo
tr(Vln_ 1)—M—>0
Sna
Theorem(1):

Consider the testing problem in (7), suppose that the true model is H, ( pure polynomial model ) and let P}
denote the true distribution of the whole data, with p.d.f Py(y|B,) = @{(y — X" B,)/ 0.}, where @(-) is the
standard normal density, then, the Bayes factor is consistent under the null hypothesis Hy:

lim,_, Byy = o0 in PJ probability.
Proof:

1. det(V,
log By, = l og (1)

1
det(V ) EYTT(VO_I_Vl_l)YTL
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1 det(Vy) 1 det(Vin) 1o,7,1,-1 1/—1 1,7 =1 17—1
- —lOg det(v, n) + —lOg det(Vo) - EYn (VO _Vl,n)Yn - Eyn (Vl,n _Vl )Yn
= logBy; +3log-o . — 2y T (vl-v by,

det(Vy ) 2
= lOgBOI + A1 + AZ
where

_ 1, det(vy)
4 = 210 det(Vyn)

Since V; — V7, ,, is a positive definite matrix, det (V;) = det(Vy,),thus4; =0
ECYi(Vig=ViY, ) = o2 tr(Vig = Vi) + XA (Vg — Vi) XB,

since V1 — V71, Vit and V; 7! are all nonnegative definite matrices, it follows that

0< XB)'(Vin —ViDHXB < (XB)' Vi, XB.

By orthogonality of the design matrix (6), we have X"M,, = MiX =n (Iy1q41,On—(piq+1))-
Thus similarly to the proof of lemma (3), we get:

1 _ _
) A, = _EYnT(Vu}_Vl 1)Yn

XB)T Vit X = % &B)Y' M, |Z1,+ D, ]_IMTX[?

ﬁ n( p+q+1) 0y (p+q+1)) [ I, + Dy ] n(1p+q+110n (p+q+1))ﬁ
.BT (Ip+q+1 ’ 0n—(p+q+1)) [fln + D, ] (Ip+q+1 ’ 0n—(p+q+1)) ,8

+q+1 o -1
= SR [Z4 03] =0
Let e > 0, by the Markov inequality when r = 1 and lemma (3), we have:
L B (V;,%—vl-l)Yn)}

1
pr {_YJ(VE}_Vfl)Yn > 5} S
Sn,l '

Sn1 £
1 tr(vip-vt 1 xpTvitxp now
< L oVin=vit) | 1 EBTVia XB "%
Sn1 & Sn1 &

Note that V' — V' is nonnegative definite and thus, Y, (Vi —V; 1Y, is nonnegative random variable.
Therefore, A, = 0(Sp1)-
The above results with lemma (2) imply there exists a constant C; such that

1 1
— log By 2 -— logB01 + o(1)
Sna

> C1 + o(1).

That is,
Boy = exp(Sp1{ Ci + 0(1)}) —> oo in PI probability.
This completes the proof.

Now we consider asymptotic behavior of the Bayes factor under H; and assuming that the true model for Y,, is
in H.
Lemma(4):

Let ¥, = (y1,..,¥,) Where y;'s are independent normal random variables with mean 25;0 Bixj; +
PR 1ﬂp+,xp+1l + Y r- P+t 5wy and variance o2 = 1and letw, = E(Y, )T Qq E(Y,,).
Then, hm,Hoo YTQnYn = 1, in P{* probability.
Proof:

From the moment formula of the quadratic form of normal random variables, the expectation and variance of
quadratic form Y,7 Q, Y,, are given by:

E(Y QuYy )—tT(Qn)+E(Y)TQnE(Y)
= SIPHED MO oy 3T 0 E(Y,)

(1+na
= Sp1 tw, ,and

var(YT QuYy ) = 2tr (Q,%) + 4E(Y, )T Q,° E(Yy,).
Note
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wy = E(Y)" QuE(Yy)

1 Oprgrix@+g+n 01 T
([’)T, ug—(p+q+1) )va _zMn[ pra 0r1p 1 T] M1€ Mn(ﬁT:urTz—(p+q+1))

0 0
(p+q+1)X(p+q+1) 1ir
= (B un (p+q+1)) 0,, ] (ﬁ un (p+q+1))

0 0
_ T (p+q+1)x(p+q+1) 1ir
- (ﬂT; un—(p+q+1)) [ Orl ] (ﬁT Up— (p+q+1))

Zn—(p+q+1) n*afuf

— T —
= uk—(p+q+1)Qr Un-(p+q+1) = Li=1 1+no2

since sup; u; < oo, we have

(nSnl)

On the other hand, consider a fixed positive integer N > 1 such that u > 0 and a sufficiently large n with

nof

n < sup;ufn Y 11+M

> % For suchn and N.

1+no?
n—(p+q+1)
B n?clu? S n’ol
= 1+no?2 1+ no?
i=

2
u
=n suf =>n2
1+noy 2

Further, similarly to the previous calculation, we have

1 Op+q+1 x(p+q+1) 0, T
BT QRE) = (Bl puquay)ME M| 700 | MM, (BT 1)
T T

T 2
E Un—(p+q+1) Ql,n—(p+q+1) Un—(p+q+1)

_1 Zn—(p+q+1) n*opul

T op 4=l (1+no2)? "’
Asincase of E(Y,)" Q, E(Y, )
E(Y,)TQ2E(Y,) < ¥p, 1ok

n?op

<n sup;u?y®

(1+n u)z N P (1mad)”
2
Consider a fixed positive integer N > 1 such that u > 0 and a sufficiently large n with 1:[:’;2 > % . Again, for

u

= 0( nSn‘3).

suchnand N,
2

E(Y )T Q2E(Y,) = ¥, (”"q“)% >nu (1:‘:25) > % n.
By combining value of S, ; and the previous result, we have
var (YT Q,Y,) < 0(nS,1 ).

Furthermore, note that E( Y, )" Q,, E(Y,) = E(Y,)" Q2 E(Y,).
Let € > 0, by the Chebshev inequality.

1,7 _ E(Y Qn¥n) var (Y] Qn¥n) _ 2
pr{|WnYnQnYn )] > e}s< T = 0(n2) o,

. . E(rTQuY,
Since lim,,_, E(M ontn) _ lim,,_, (5"1 + 2 ) =1
Wn Wn

limnqmwinYnTQnYn =1, in probability

This completes the proof.

Lemma(5):
Suppose we have the penalized spline smoothing, then
1 det(Vy)
lim —log——F—F"—=

oo wy, Edet(Vyn)

Proof:
From a property of the determinant of the positive definite matrix, we have

99



Mathematical Theory and Modeling www.iiste.org

ISSN (Paper)2224-5804 ISSN (Online)2225-0522 Ly
Vol 3, No. 11, 2013 nsTe
dEt(Vl < 1(0-6 + Zp+q+1 O-ﬁ lk + Z;{Hi Uu lk

=n"[[, ( (:: + Zp+q+1 ﬁnlk + ynEs ‘Hizk) ,
where x;, z;;, is the k th element of x;, z; respectively.
From lemma (1), we have:
det(Vy,) =n" ((;—52 + g2)n~Pra+D) (0;1—62 + gt
Thus
det(V})

ogm = log(det(V;)) — log(det(V1 n))

2
<nlogn+ Z?=110g< + ypratt Bk Gﬁx’k + Y G"Z”‘) [nlogn +(@+q+1)log (';—E +

n

aﬁ) +(n-(+q+ 1))( + cru)] 0(1) —0(1) = 0(1).
Therefore, it follows that

1 det(Vy) Tg
Wn det(V1,n)
Theorem(2):

Consider the testing problem in (7), suppose that the true model is in H, ( the penalized spline semiparametric
model ) and let P! denote the true distribution of the whole data, with p.d.f. p;(v|Bi,uq) = O{(y —
(XTB, + Zu,))/o.}, where @(-) is the standard normal density. Then the Bayes factor is consistent under the
alternative hypothesis H, :

lim,_, Boy = 0 in PI* probability.

Proof:
1 det(V;) 1 B _
log By, = log det(Vy) - EYnT( Vo '=ViHY,
_ 1 det(Vq) 1 det(V1,n) _py-1 _Yyrpy-1_py-1
= ZIOg—det(Vm) + Zlog—det(VO) 3 Ya (Vo Via)¥n 2 Yo Vi =V Y,
= 1 _ _ _ _
= logBo; — EYJ( Vo 1_V1,13)Yn - EYJ(VL#_‘G 1)Yn
= lOgEOl + Al + Az y
where
- 1 det(V;,) 1 _ _
logBy; = logv(vrs - EYnT( Vo '=Vi)Y
1 det(Vy) 1 _ _
A = EIOgdei(Vlln) o A= ViV

First, by lemma (1),
n-(p+q+1)

det(Vin) _ ™" (_"'U )p+q+1(—+02)n (pra+1) n_(p+q+1)(%%+a’%) _ (a§+naﬁ)n_(p+q+1)
det(Vy) np+q+1(%+a§)17+q+1 eg(n Pt ) aez(n—(p+q+1)) - o?
2\ n—(p+q+1) n—(p+q+1)
=(1+ ) = 0(m) = log (1+) =0(n).
O¢
And from lemma (4) w,, < 0(n?). Then
1 det(V1,n) —1y 7
Wnlog—det(vo) <o(n1t) —o.
Therefore,
1. 1/1  det(Vy,) 1
—IlogBy; = = — log————=—2 — —YT(V; 1=V Y,
Wn g 01 2<W g det(Vo) w n( 0 1,n) n
Since Vg — Vi = Qy, then

—YT(V0 VDY, = —YTQnYn, from lemma (4),
llmn_>00 YTQnYn = 1. Then

now 1 (1 det(Vy,)

—losB = _
08501 8 det(Vy)

Lot v-1_y-1 e 1
™ ; VIV, ) = S0 - 1) =
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- logBy, — =" inthe PJ* probability.
n
And from lemma (5),
WiA1 = 0, finally, note that A, is nonpositive random variable since V;,; —V;"! is a nonnegative definite
n

matrix.
Therefore, by combining the above results, there exist C, > 0 such that

lim,,_, supwilog By, < _TCZ , with probability tending to 1.
Hence, By, = 0, in P]* probability.
This completes the proof.
5.Conclusion
1- The Bayes factor for testing problem Hy,:Y = XB +€ versus H;:Y = XB + Zu + € is given by:

Jdet(vy) 1 — _
Bor = Yaer OPL— 3 Y (Vo =V Y},

2- If Y, =@y, y)7T where y;’s are independent normal random variable with mean

Zi.’zoﬁ,-xﬁ +Zj.’=1ﬂp+jx;+1‘i and variance o2 = 1, then there exist a positive constant C; such that
Si—l [Z?;f”*q“) log(1 + no2) — YnTQnYn] > (,, with probability tending to 1.
This implies that, under H,. log By, = o, in probability.
3- If the true model is H, ( the pure polynomial model ), then, the Bayes factor is consistent under the null
hypothesis H,. This implies that, lim,,_,, Bo; = o in PJ probability.
4- If Y, = (y1,..,¥,) Where y;'s are independent normal random variables with mean Z?zoﬁjxﬁ +

?zlﬁpﬂxéﬂj+ZZ;§p+q+1)zikuk and variance o2 =1 and if w,=E,)"Q,E(Y,). Then,

limn_mwi Y7 Q,Y, = 1,in P® probability.
5- If the true model is in H; ( the penalized spline semiparametric model ) ,then the Bayes factor is
consistent under the alternative hypothesis H;. This implies that, lim,_. By; = 0 in P{* probability.

6.References

[1] Angers, J.-F. and Delampady, M. (2001). Bayesian nonparametric regression using wavelets. Sankhya Ser. B 63, 287-308.

[2] Berger, J. O. (1985). Statistical Decision Theory and Bayesian Analysis. Springer, New York.

[3] Choi, T., Lee, J. and Roy, A. (2008). A note on the Bayes factor in a semiparametric regression model, Journal of Multivariate
Analysis. 1316-1327.

[4] G.Gosal, J. Lember, A. Van der Vaart, Nonparametric Bayesian model selection and averaging, Electron.J. Stat. 2 (2008) 63-89.

[5] Ghosh, J. K., Delampady, M. and Samanta, T. (2006). Introduction to Bayesian Analysis: Theory and Methods. Springer, New
York.

[6] Ghosh, J. K. and Ramamoorthi, R. V. (2003). Bayesian Nonparametric. Springer, New York.

[7] 1. Verdinelli, L. Wasserman, Bayesian goodness —of-fit testing using infinite- dimentional exponential families, Ann. Stat.26 (4)
(1998)1215-1241.

[8] L. H. Zhao, Bayesian aspects of some nonparametric problems., Ann.Statist. 28 (2000) 532-552.

[9] P. J. Lenk, Bayesian inference for semiparametric regression using a Fourier representation, J. R, Stat. Soc. Ser. B Stat.
Methodol. 61 (4) 1999) 863-879.

[10] Natio, k. (2002) " Semiparametric regression with multiplicative adjustment " Communications in statistics, Theory and
methods 31, 2289-2309.

[11] Pelenis, J (2012) Bayesian Semiparametric Regression. Institute for Advanced Studies, Vienna 1-39.

[12] R.McVinish, J. Rousseau,K. Mengerson, Bayesian goodness —of-fit testing with mixtures of triangular distributions, Scand. J,
statist. (2008), in press (doi:10.1111/j.1467-9469.2008.00620.x).

[13] Ruppert, D, Wand, M. P. and Carroll, R. J.(2003) Semiparametric Regression. Cambridge University Press.

[14] S.C. Dass, lee, A note on the consistency of Bayes factors for testing point null versus non-parametric alternative, J.Statist. 26
(4) (1998) 1215-1241.

[15] Tarmaratram, K. (2011) Robust Estimation and Model Selection in Semiparametric Regression Models, proefschrift
voorgedragen tot het behalen van de grad van Doctor.

101



