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Abstract

The notion of interval-valued intuitionistic fuzzy sets was first introduced by Atanassov and Gargov as a
generalization of both interval-valued fuzzy sets and intuitionistic fuzzy sets. Satyanarayana et. al., applied the
concept of interval-valued intuitionistic fuzzy ideals to BF-algebras. In this paper, we introduce the notion of
interval-valued intuitionistic fuzzy homomorphism of BF-algebras and investigate some interesting properties.
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1. Introduction and preliminaries

For the first time Zadeh (1965) introduced the concept of fuzzy sets and also Zadeh (1975) introduced the
concept of an interval-valued fuzzy sets, which is an extension of the concept of fuzzy set. Atanassov and
Gargov, 1989 introduced the notion of interval-valued intuitionistic fuzzy sets, which is a generalization of both
intuitionistic fuzzy sets and interval-valued fuzzy sets. On other hand, Satyanarayana et al., (2012) applied the
concept of interval-valued intuitionistic fuzzy ideals. In this paper we introduce the notion of interval-valued
intuitionistic fuzzy homomorphism of BF-algebras and investigate some interesting properties.

By a BF-algebra we mean an algebra satisfying the axioms:
(1).x*x=0,

(2).x*0=x,

3).0x(x*y)=y*x,forall X,y eX

Throughout this paper, X is a BF-algebra.

Example 1.1 Let R be the set of real number and let A = (R, *, 0) be the algebra with the operation * defined
by

x,if y=0
x*y=< y,if x=0

0, otherwise

Definition 1.2 The subset [ of X is said to be an ideal of X , if (1) 0el and
(i)x*yelandyel=xel.
Definition 1.3 A mapping f: X — Y of BF-algebra is called a homomorphism if f(x * y) = f(x) *f(y), for
all X,y € X . Note that if f is a homomorphism of BF-algebras, then f(0)=0.

An intuitionistic fuzzy set (shortly IFS) in a non-empty set X is an object having the form
A= {(X, W (%), XA(X)): X € X} , where the function L, : X —[0,1]and A, : X —[0,1] denote the
degree of membership (namely L o (X)) and the degree of non membership (namely A A (X)) of each element
x € X . For the sake of simplicity we use the symbol form A = (X, s, Ay )orA = (s, Ay)

By interval number D we mean an interval [ ,a" ] whereO<a~ <a" <1. The set of all closed

subintervals of [0, 1] is denoted by D[0, 1]. For interval numbers D =[a;, bf-] . Dy =[a,, b;] .
We define

e min(D;, D,) =D; ND,=min([a;, by], [a3, b3])

= [min {a,,a, }, min {b;, b} }]
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e max(D;,D,)=D; UD,=max([aj, bj ], [a3, b3])

=[max {a,,a, }, max {br, ;}]

. D,+D, =[a; +a, —a,.a,,b] +b; —b/.b;]
And put

. D, <D, < a; <a, and b; <b;

. D1:D2C>a[:a£andb1+: i

. D, <D, & D, <D,and D, # D,

. mD =m[a,,b/]=[ma, , mb, ], where0 <m<1.

Let L be a given nonempty set. An interval-valued fuzzy set B on L is defined by
B ={(x, [ug(x), HE(X)]:X €L}, Where pg(x) and HE(X) are fuzzy sets of L such that pg(x) <

g (x) forall x e L. Let fig(x) =[pg(x), pg(X)], then B={(x, fig(x)):x € L}
Where fig:L — DI[O0, 1].

A mapping A = ({1, , ) A) - L — D[0,1]xD[0, 1] is called an interval-valued intuitionistic fuzzy
set (i-v IF set, in short) in LifO < pj (X)+A, (x) <1 and 0<py (X)+4, (x) <1 for allx € L ( that is,
A" = X, ”2 , 7»2) and A =(X, Has X;) are intuitionistic fuzzy sets), where the mappings
ﬁA x)= [p; (%), HZ(X)] :L —> D[0,1] and XA (x) =[A, (%), 7»2 (x)]:L - DJ[0, 1] denote the

degree of membership (namely [i A(X) Jand degree of non-membership(namely 71 A(X) of each element

x € L to A respectively.

2. MAIN RESUTS
Definition 2.1: An interval-valued IFS A = (X,[1 A A A) is called interval-valued intuitionistic fuzzy ideal
(shortly i-v IF ideal) of BF-algebra X if it satisfies

(-VIFD) T, (0) 2, (x) and XA(O) < XA(X)
(-v1F2) L, (0 = min{i , (x*y) [, )
(i-v IF3) }LA (x) < max{ N (x*y), N (y)}, forallx,y € X.
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Example 2.2 Consider a BF-algebra X = {0, 1,2, 3} with following table

Let A be an interval-valued intuitionistic fuzzy set in X defined by [l A O)=pn A(l) = [0.6,0.7] and
Hy@=0,0)= [0.2,0.3], Ay (0)=2, ()= [0.1,0.2], X, 2) =X, (3) =[0.5,0.7]. 1t is casy

to verify that A is an interval-valued intuitionistic fuzzy ideal of X .

Definition 2.3 Let f : X — X' be a homomorphism of BF-algebras. For any interval valued intuitionistic

fuzzy set A=(X', [l Ashp) in X' we define a new interval valued intuitionistic fuzzy set

af —x, NZ,xf ) inX, by it (%) =i, (). xA(x) X\ (fx)forall x € X.

Theorem 2.4 Let X and X' be BF-algebras and f is a homomorphism from X onto X'.

(). If A=( "HA’ A) is an i-v intuitionistic fuzzy ideal of X', then Af =(X,p it XA) is an i-v

intuitionistic fuzzy ideal of X .
f_ I C . NI .
di. If A° =X, },lA, A) is an i-v intuitionistic fuzzy ideal of X , then A =(X ’MA’XA) is an i-v

intuitionistic fuzzy ideal of X'.

Proof: (i) Suppose A = (X', A’}L A) is an i-v intuitionistic fuzzy ideal of X . For X’ € X' there exist

X € X such that f(x) = X', we have

iy (0= u'f\(O),wi(O)} wd TR0 =] 27RO 0]
=| KA (O, 1A (0D | = 22 (0D, 24 (10))
_ :uA ). (0')} = 22(0), 250 |
2 WA (A )] <[1A6 50|
= WA (F0X), WA () | - [xA (£00), A (0 |
=[nh 00, 1R =[1 A0k )]
-k (0 =Tp (0
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Let X,z € X,y € X' then there exists y€ X such that f(y)=y'. We have ﬁg (x) = ﬁA (f(x))
> min{f, (fx)*y"), L, (¥)}
= min{j, (fx*y)).i, (fy)}
= min{fih (x* ¥, )}
and 1 () =1, (f(x)
< max{iA (fx)*y"), A o (Y')}
=max i, (f(x)*f(y)), A , (£(y)}
= max (it} ().}, 00}
Hence Af = (X,ﬁg ’X,fA) is an i-v intuitionistic fuzzy ideal of X.
(ii) Since f : X — X' is onto, forX, y € X' there exist a,b € X such thatf(a) = x, f(b) = y .
Now i (%) =i , (F(a) = i, (a) > min iii ((axb). g <b>}
= min{ji A (faxb)), i o (f(b))}
= minfji 5 (fa)*f(b)).Ji 5 (b))}
= min{ﬁA (xX*y),H A (}’)}
it X, 0=, (f@) = iF (@) < maxLfy awb), 6 ()
= max {X A (f(a*b)),A o (f(b))}
— maxi (f(a)f(b)). 7 (b))
= max{iA (x*y), k7 (Y)}
Hence A = (X',ﬁ A’X A) is an i-v intuitionistic fuzzy ideal X'.

Definition 2.5 Let f be a mapping on set X and A = (X’HA , XA) be an i-v IFS in X. Then the i-v fuzzy sets

U and V on f(X) is defined by u(y)= sup [ A (x) and V(y)= inf ) A (x) for all
xef () xef ()
y € f(X) is called image of A under f. If U and V are i-v fuzzy sets in f(X), then the fuzzy set

}TLA =lof and XA =Vof is called the pre —image of U and V respectively under f.
Definition 2.6 An i-v IFSA = (X,ﬁ A,X A) in X is said to satisfy the “sup-inf” property if for any sub —set

T < X there exist X,,y, € TsuchthatﬁA(XO)Z sup ﬁA(t)and XA(YO): inf XA(S)'
teT seT
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Theorem 2.7 Let f: X — X' be onto homomorphism of BF- algebras. If A = (X’HA’XA) is an i-v

intuitionistic fuzzy ideal of X with “sup-inf” property. Then the image of A under f is also an i-v intuitionistic
fuzzy ideal of X" .

Proof: For any X € X we have 1, (0)> [, (x)and A, (0) < X, (X).
Suppose A = (X, 1 A’ A A) is an i-v intuitionistic fuzzy ideal of X with “sup-inf” property. The image of A

under f'is defined by
U: X' —>[0,1] by u(y)= sup pHp (x)forally’ e X'

xef ()
and
V:X' > [01]by ¥(y)=  inf Ap(x)forally’eX'.
xef ()
Since A = (X, A’ X A) is an i-v intuitionistic fuzzy ideal of X.
Thus §(0)= sup i (t) =FA (0)2fi4 (%), foralix € X.
tef (07
Therefore U(0") > 1, (X)forallx € X.
Further more we have U(X')= sup [ (t) forallx' € X'.
tef 1 (x")
Hence u(0")>  sup ﬁA (t)Zﬁ(X’). Therefore U(0") > U(x") forallx' € X'
tef 1 x"
And V()= inf  Ap () =k, (0)< R, (x) forallx e X,
tef =1 (0"
Therefore ¥(0') < %, (x) for all x € X Further more we have V(x')=  inf A4 (t) for alix’ € X"
tef 1 (x)
Hence V(0') < inf XA (t) = V(X'), Vx'e X'. Thus V(O') < V(X'), vx'e X'.
tef 1 (x")
Since f is onto mapping then for any X',y' e X'. Since X' = f(X), then there exist X,y € X such that
x'=1(x),y" = f(y). Let x, e f' (x') be such that ﬁA (XO) = sup ﬁA (t) and
tef 1 (x)
hence U(x') = ﬁ(f(X)) = sup  Hp (t)
tef 1 (f(x))
=ip(Xp)
>min{ fiy (xg *y)), fia(y) |
— min {ii(f{xo *y)), 6(f(y))}
= min{ §(f(x o) *(y)). U(f(y)
= min{ G(x"*y"), U(y")}
Therefore ﬁ(X') > min{ﬁ(x'*y'),ﬁ(y')} forallx’,y' € X.
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Let X, € f_l(x') be such that XA (XO)Z inf XA(t).

Now¥(x) =V(f(x)) = inf A, (¢)
tef 7 (f(x)
271 A (Xp)
< max{XA (X *Y)hp () }
= max {V(f(X 0 *Y),V(f(y)) }
= max { V(f(x o) *(y)), v(f(y) }
= max{ V(x"*y"), ¥(y")}
Therefore V(X') < max{V(x'*y'),V(y')} forallx’,y' € X
Thus A = (X', A,X ) s an i-v intitionistic fuzzy ideal of X',

Definition 2.8 Let A = (X’ﬁA’XA)be an i-v IFS in X and leta,ﬁ €[0,1] be such that a+§S [1,1].

Then the set X&"B) = {XEX/ﬁA (x)>0, XA (X)Sﬁ} is called an (&, B) -level sub set of

A= ).

Theorem 2.9 Let A = (X,[1 A A A)be an interval-valued intuitionistic fuzzy ideal of X. Then X(X’ B) is

an ideal of X, for every (&, B) € Im(ﬁA) X Im(xA)with o+ E < [1,1]

~

Proof: LetX € Xl(g’ B), then X EX,ﬁA(X)Z aandxA(X) < E =

xeX,i, (0)2[, (x)2 aandXA(O)s XA(x) <PB. Therefore0 EXEK’B).

~

B)then Hy(x+y) 26, XA(x*y)sE and i, (¥) 20,

Py A)S B. It follows from (i-v IF2) and (i-v IF3) that

Let X,y € X be such that x * yand y EX&"’

(02 min{fi o (x*y),f 5 (¥){2 min{6, 8} = & and
XA (x) < maX{XA (X*y),kA(y)}S max{ﬁ, E} = E

So that X € ng’ B) Hence ng’ B) is an ideal of X.

Theorem 2.10 Let Az(X’ﬁA’XA) be an i-v IFS in X such that X&’B) is an ideal of X. If

(&, B) € Im(ﬁA) X Im(XA)Witha + E < [1,1], then A = (X,ﬁA, XA) is an interval-valued IF ideal of X.

Proof: Let A(X) = (&,E) for all x € X, that is, ﬁA (x)=a and XA (x) ZB for all x € X . Since

~

OEXEZ’B), we have ﬁA(O)ZGZHA(X)andXA(O)SBZXA(X) for allx € X. Let X,y € X be
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such that A(X*y):(al,ﬁl) and A(y):(az,ﬁz) , that is, ﬁA(X*y)Zal,XA(X*y)ZBI and

@;.B))
A and y € X

We may assume that

i a5 ()=F (@.B7)
(al’Bl)S(aZ’BZ) , that is, al Saz and Bl 2 BZ , with out loss of generality. It follows that

X(A(XZ’BZ) C X(Aal’Bl). So that X *y € X(Aal’ﬁl) andy € X(Aal’Bl). Since XEgl’Bl) is an ideal

of X, we have X EXXII’BI). Thus HA(X) >0, = min{ﬁA(X*y),ﬁA(y)}
XA(X)S B, =maX{XA(X*y),7LA(y)}, for allx,y € X . Consequently A = (X,ﬁA,XA)is an i-v

intuitionistic fuzzy ideal of X.

Note that: Xff’ B _ {x ex/fip(x)2a, XA(X) < [§} = {xeX [EA (x)}and {xeX / XA (x)}

“U(fip @) NL(ApsH).
Hence we have the following corollary.
Corollary 2.11 Let A = (X, A,X A) be an i-v IFS in X. Then A is an i-v intuitionistic fuzzy ideal of X if and
only if U( ;@) and L(X A;E) are ideals of X, for every @ &[0, (0)] and P e R’ A (01,17 with
a+p<.1].

Theorem 2.12 Let [ — Xand A = (X,ﬁA,XA) be an i-v IFS in X defined by

EO if xel

Py otherwise

fio if xel

o - d A =
Ha (x) {ﬁl otherwise A(X)

forallXx € X where 0 <@, <0, OSBO <Bl and 0 +Ei <lfori=0,1.

Then the following conditions are equivalent:
(1). A is an i-v intuitionistic fuzzy ideal of X.
(2). Tis an ideal of X.

Proof: Assume (1), that is, A is an i-v intuitionistic fuzzy ideal of X.

Letx,y € . Now HA(O) > ﬁA(X) =0, and so HA(O) >, implies 0 1.

Let X,y € X be such that X * yand y € I. We have ﬁA (x) > min{ﬁA (x * y),ﬁA )} = min{&o,ao}= a,
and so X € [ . Hence I is an ideal of X.

Assume (2), Let x € X . If x €l implies HA (x)=0,, since 0l we have HA (0)=0a, and so
ﬁA(O) = ﬁA(X) . Also XA(X) = Bo and so XA(O) = XA(X) . If x g1 implies HA(X): o, and

Ay (x)=B. Now i, (0)=5, >& =i, (x) and &, (0)=B, <B, =4, (x).

Therefore, in either cases ﬁA 0) = ﬁA (x) and XA 0)< XA (x) forallx € X.
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Let X,y € X be such that X*yandy e X. If x*y el and y € since I is an ideal of X. We have that
x €1 and so HA (X) = ao = min{ ao,ao}z min{XA (x*y), XA (y)} and

XA(X)= B, =maX{E()»B()}= max{XA(x*y),XA(y)}
If x*yelandy el = x ¢ 1 and so ﬁA(x): a, = min{ao,&l}: min{ﬁA(x*y), HA(y)} and

~

%y (x)=P, =max{ By By f=max{%p (xxy), kp O)f

If x*ygl and yel=x¢I and so HA(X)= o, = min{al,a()}: min{ﬁA(X*y), ﬁA(y)}
%\ (x) =P, = max{P}.Bo = max{% 5 (xxy). Tp )

Ifx*y¢gland ygl= x g1 andso ﬁA(x): a, = min{&l,al}: min{ﬁA(x*y), HA(y)}

%\ (x)=P, = max{Py.By = max{ X (xxy). Ty )

ThereforeﬁA (X) > min{ﬁA (x*y), B (y)} and XA(X) < max{XA (x*y), XA (y)}, forallx,y € X

Hence A = (X, A> A A )is an i-v intuitionistic fuzzy ideal of X.

Corollary 2.13 Let | € Xand A =(X,[1,,A, ) be ani-v IFS in X defined by

- 1, ifxel ~ 1. if xel
X)=1 . d A, (X)=1~’ , forall X € X.
Ha () {0, otherwise o A( ) {O, otherwise

Then the following conditions are equivalent:
(1) A is an i-v intuitionistic fuzzy ideal of X.
(2) Tis an ideal of X.

Proposition 2.14 Let A =(X,1 A,XA) be an i-v intuitionistic fuzzy ideal of X and
(al,ﬁl),(az,ﬁz) e Im(ﬁA)xlm(XA) with &, + B, <1 fori=1,2. Then

(a ’E ) (a 9E ) . A~ ~ 3
XAI 1 =XA2 2 1fand0n1y1f((11,[31)=((12,B2).
Proof: If (al,ﬁl) =(&2,EZ) then clearly XI(:LI’BI) =Xf§2’ﬁz) . Assume  that
Xl(:tl’ﬁl) =X§12’B2) . Since (al,ﬁl) EIm(ﬁA)XIm(XA) then there exist X € X such that

HA x)= al,XA x)= Bl : It follows that X € Xl(;xl P = ngz -P2) , so that
a, = ﬁA (x)=>0, and B, = XA(X) <P, . Similarly we have o, <d, and P, >2f, . Hence
@B =@y By,

where (ai,ﬁi )< (aj ’BJ ) wheneveri>j. Let {Gr/ r=0,1,2,....k} be family of i-v ideals of X such that

GycGcC..cGy =X and A(G:‘):(ar,ﬁr) , that is, ﬁA(G’;):ar and XA(G;"):Br,
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fuzzy ideal of X.

Proof: Since 0€G), we have HA 0)=a, > ﬁA (x) and XA(O) = Eo < XA (x) for all x € X . Let

X,y € X. To prove that A = (X, [, ,XA) satisfies the conditions (i-Vv IF2)and (i- v IF 3). We discuss

the following cases:

Ifx*ye G;k andy e G_ = Gr \GI‘— then X € Gr,because G, is an ideal of X.

r 1
Thus HA(X)Z a, = min{ H (X*y), HA(y)} and XA(X)S Er = max{XA(x*y),xA(y)}.

IfX*y¢g G;k andy ¢ G™, then the following four cases will be arise:

1. X*yeX\GrandyeX\Gr, 2. x*yeGr_ and ye G

1
1

r-1’

3.x*yeX\GrandyeG 4.X*yeGr_ andyeX\Gr.

r-1-’
But, in either case, we know that

i, (x)2 min{fip (cxy). A (fand T, (x) < maxfip (cey). 75 )

If X*yEG:< and yeEG:j that either yEGr_ or yEX\Gr . It follows that either

1
xeGr(or)xeX\Gr . Thus ﬁA(X)Z min{ﬁA(x*y),ﬁA(y)} and

R (x) < max{ X, (e .7, 0)f
If X*y¢ G:j andy € G;k , then by similar processes, we have HA (X) > min{ HA (x*y), HA (y)} and

~

}LA (X) < max{XA (X*y),XA (y)} for all X,y e X. Thus A= (X,ﬁA ,IA) is an interval-valued

intuitionistic fuzzy ideal of X.
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