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Abstract
In this article, we are interested in the daation problem in isosceles triangular chessboardur study we
take in account one type of piece of rooks, bishems kings, and two different types of pieces thgetkings
with rooks, kings with bishops and rooks with bighoThe chessboard in this work is isosceles tukngvith
square cells.
Also in most cases we determine the possiblebeurof different methods of domination (total sain).
Keywords. domination, Isosceles triangle chessboard, KiBgghops and Rooks.

1. Introduction

One of the classical chesshoard problenpaising minimum number of one type of pieces suwdt all
unoccupied positions are under attack. This probiemalled the domination number problem of P. This
number is denoted y(P) and we denote the number of different methodgpfacing P pieces to obtain the
domination number of P [§(y(P)). Also we are interested in the domination nundfemvo different types of
pieces by fixing a number, of one type P of pieces and determine the dominatiombery(P", n,) of
another typeP*of pieces. Finally we compusy (P*, n,)).

In n square chessboard (see [41,nL52] and-{6$) studied for rook "R", bishop "B" and king "KThey proved
thaty(R) = n ,y(B) = n andy(K) = | -

In [3], JoeMaio and William proved tha€R) = min{m, n} for mxn Toroidal chessboards.

A saw-toothed chessboard, or STC for short, isnd kif chessboard whose boundary forms two staiscase
from left down to right without any hole inside it.

In [2] Hon-Chan Chena, Ting-Yem Hob, determined ithi@imum number of rooks that can dominate all
squares of the STC.

Dietrich and Harborth [1] studied the triangulaamgle board, i.e. the board in the shape of agt@awith
triangular cells. They defined the chess piecesparticular the rook which attacks in straighebrfrom a side
of the triangle to a side of the triangle, formimgpmbuses, the bishop 1 which attacks from vendeside, side
to vertex etc. in straight lines, forming diamondsd for the bishop 2: the triangular triangle lbbean be 2-
coloured, whose cells are sharing an edge of diftecolor, and the bishop 2 moves as bishop 1atiatks
only cells of the same color.

2. Chesshoar d of two equal sides length
In this work, we consider the isoscelesngislar chessboard with square cells and three igoeks,

bishops and kings. They move or attack the piesesaal.

We mean by the length of the two equal sides obtherd the number of cells (squares) in each tietethe
length of each side i5 consequently the third side (base) is of lerkgth- 1.

In matrix form, let r denote the'l row measured from above to dovirs 1, 2,..., n. If L denotes the length
of row 1, then the first row ;rwhich contains one cell will have the length=L1, the second row, which
contains 3 cells has the length £ 3, and so on... In general tH& iow which containgi — 1 cells has the
length L, = 2i — 1. Let g denote the] column which is numbered from the middle (the rtédeblumn has the
greatest length of columns), j =61, +2, ... ,£(i — 1). Let the middle columrnycontainn cells, then each of the
two columns ¢and ¢, which lies to the right and to the left of respectively contains-1cells. In general thé"j
column contains n +{|cells. We denote the cell (square) of ficand columrj bys;; ,i=1,2,..n,andj=0,
+1,+2, ... ,+(i — 1) and we note that the number of squaresaadeles triangular chessboard of two equal sides
of length n is A We refer to the length of the two equal sidegt®ysize of our chessboard. Figure 1 shows a
chesshoard of lengths 5, 5, 9.
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3. Domination of one piece
In this section we will compute the dominatiommbery(P) of one type of piece and it is total

solutionS(y (P)).

3.1. Domination of Rooks

Theorem 3.1.1.
0 y®=n-|"2

n+1

C-11 Con

) (=22 r=sem) < (2= +1):
Proof: (I) We note that by putting a piece in eaell ofc,, we can dominate the chessboard. To fifRl), we
look for the largest number of rows beginning fronwhich can be dominated without putting any pieté.i
Suppose that this numberijs consequently the number of pieces dominatingthpty ( remaining ) rows is n
—1i, pieces . This means thgR) = n — i,. And now ifn —i, <L; , then we cannot dominate the rigysince

the number of pieces is less tHap Hencen — iy > 2i, — 1, which gives, = l"T“J thus y(R) =n— [— .

(1) We have two cases as follows:

M If n— | =2|~=

lo+1

—1landsoon.

Figure 1

11

n+1
3

J + 1, we distributey(R) pieces on a square of "dimension'™— ["T“J (see Figure 2 (

a );n=7). The number of methods to put one piece inrthg isL;
piece in the next row, ., is L;

ios,+ the number of methods to put one

. Finally the number of methods toqné piece in the last

rowr, is one. Thus the total number of Dom(R{I]:gOH)( Li,)(Lip-1) - (1) = 2ip + D!,
ln+1 ) |

(i) f n— l"HJ <2 l"HJ + 1, then this is similar to (i), but we distribugéR) pieces on a rectangular

soS¢(R))=(n

chessbhoard of dimensions— [—J and 2[— + 1 ( see Figure 2(),= 6 ), such that one of the pieces must
be put in the column,.

By using (i), we get (n - l"HD 1< S(y(R)) < ( lnHJ + 1)

=

gbie 2

3.2 Domination of Bishops

Theorem 3.2.1.

(M yB)=n
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n if nisodd

an S(Y(B)) - {n -1 ifnis even}

Proof:

It is clear that, if we put one piece in each oél, of an isosceles triangular chessboard, we @, if we put
any piece except the piecesiy, in another place we will need another piece fanhating the chessboard. The
piece ins, , can move im — 1 cells when n is even, and in n cells when n is odd

3.3. Domination of Kings
In this section, for the total solution S, we arterested in the distribution of pieces in row moeat, since
in column movement, the outcome is much more difficWe denote the solution of domination of kirgs

S*(v(K).

Theorem 3.3.1.

= ]([zn 1] + 2) [%] is even

4

N y&) = 2n—1 2
(Tj“) ,if |22 is odd
( \[,Vlol [M] iano(mod3)\
(I s*(y (&) = H\U1(2 24w) Lifn=1(mod3)
1 , ianZ(mod3)}
Proof:

(1) We use row,,_; to dominate the cells of, r,_, andr,,_, Since we need one piece to dominate every three

and r,_,. We distribute these cells ip_; such that one piece for each corngr; _n—z and s,_;y—z), 0
guaranty domination of the two cells, _,,_,y and s, (,_,) .By the same manner, we use, to dominate the

cells ofr,_3, 1,_4 andr,,_s. Thus we distribut+2"3—_7] pieces imr,_, to dominate the cells in the three rows. And
S0 on..., we obtain

y(K)= [ 3 J [Zn (1+6w)] [Z_]([an 1] + 2) [?] is even
w [Zn 1] is odd

(I We have three cases as follows:

() n=0 mod3, asin (I), we distribute the pieces in row,_, to dominate the last three rows r,_; and
r,_, such that one piece is in each of the coregrs_,_,y ands,_; »—»). We distribute the king pieces from
right to left such that between any two pieceselae two empty cells, and there is one emptybegiveen the
last two pieces (see Figurer3z 9).

Figure 3
Now we study the possibility of the movemehttee pieces from left to right (there is no podgibin this
case for movement from right to left). Thus any omeve of a piece gives one method of dominationthso

total number of methods of dominationﬁélﬁ] (see Figure 4 = 9). Similarly we use row,_, to dominate
2n-9

the next above three rows_;, r,_, and r,_s. The number of methods of domlnatlor{ , and so on...

Thus the general formula of the total methods ehiation is given by S*(y(K)) = 1'[[ 1 [w]
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(i) n=1mod 3
Again to dominate the three rows r,,_; andr,_,, we start distributing the pieces in romy_,. In this case
the last two pieces will be in the cell§_; _(,—») and s,_; _(»—3) on the left as shown in Figureb= 10.

Figure 5
We start the movement of the pieces from leftgbtras in the following steps:
Step 1) As shown in (Figure b;= 10), if we fix the pieces ins,_; _,_) ands,_; -3, then we have a
unique method of domination in this step, sincedhexist two empty cells between any two othergsec
Step 2) When we move the piece fram; _n—3) 10 S,_1 _(n-4) We obtain a new method of distribution. This

move will allow us to move all the next pieces be tright direction, this means we obtain a methardtlie
movement of any piece. Thus the number of methotlsis step |:{[% - 1).
Step 3) The second move start farm, _,_3) t0S,_1,_(n_5)- Thus we have two pieces in the calls; _,_s) ,

Sn—1,-(n—6) (S€€ Figure 62 = 10).

Figure 6
Again with the same manner (as in step 2), we lsamember of methods which is equa[z‘t'és_—lj — 2, and so

2n—1
. . . . |2n-1 [ ]—3 2n—1 .
on. Thus the corresponding total solution of mowvetnire rowr,_, |sl 3 J +2is (lTJ -1- l).
Step 4) With the same manner we can determine #thads of distribution in any other rows that camta

pieces. Finally for the row which contains one cell, we have one method amiydbmination. So this row has
no influence on the product of the general formated consequently the number of rows which we déhl is

E] — 1 (since the number of rows that contains kingl%}}a Also we note that the rows which contain pieces

have the same manner of distributions, since a&lirtlengths are equal in mod 3.Thus the total nundfe

methods of domination is given by
[2(1+3w)—1)]_3

S0y (k) =TI {[Mj TS I (LS i)} - w4 w)

3 3
(i) n=2 mod 3
Again, we start with row,_, to distribute the king pieces .We fix two piecess,_; _,_») and s,_; ;2 -
Naturally we must distribute the other pieces stiet there are two empty cells between any twogsiexf
them. It is clear that there exists a unique metioodistribute the minimum number of kings, since @annot
move any piece to any cell. Sb(y (K)) = 1.
The following example is illustrating the ababeorem for some different valuesrnf

Example 3.3.2. Letn =8, 9, 10, determing(K) andS* (y (K)) for all n.

1) If n= 8,theny(K) =9 andS* (y (K)) =1, (see Figure 7 (a) ) .

2) If n= 9, theny(K) =12 andS* (y (K)) = 15, (see Figure 7 (b)) .

3) If n= 10, theny(K) = 16 andS* (y (K)) =630, (see Figure 7 (c)) .
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We need the following corollary concerning theuigteral triangular chessboard of length n for thext
section dealing with two pieces.
Corollary 3.3.3. For an equilateral triangular chessboatérajth n:

_ sl _ (Bl
(l)V(K)_Zw=0[ 3 ] E]_l

1 , if n=0(mod3)

) sy &)= HE_OZ%([%JZ+3[%D,ianl(mod3)

N (=) . if n=2(mod3))

vn=2

Proof:
(I) Figure 8 gives an example of the equilater@nular chessboard af= 8. With the same methods of

Theorem 3.3.1., the assertion is clear.

I

_

H

Figure 8

(1) We have three cases as follows:

i) n=0 mod3
To distribute king pieces from right to left, weudtwith rowr,,_, and fix one piece in cedl,_, ,_, . Naturally
we must distribute the other pieces such that taexdwo empty cells between any two of them. Weraating
that the last king exists i3,_, ; and the cell;n._l‘0 is em.pty as sﬂvn in Figure @;=12 .

| | |
Figure 9

Therefore we cannot move any piece in any direcgorS¢ (K))=1.

(i) n=1 mod3
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To dominate the three rows, r,,_;, andr,_,, we start distributing the pieces in ray, as in (i). In this case
there is one empty cell between the last two pieteslliss,_,, and s,_;, as shown in Figure 16;= 10.

HE B N

Figure 10
If we fix the king piece of king in celi,_, , and move the other pieces to the right directi@mtthe number

of methods |§[%J w=0,1, E] — 2. Now we move the king from,_, tos,_;;, we get the last two
kings are in adjacent cells shown in Figured % 10.

Figure 11
Similar to part (ii) of Theorem 3.3.1 (1), Thet&d solution is given

. 221 (1n-3w]2 n-3w
5 (V=TI 322+ 3 =2
(i) n=2 mod 3
Again we start with row,,_, to distribute the king pieces from right to leff. we fix one piece in the
cell's,_1 ,—», then there exist two empty squares between anypieces of kings as shown in Figure &2+

11.
_HE BN BN

Figure 12
So we cannot move any pieces to right cell. Nows ipossible to move any piece to the left cell,esery

movement takes one method of solution, that medmsnumber of methods in this row[ﬁ, Thus the total

number of methods of domination is given$iyy (K)) = HH_1 ([%D

w=0
The following example is illustrating the above Gitary for some different values af
Example3.3.4. Let n =8,9,10, we havey(K) and Sy (K)) for all n as the follows:
1) Ifn = 8, theny(K) = 6 andS*(y (K)) = 6, (see Figure 8).
2) Ifn = 9, theny(K) = 6 andS*(y (K)) = 1, (see Figure 13 (a)).
3) If n = 10, theny(K) = 10 andS*(y (K)) = 90, (see Figure 13 (b)).

N

HiH

b

e

Figure 13
4. Domination of Two pieces

In this section, we shall fix a number of one typand determine the domination number of the difper of
pieceP*. By np we mean the fixed number of pieces P andpyhe number of the cells which are attacked by
the piece P and the cell of that piece.

4.1 Domination of kingswith a fixed number of rooks
We denote the domination number of kings with adixumber of rooks,. by y (K ,n,) .
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Theorem 4.1.1.
{ n—-3k-2 +1
{n—;k—z{ ,if n,. is odd
-1
O y&,n,) = n-3k ' n-3k-1
i [ 3 ] +1 [ 3 ] +1 T i
k [n—Skl 1 + [n_3k_1] _1 , 1In,1s even
3 3
(I
1 , ifn—3k—2=o0(mod3)
[w]—h n—3k—-2-3w |2 n—-3k-2-3w
u=141l=o 5([ R = J),,ifn—3k—251(mod3)
[%H]—l n—3k—2-3w . _
I, - ([f]) , if n—3k—2=2(mod3)
. (Ut , ifn. = 1}_ .
Then S*(dom (K ,n,)) = {Zuz fn s fvisan odd number
1 , ifn—3k =o0(mod3)
n—3k]_ 2
(N If py = HLSO | 2%([—'1_3';_3"’] +3 [ ) . if n—3k = 1(mod 3)
n—3k]_
2 (==) : if n—3k=2(mod3)
1 , ifn—3k—1=o0(mod3)
( [n_33k_1]—2 1 (|n-3k-1-3w|? 3 [n=3k-1-3w . 1= 43 |
andp, = { =0 E(l 3 J + [ 3 J) ,if n—3k—1=1(mod 3)
——|-1 ([n-3k-1-3w ) _
IU_[,::}k | ([f]) , if n—3k—-1=2(mod3 )J
then S*(y (K ,n,)) = 2u,u,; 0 is an even number

Proof:
(I) We place the first piece of rooks $p ,, since in this cell we obtain maximai,.This rook bisects the
chessboard into two equilateral triangles, the thiemgles are of sizev — 2 as shown in Figure 14;= 8.

X
X
X
X
X
X
X
XIX XXX XXX XXX XXX
Figure 14
[
By using Corollary 3.3.3, we obtain(K) = nfz for each one of the two triangles. Thy&,1) =2

[ -1

|57 + 1 . . . .

[n_z N We must put the second piece of rook in cell dsiheth it has maximal,. so that we don't make

3

more partition, so one of the two cedls ; _; ors,_; 1 is suitable for this. Now the cells which are atibcked
by these two rooks in the isosceles triangular sthegrd are divided into two equilateral trianglégifferent
sizes. One of the two triangles is of sire- 4 and the other is of siza — 3 (see Figure 15 = 8). By using
Corollary 3.3.3, we obtain
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K2 [HT:S]+1 N [Z]+1.
-1\ -1

3

ol < | X [ X [ X [ X

XXX x[X
[X [ X[ X[ X[X]X]X
Figure 15

22 s

x

X X[ X[ x]|x
X[ X[ X[ x| x]x]

Wl X< | XX | XX | X | X | X

x

In the caseny =2k+1; k=0,1, [ , the cells which are not attacked by these nurobeooks

constitute two equilateral triangles of size € 3k — 2). From corollary 3.3.3, we obtain y(K,n,) =

[n—33k—2] +1

[n—33k—2] -1 ’

_|mr|_
In casen, = 2k; k=1.2,.., [#} the cells which are not attacked by this nundf@ooks constitute

2

two equilateral triangles of different sizes. Gafethe two triangles is of size— 3k, and the other is of
[n—Skl +1 [n—3k—1] +1

3 + 3 )
[n—:kl -1 [n—33k—1] -1

(1) From | wheren,. is an odd number, we put the first rook in the gg}. This rook bisects the chessboard
into two equilateral triangles of size — 2 (sincek = 0). We get the result in this case by using Corgl&aB.3.
(2), and we obtain the total solution of this cdbee put three rooks such that we put the finst,i, then there
are two possible ways to put the second pieceaK iv s,,_; _; Or ins,_; ;. The suitable cell for the third piece
depends on the position of the second piece. Truguvthe third piece in the c8l|_, _, if the second piece is
ins,_, 1 (see Figure 16). We continue with the same maifriee number of rooks is more than three pieces.

u? , ifn, = 1}
2ut ifn.>1 )

() If n, is an even number amd> 2, we put two pieces in the chessboard. From | etipdsces divide the
isosceles triangular into two equilateral trianghath different sizesi{ — 3k) and ¢ — 3k — 1). There are two
possibilities to put the two pieces i, ands,_;4) or (s, ands,_, ;). The other piece of rook doesn't
change the total number of methods. Using Corol&aB/3. (II). The total solution in this case iveaj by
5*(]’ (K ,n, )) =201,

The following example is illustrating the abovedhem.
Example 4.1.2. Ifn= 7andn, =3 thenk =1
y(K,3) =2, S*(y (K,n,)) = 1 (see Figure 16

sizen — 3k — 1. Again by using Corollary 3.3.3, we obtai(k ,n,) =

Hence the total solution & (y (K ,n,.)) = {

X
X X [X
X | X | X
X | X | X
XIX X MRl X | x [ x| x]X
XX X[ x| x| x IRl x| x[x][x
IX X I X X X [ X IRl X | x| x| x[x][x]
kig 16

4.2 Domination of kingswith a fixed number of bishops
We denote the domination number of kings with adixumber of bishops, by y(K ,n,).
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Theorem 4.2.1.
2(n-np)—1
| Z ]([Z(n ")~ 1]+2> if [Z(n ")~ 1] is even
) yK,ny) = ([z(n—nb)—1] )
_— |41
3# ,if [Z(n "b)~ 1] is odd
(1
J [—Zn 2nb3 (3+6w) if n—n, = 0(mod 3 )l
S*(y (K ,n = n ”b
r €ms ) le] w2 + w) ,if n—n, = 1(mod 3)
1 ifn—n, = 2(mod3)J

Proof:

(I) We place the first piece of bishops & ,, since in this cell we obtain the maxind. This bishop attacks
the two equal sides of the chessboard and the whlish are not be attacked by this piece take then fof
isosceles triangular chessboard of size 1. By the same manner for the other pieces of bishvap find that
the cells not attacked by these pieces again thg&efdrm of isosceles triangular chessboard of size
n,; ny <n—2and so on. We put the last piece of bishops ihsgel 5, and one king will be placed in the
remaining celk,, ,. By using Theorem 3.3.1, we obtain that

v 2(n-np)-1 2(n—np)-1] .
)’(K,nb)z{[ n ]([( = ]+2) lf[( 2= ]lsevenl

(n-np)-
([#hl) if [Z(n np)— 1] is odd )
4
(I From 1, if we putn, pieces of bishops as mentioned above, we gebiagte of sizen —n, , and the

method of distribution of the fixed pieces is urégtience, the result.
The following example is illustrating the abovedhem.
Example4.2.2. Letn = 10,n;, =3

y@,K)=9 ,S*(y (K,np)) = 30, (see Figure 171 = 10)

x =Y X
x| x IR X | x
x| x| x x| x [ x
x| x| x x| X[ x
x| x| x X | x| x
X | x| x X | x| x
x| x [ x x| x [ x
x| x| x x| x [ x
x| x| x[ ] x| x| x]
Figure 17

4.3. Domination of rookswith a fixed number of bishops
We denote the domination number of rooks with adinumber of bishops, by y(R, ny).
Theorem 4.3.1.

0 yR,np) = (n—ny) -
(1 ((Tl -ny) — l%b*—lj)' S S(]/ (R 'nb)) < ( ln nb+1J + 1)

Proof:

(I) We put the first piece of bishops in our chexsll such that we obtain maximhk, the suitable place to do
this is the cells; 4.This piece attacks the external (longest) sid¢b®triangle as shown in Figure 18 by putting
"x" in the cells , i.e. we obtain the triangle ofesiz— 1. Now we put the second piece of bishops in thesgg)
and obtain the non-attacked triangle of size 2. This work could be repeated until we reach thésge; ,,
and then we have to put a rook in the sgl}. If we haven,, bishops then according to Theorem 3.3.1, we have

y(Rmp) = (n—mp) — |22

(I From I, if we putn, pieces as mentioned above, we get a trianglazefrs— n,. Thus the number of
methods of distributing the fixed number of pietesnique, according to Theorem 3.1.1, we have

(in ) — [ 50 ) = (o[22 41,

n-— nb+1

J Figure 18 shows the case whes 9, n;, = 1.
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X X
X X
X X
X R X
X R X
X R X
X R X
| X R X
Figure 18

Open problem for two pieces:
Find the general formula of each of the followingnbers

)/(R ’ nk) ’ V(B ) nk) ’ V(B ) nr)'
References

(1]
(2]
(3]

(4]
(5]
(6]

H. Dietrich, H. Harborth, Independence on trianguté&ngle boards, Abh. Braunschw. Wiss. Ges., 54,
(2005), 73-87.

Hon-Chan Chena, Ting-Yem Hob, The rook problem anw-tothed chessboards , Applied Mathematics
Letters 21, (2008), 1234-1237.

Joe DeMaio and William Faust "Domination and indefence on the rectangular torus by rooks and
bishops" Department of Mathematics and Statistienriésaw State University, Kennesaw, Georgia,
30144, USA.

J. Watkins John ,Christopher Ricci " Kings domimaton a torus " Colarado College , Colarado Sprin
Co 80903.

Odile Favaron " From irredundance to annihilation : a brief oiew of some domination parameters of
graphs " Saber, Universidad de Oriente, Venezuelad2. No. 2: (2000), 64-69.

Renu Laskar a, Charles Wallis b* "Chessboard gragttsted designs, and domination parameters" aburn
of Statistical Planning and Inference, 76, (19985-294.

80



