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Abstract

In this article we demonstrate new common fixed point theorems for weakly compatible mappings by using the
(CLR) property in IFMS, as well as generalizing and improving the result of J.S.Park in the algebraic framework
of fuzzy sets.
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1. Introduction

Zadeh’s highly innovative paper [3] introduced the idea of fuzzy sets(uncertain sets). This was followed by
several other articles by Zadeh, which initiated the extension of fuzzy methods and ideas towards knowledge
representation and artificial intelligence. Chronologically many famous authors defined several extensions of
fuzzy set such as L-fuzzy sets, interval_valued fuzzy sets, rough sets, and the fourth extension was intuitionistic
fuzzy sets, which was introduced by K.T.Atanassov [13,14,15] in 1983. In 1975 Kramosil and Michalek [4] gave
the notion of fuzzy metric space, using the concept of fuzzy set. Afterward, George and Veeramani [1] has
modified the concept of Kramosil and Michalek, and suggested a new definition of fuzzy metric space with
t-norms, which has been frequently used in research in these decades. Subsequently in 2004, J.H.Park [5]
introduced a generalized form of fuzzy metric space with the help of t-norms and t-conorms, called intuitionistic
fuzzy metric space. In 2011, W. Sintunavarat and et-al [24] gave a visionary and innovative idea, known as
CLRg property, which is an improvement of (EA) property [16].According to the examples (2.11) of [10] and
(2.16), (2.17) of [19] we see that a pair of self — mappings (A, S) satisfying (EA) property along with closedness
of subspace S(X) enjoy the (CLRs) property with respect to S. Similarly the pair (B, T) is also enjoy the (CLRt)
property with respect to T. Keeping this logic in mind, M. Imdad and et-al [19], introduced an extended form of
(CLR) property called (CLRst) property with respect to S & T. Afterward more extended form of (CLR) property,
launched by V. POPA [23], which is known as CLRx s)1.Many famous researchers established several results of
coincidence point, fixed point and common fixed point theorems for self contraction mappings by using different
notions like compatible mappings, weakly compatible, (EA) property, common (EA) property, (CLRg), (CLRst)
property, conditionally compatible of type (E) etc. in intuitionistic fuzzy metric space, which can be seen in [5,
6,7, 8,9,20,21,22].

In this paper we improve and generalize the result of J.S. Park [8] in IFMS, with the help of algebra of fuzzy sets,
and prove some new results of common fixed point theorems using CLRa s).T property.

2. Preliminaries.
Definition 2.1-[2] A binary operation * : [0,1] x [0,1] — [0,1] is continuous t-norm, if for all a, b, ¢, d € [0,1],
* is satisfying following conditions.

R/
0.0

* is commutative and associative.

R/
0.0

* is continuous.

a*l=aforalla € [0,1].

a*b.< c*d,whenevera<candb<d,foralla,b,c,d € [0,1].

Definition 2.2- [2] A binary operation ¢ :[0,1] x [0,1] — [0,1] is continuous t-conorm, if forall a, b, ¢c,d €
[0,1], o is satisfying following conditions.

R/
0.0

R/
0.0
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X3

8

¢ is commutative and associative.

X3

o

o continuous.
a o O0=aforalla € [0,1].
a o bxc od, whenevera<candb<d, foralla,b,c,d € [0,1].

X3

o

R/
0.0

Definition 2.3 [5] A 5-tuple (X, M, N, *, ) is said to be an intuitionistic fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm, o is a continuous t-conorm and M, N are fuzzy sets on X2 x [0, «)
satisfying the following conditions:

Forallx,y € X,ands,t > 0;

[IFM-IT M(X, y, t) + N(x, y, ) < 1;

[IFM-I1] M(x,y,0)=0;

[EM-IT M(x,y, t) =1, ifand only if x = y;

[IFM-IV] M(x, y. t) = M(y, X, t),

[IFM-V] M(X, Y, t) * M(Y, 2, 8) < M(X, z,t +5);

[IFM-VI] M(x,y, - ):[0, oo ) — [0,1] is left continuous;

[IFM-VII] JmM(x,y,t) =1;

[IFM-VIII] N(x, y, 0) = 1;

[IFM-IX] N(x, y, t) =0, ifand only if x = y;

[IFM-X] N(x, y. t) = N(y, x, 1),

[IFM-XITN(X, y, t) o N(y, z,8) = N(X, z,t+5s);

[IFM-IT N(x,y, - ): [0, oo ) — [0,1] is right continuous;

[IFM-1] &2 N(xy,t) =0;

Then (M. N) is called an intuitionistic fuzzy metric on X. The functions M(x, y, t) and N(x, y, t) represent the
degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.

Remark 2.1 In IFMS form (X, M, N, *, ¢), continuous t-norm * and continuous t-conorm o defined by t*t > t
and (1-t) o(1-t) < (1-t)forallt € [0,1].

Definition 2.4 [9] Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space. Then

(a) Asequence {xn} in X is said to be convergentto x € X, if

rlll_{rolo M(x,,%xt) =1 and Tlll_r)?o N(x,,x,t) =0 foreacht > 0;
(b) A sequence {xn} in X is said to be Cauchy sequence, iff
lim M(Xp4p, X, t) = 1 and lim N(Xn4p Xn, t) =0, fort > 0,p > 0;
Example 2.1 [22] Let (X, d) be metric space. Define t-norm a*b = min{g, b}, and t-co-norm aeb = max{a,

b}, forallx,y € X,ands,t > 0, M(x, y, t) = Hdt(xy) CN(X, Y, 1) = tff&?y) .Then (X, M, N, *, o) isan

IFMS, and the intuitionistic fuzzy metric (M, N) induced by the metric d is often referred to as the standard IFM.

Definition 2.5 [11,22] Let (X, M, N, *, o) be an intuitionistic fuzzy metric space. Then two self maps Aand S,
are said to be weakly compatible if they commute at their coincidence points, i.e.
Ax =Sx = ASX = SAX
Definition 2.6 [23] Let A, S, and T be self-mappings of a metric space (X,d). The pair (A, S) is said to satisfy
common limit range property with respect to T, denoted CLRas)T if there exists a sequence {x»} in X such that,
mAx = lmgy =t forsomet € S(X) N T(X)
Remark 2.2. Let A, B, S and T be self-mappings of a metric space (X, d). If (A, S) and (B, T) satisfy the

common limit range property with respect to S and T, then (A, S) satisfy the common limit range property with
respect to T. The converse is not true.
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Now we demonstrate following lemma in IFMS, inspired by [12].

Lemma 2.1 Let (X, M, N, *, o) be an intuitionistic fuzzy metric space. Then foreachn € N,andt > 0,
@MY1) 2 My, ).

(B) N, Y, 1) < Ny, =)

Proof This lemma is automatically prove by properties (V) and (XI).

Lemma 2.2 [17,21] Let A, and S be two weakly compatible self mappings of a nonempty set X. If Aand S have
a unique point of coincidence w = Ax = Sx, for some x € X , then w is the unique common fixed point of Aand
S.

In (2016), J.S.Park [8] demonstrated the algebraic sum and difference of fuzzy sets, as follows.

Definition 2.7 Let F = {p, 9: X% x [0, o) — [0, 1]} be the set of all fuzzy sets defined on X?> x [0,
0).Suppose that u, 3 € F, then the algebraic sum and difference p @ p,and 9 © 9 of fuzzy sets is defined

by
Ry ) @ nixa y2, 9= +s;12p — ¢ min{ p(xy, y1, ), p(xz, Yz, t2)}

80, YLD © 80y )= 0 _y max{8 Oy ), 9 0, Ve, 1)}
The output of above algebraic relationship is
O uEy ) & pey hzuxy, ;)
@8y ) O $XY DI Y, ;)
@G ux,y, ) @ 1=2min{ p(x,y, t-¢), p(x, X, €)} = w(x, y, t- )
@)Xy, t) © 0<max{ 9(x,y,t-€), 3(X, X, €)} =9(X, y, t - €)
If we take limite — 0, we get

XY ) @ 1zpxy, t)and 8(x, y, 1) © 0<8(x, v, 1)
J.S. Park, improved and generalized the result of [16] in IFMS, by using the above algebraic structure as follows.

Let ® denotes a family of maps such that for each ¢,y € ®,with ¢,y :[0,1]® - [0, 1], where ¢ and ¥
are continuous & increasing and decreasing in each co-ordinate variable respectively. Also

ot t,)>tand Y(t, t,t) <tforeveryte [0, 1].

Theorem 2.1 Let A, B, S and T be the self maps from an IFMS X, satisfying for all X,y € X,andt > 0, ¢,
€ ®,andsome 0<k<2,

A(X) € T(X),B(X) € S(X),
M(AX, By, ) = ¢{M (X, Ty, 2), M (Ax, Sx, =) @ M By, Ty, = ).
M (AX, Ty, ) @ M (Sx, By, D)}
N(AX, By, 1) < ${N (X, Ty, = ), N (AX, Sx, =) © N(By, Ty, = ),
N (AXTy, ) © N (Sx, By, D)}

Suppose that

(a) One of the pairs (A, S) and (B, T) satisfies the property (E.A),

(b) (A, S) and (B, T) are weakly compatibla,

(c) One of A(X), B(X), S(X) and T(X) is a complete subspace of X.

Then A, B, S and T have a unique common fixed point in IFMS.

Remark 2.3 In above result , for k = 0, all calculation are futile exercise because lim (%)n isan

indeterminate quantity .
¢, € @ are not well-defined, because the range of both functions is [0,1].

3. Main Results.
In this paper, first of all we modify and extend the definition of ¢, € &, and then improve and generalize
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the result of the Park [8], by using a new type of common limit range property.

Definition 3.1 Let @ denotes a family of maps such that for each ¢,y € @, with ¢,y :[0,1]* [0, 1],
where ¢ and i are continuous & increasing and decreasing in each co-ordinate variable respectively. Also

¢t t,t)y>tforeveryte[0,1)and ¢(t, t, t,t)y=tfort=1.
and
Yttt t)<tforeveryte (0,1]and Y(t, t, t, t)=tfort=0.

Theorem 3.1 Let A, B, S and T be the self maps from an IFMS X, satisfying forall X,y € X,andt > 0, ¢,y
€ &, and some 0 <k <2,

M(Sx, Ty, 2,
M(AX, SX, 2) @ M(By, Ty, ),
M(AX, By, )= ¢ | M(AX Ty, ) @ M(Sx, By, D),
M(AX, By, ) @ M(Sx, Ty, =)

N (S, Ty, ),
N(AX, Sx, =) © N(By.Ty, 2),
N(AX, By, )< ¥ ) N(AX Ty, ) © N(Sx, By, 3), (1)
N(AX, By, 2) © N(Sx, Ty, 2)

If A, S, and T satisfy CLRa syt property, then C(A,S) # ¢ and C(B, T) # ¢,
Moreover (A, S) and (B, T) are weakly compatible, then A, B, S and T have a unique common fixed point in
IFMS.

Proof : Let (X, M, N, *, o) be an intuitionistic fuzzy metric space, and A, B, S and T be the self maps defined on
X.

Suppose that maps A, S, and T satisfy CLR(a st property, then there exist a sequence {x»} in X such that

lim lim gy =z, forsomez € S(X) n T(X)

n—oo AXII = n—oo

Sincez € T(X) 3 z; € Xsuchthat z=Tz;. Then by (1) we have

M(Sxn, T21, %),
M(AX;, Sxn, =) @ M(Bzy, Tz, =
M(AXn, Bzy, ) > ¢ {1 M(Axn, Tzs, %) @ M(Sxn, Bz,

M(Ax, Bzi, 2) @ M(Sx0Tz1, 2)

N(SXn, Tz, %),
N(AXn, Sxn, =) © N(Bzi, Tz1, 2),
N(AXy, Bz, ) < | N(AXq, Tz, ) © N(Sxo, Bz, ),

N(AX, Bz1, 7) © N(Sxn Tz,
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Now on taking limit n tends to infinity in both case like lim inf and lim sup we get,
n—-oo n—-oo

2t

M(z, z, i)’ M(z, z, %) @ M(Bzy, z, %),
M(z, Bz, t) > ¢

M(z, z, %) @ M(z, Bz, %), M(z, Bz,, %) @ M(z,z i ,

> {11 ® MBz,z =) 1@ MzBzu, 1), MzBz =) & 1},

And
2t. 2t 2t
N(z. z, ), Nz z, 1) © N(Bzi, z, D),
N(z, Bz, t) < ¢
Nz z ) © N@E Bz 7). Nz Bz, )6 Nz z 3)
2t 4t 6t
<¥{0,0 © N(Bz1,z -),0 & M(z,Bz1, 1), Mz, Bz, -)© 0} (2
Since
1@ M(z Bz, 5)>M(z Bz, 1) >M(z Bz, %) * M(Bzi, Bz1, )
>M(z, Bz, =) * 1= M(z, Bz, =)
0 © N(z, Bz, %) <N (z, Bz, % ) <N(z, Bzs, %) o N(Bzy, Bz, %)
<N(z Bz, =) o 0=N(z Bz, =)
Same way

1 @ M(z Bz, 2)>M(z Bz £ ) > M(z Bz, 2 )*M(Bz, Bzy, &)
>M(z, Bz, % )*1=M(z Bz, % ),
0 © N(z, Bz, % ) <N(z, Bz, %) <N(z, Bz;, %) o N(Bz, Bz, %)

<N(z Bz, =) o 0=N(z Bz, =),
Then from (2)

M(z, Bzy, t) > ¢{1, M Bz, z, %), M(z, Bz, %), M (z, Bz, )},

N(z Bzy, 1) < 9{0, N (Bz1,z, 2), N(z, Bz1, 2), N(z, Bz1, )}

2t 2\"
= M(z, Bz, t) > M(z, Bz, - )> ... M(z, Bzy, (;) t)y » 1

2t 2\"
N(z Bz, ) <Nz Bzi, = )<...N(z, Bz, (3) 1) » 0,asn — o0
= Bzi=z = z=Bz;=Tzythusz € C(B, T)
Sincez € S(X) 3 zz € Xsuch that z = Sz,. Then by (1) we have
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M(Sz2, Tz, 3), M(Az2, S22, &) ® M(B 21, Tz, ),
M(Azz, Bzy, t) > ¢
M(AZ, Tz, ) ® M(S22, Bz1, &), M(Az:, Bzi, &) @ M(Sz2, Tz1, ),

2t

2) M(AZz, 2, 2) ® Mz, 2

2t
M(z, z, Wl
Z (p 4t

o M(Az, z, 6f)EB M(z, z,

6t

M(Azy, z, %) ® M(z, z, ¥),

MAZ 2. )2 ¢ {1, MAzz, = )®1 MAznz T &1l MAznz ) & 1}

2t 2t 2t

> ¢ {1 M(Az,z, =), M(Az,z, 7). M(Az2, 2z, - )}
2t 2\
- M(AZ2, 2,0 2 M(Az2,2, = )2 ... M(Azz (3) 1) > Lasn 5o
And
N(Sz, Tz1, 2, N(AZ:, S22, 2 © N(B 21, Tz, 2,

N(Az, Bz, t) < ¢

N(AZ, Tz1, 3) O NSz, Bz1, &), N(AZ:, Bz, &) © N(Sz2, Tz, ),
Nz z, ), N(AZz 2, 2) O N@E 2, 2),
<Y
N(Azz 2, D) ON@E 2, D). N(Az, 2, ) ©N(z. z, 3),
N(Azy, z,t) < ¢ {0, N(Az,z, % )© 0, N(Az,z,3) ©0, N(Azz, % ) © 0},
< ¢ {0, N(Azz =), NAznz,3), NAzz =)}
2t 2\"
- N(AZo, 2,) <N(AZ, 2, 2 )<..  N(Az,7, (E) t) > 0,asn - o
= Az, =z = z=Az;=Szthusz € C(A, S),
= 2z = Az, = Sz, = Bz; = Tzi.Hence C(A,S) #¢ andC(B,T) = ¢.
Therefore z is a point of coincidence of (A, S) and (B, T).
Since (A, S) and (B, T) are weakly compatible, Then by Lemma (2.2), to prove the rest of the
theorem it is sufficient to show that the point of coincidence of (A, S) and (B, T), is unique.
Suppose that w is another point of coincidence of (A, S) and (B, T),
Case — | : Firstly suppose w € C(A, S), then there exist w; € X such that w = Aw; = Sw;.
M(w, z,t) = M(Awy, Bz, t)
M(Swy, Tzy, %), M(Aw1, Swy, %) @® M(Bz, Tz, %),

> ¢
M(Awi, Tz1, ) @ M(Sws, Bz, £),  M(Aws, Bzi, 2) @ M(Sws, Tzs, ),

2t

> (],'){M(W, z, =) Mw, w, %) @ M(z, z, %), M(w, z, %) @ M(w, z,

)
Mw, 2 %) @ Mw, 2 D},

And
N(w,z,t) = N(Awy, Bz, t)
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N(Swi, Tz1, 2), N(AW;, Swi, =) © N(Bz1, Tzs, =),
=¥
N(Aws, Tz1, ) ON(Sw, Bz1, 3), N(Aw, Bzi, ) © N(Sws, Tzs, £,

< ¢{N(W, Z, % ), N(w, w, %) © N(z, z, %), N(w, z, %) o Nw, z %)’
N(Wr Z, %t ) S N(W, Z, %)}, (3)

Since, for € € (0, %)

2 2 2t

M(w, w, f) ) 12min{ M(w, w, f - €), M(z z, s)}= M(w, w, < g=1a e -0

2t

M(w, z, % ) & M(w, z, %)zmin{M(W, Z, % ), M(w, z, % )} = M(w, z, - ),

M(w, z, % ) & M(w, z, % )= min{ M(w, z, % ), M(w, Z, % )}

zmin{M(W, Z, % )* M(z, z, % ), M(w, z, % )}’

=min { M(w, z, % ) * 1, M(w, z, % )},

_ 2t
- M(Wv Zl ;)l

And

2t

N(w, w, %) e Osmax{ N(w, w, - - 2

g), N(z, z, s)}:N(W,W, < g)=0,as ¢ -0

2t

- ), N(w, z, % )} = N(w, z, 2t

<)

N(w, z, % ) © N(w, z, %)Smax{ N(w, z,

N(w, z, % ) © N(w, z, % )Smax{ N(w, z,

T Nwz 2}

2t

; )l N(Wv Z, % )}1

Smax{ N(w, z, % ) ¢ N(z, z,

= max{ N(w, z, % ) o1, NW,z % )}

_ 2t
- N(W1 Z! ;)l

From equation (3),
MW, z,t) > ¢{ M(w, z,

2t

2y, L Mz, %), M(w, z, %)}

= MW, z, t) > M(W, Z, % )y>... MW,z (%)nt) > 1,asNn > oo,
And

Nw, z, ) < ¢{ N(w, z, % ), 0, N(w,z, %), N(W, z, %)},
= N(w, z, t) < N(w, z, % )<... N(w, z, (z)nt) - 0,asn — oo,
= W=z

Thus z is unique point of coincidence of (A, S).
Case — I1: Similarly, we can show that z is unique point of coincidence of (B, T).
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Hence z is unique common fixed point of A, B, Sand T.

Remark 3.1 Our result modifies and generalizes the result of Park [8] in the structure of IFMS, as per the
following.

1. For the desired result, the completeness of the range of any self-mapping is not required.

2. Containment of range of all self-mappings is totally removed.

3. Range of k is replace by k € (0, 2).

4. We replace (E.A.) property by common limit in the range property with respect to T, which eliminates
closeness and completeness of range of A, B, Sand T.

Corollary 3.1 Let A, B, S and T be the self maps from an IFMS X, satisfying forallx,y € X, t > 0, ¢,¢
€ ®,andsome 0 <k <2, and foreachp € N,

‘ M (Sx, Ty, =),
M (AX, Sx, Z) @ M (By, Ty, = ),
M(AX, By, £)= ¢\ MAXTY, §) & M(SxBy, T ),

M (Ax By, T ) @ M (X Ty, &)
\

r N (Sx, Ty, %),

N(AX, Sx, ) © N(By, Ty, 2),

N(AX, By, ﬁ y< v\ NeAx Ty, T) © N(sx, By,

[ NAX. By, T) © N(Sx Ty,

IfA, S, and T satisfy CLRa 5T, then C(A, S) # ¢ and C(B, T) # ¢

Moreover (A, S) and (B, T) are weakly compatible, then A, B, S and T have a unique common fixed point

in IFMS
Proof : By using Lemma (2.1) in the calculation of Theorem (3.1), we can obtain the desired result.

Now to prove the above result in a different manner, we define increasing and decreasing functions ¢, . as
follows.

Let @ denotes a family of maps such that for each ¢,y € @, with ¢,y :[0,1] - [0, 1], where ¢ and
are continuous & increasing and decreasing functions respectively.

pt) >t forevery te€[0,1) and ¢()= t for t=1,
And
Y <t forevery te(0,1] and yY{)= t for t=0.
Remark 3.2 If S =T, Then CLRa s)T, property converts to CLRs property.

Theorem 3.2 Let A, and S be the self maps from an IFMS X, satisfying forall x,y € X,andt > 0, ¢,y €
®,and some 0 <k <2, and foreachp € N,

M (Sx, Sy, % ),
M (AX, SX, %) @D M (Ay, Sy, % ),

M(AX, Ay, ﬁ )= qb{min M (Ax, Sy, % ) B M (Sx, Ay, % ), }

M (AX Ay, ) @ M (Sx Sy, )


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) l'A.i.!
Vol.15, No.1, 2025 NS'E

N (Sx, Sy, 2),

N(AX, Sx, =) © N(AY, Sy, =

o

N(AX, Ay, — )< {max| neax, sy, %) o Nesx Ay, B, 1

N(AX, Ay, =) © N(Sx, Sy, 3) *)

If the pair (A, S), satisfy CLRs property, then C(A, S) # ¢,

Moreover (A, S) weakly compatible, then A and S have a unique common fixed point in IFMS X.

Proof: Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space, and A, S be the self maps defined on X.
Suppose that pair (A, S), satisfy CLRs property, then there exist a sequence {Xn} in X such that

imoAx o= limogx =z, forsome z € S(X)

Sincez € S(X) 3 z: € Xsuch that z = Sz;. Suppose that Az # Szi, now put X =z; and y = X,, in (4) we
have

M(Az1, Axn, =)
P 2t. 2t. 2t
M(Sz1, SXn, E)’ M(Az1, Sz1, E) @D M(AXn, SXn, ﬁ),
> ¢{min }
M(AZ1, Sxn, ) @ M(Sz1, Axn, 2),  M(Azs, Axn, &) @ M(Sz1, Sxn, 3),
And
N(Azy, AXn, =)
P 2t. 2t 2t
N(Sz1, Sxn, E)’ N(Az, Sz3, ¥) 6 N(AXn, SXn, ﬁ),
< w{max }
N(AZ1, Sxn, )0 N(Sz1, Axn, 2), N(Azy, Axn, %) © N(Sz1, Sk, &),
Now on taking limit n tends to infinity
M(AZl, SZl, L )
P 2t 2t 2t
M(SZl, SZl, ;), M(AZl, SZl, ¥) @ M(SZl, SZl, ;),

> ¢{min }
M(Azy, Sz1, %) @ M(Sz1, Sz, %), M(Az1, Sz3, %) @ M(Szy, Sz1, %)’

And

N(AZl, SZl, ﬁ )

N(Sz1, Sz3, %), N(Azy, Sz, %) © N(Szy, Sz3, 2;),

< Pp{max ¥
N(AZl, SZl, %)9 N(SZl, SZl, %), N(AZl, SZl, %) e N(SZl, SZl, -

M(Az, Sz, ﬁ )= ¢p{min{1, M(Az,S2:, 2) @ 1, M(Az1,Sz:, T) @ 1, M(Az1,Sz1, 2) @ 1}}
. 2t 4t 6t
> p{min{l, M(Az.Sz, 5), M(AzSzi, D). M(AzSz, 2)}}
2t
o{ M(Az,,5z,, ;)}
M(Azl,Szl, %),
= M(Az, S21, 0> M(Azy, Sz1, 2> ... M(Az, Sz1, (2)'t) > Loasn > oo,
And
N(Azy, Szi, é ) < w{max{o, N(Az1,Sz3, %) 6 0, N(Az1,Sz3, %) © 0, N(Az1,Sz3, %) e O}}

Y
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< 1p{max{1, N(Az1,Sz1, %), N(AZz1,Sz3, %), N(Az1,Sz3, 6f)}}

Y{ N(AZ1,5z, %)}

N(Az.,Sz:, %),

N N(Az, S21,0)> N(Azy, Sz1, £ )>...  N(Azy, Sz1, (2)'t) - 0,asn — oo,

A contradiction, hence z = Az; - Sz1.Thus C(A, S) # ¢

Therefore z is a point of coincidence of (A, S), now like theorem 3.1, we can show that point of coincidence is
unique.

Since pair of self-mapping (A, S) is weakly compatible, then by Lemma (2.2), z is a unique common fixed

point of Aand S..
4. Application.

Definition 4.1 [18] Two families of self-mappings {A;}i%, and {B]-}jn:are said to be pairwise commuting, if :
(1)AiAj=AjAi, foralli,j=1,23........ m,

(2)BiBj=BjBi, foralli,j=123........ m,

(3)AiBj=BjAi, foralli=123........ m,andj=1,23....... n.

We use the above definition of commutativity as an application of our new result (3.1) for finite family of
weakly compatible mappings in the framework of IFMS, as follows.

IA

Theorem 4.1 Let {Ai}1;, {Bj}L,, {Sr}*_. and {Ts};’=1 are four finite family of self-mappings defined on

r=1

IFMS (X, M, N, *, o), where * is continuous t-norm and o is continuous t-conorm, with

AAAAAAAAAAAAA An, B=BiB:Bs.......... By, S=515:Ss........... Sp and T=T1T2Ts............ Tq

Satisfying contraction condition of Theorem (3.1) such that pair (A, S) share the new common limit range
property with respect to T, i.e. CLRa 5T, then C(A, S) # ¢ and C(B, T) # ¢.

Moreover if the pairs of families ({Ai}, {Sr}) and ({Bj}, {Ts}) commute pair wise foreach 0<i<m, 0
<j<n, 0<r<pand0<s<gq,then {Ai}{2;, {Bj}L,, {Sr};_, and {Ts}._, have unique common fixed point.
Proof: Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space. According to the [18], pair wise commuting
property of families of self-mappings provides weak compatibility of pairs (A, S) and (B, T).

Now by using the calculation of Theorem (3.1), we obtain that A, B, S and T have a unique common fixed point
z in X. For the remaining part of the proof we follow [18].

Now by choosing A1 =Az=As........ =Am=A, Bi1=B;=Bas....... =Bn=B, S1=S5=Ss......... Sp=Sand T:
=To=Taou..... =Ty =T in Theorem (4.1), we get the following result.

Corollary 4.1 Let (X, M, N, *, ¢) be an intuitionistic fuzzy metric space. And A, B, S and T, are self-mappings
defined on X. where * is continuous t-norm and ¢ is continuous t-co norm. And satisfying the following
conditions.

Forallx,y € X,andt > 0, thereexist ¢p,9p € ®, 0<k<2,andm,n,p,q € N, such that.
M(SPx, Ty, ),
M(A™, SPX, %) @ M(BY, Ty, %),
M(A™, By, )= ¢ | M(A™, T%, =) @ M(S’, By, ),
M(A™x, By, %) @ M(SPx, Ty, %),
N(SPx, Ty, ),
N(A™X, SPX, %) 6 N(B"y, T, %),
N(A™, B, )< 9] N(A™, TY, T ) © N(SP, B, D), 5)

6t

N(A™X, By, ) © N(S’), Ty, ),

10
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If the pair (A™, B") satisfy new common limit range property with respect to T9, then C(A™, SP) # ¢ and C(B",
TY # ¢.

Moreover if the pairs (A™, SP) and (B", T%) commute pair wise, then A, B, S and T have a unique common fixed
point.

Our next result is a partial generalization and an application of Theorem (3.1) with minimal restrictions for six

pair wise commuting self-mappings in IFMS.
Theorem 4.2 Let A, B, S, T, P and Q are six self-mappings defined on IFMS (X, M, N, *, o), where * is
continuous t-norm and o is continuous t-co norm. And satisfying the following conditions.

Forallx,y € X,andt > 0, ¢,y € ®,andsome0<k<?2,

M(SPX, TQy, ), \
M(AX, SPX, 2) @ M(By, TQy, =
M(AX, By, )= ¢ 4 M(AX TQy, %) @ M(sPx, By, &), 1
M(AX, By, ) @ M (SPx, TQy, %))

,

\

N(SPx, TQy, =), \
N(AX, SPx, =) © N(By, TQy, =),
N(AX, By, )< % { N(AX TQy, &) © N(sPx, By, &), ( (6)
N(AX, By, ) © N(SPx, TQy, 9)
If A, SP, and TQ satisfy new common limit in the range property, i.e. CLR(a, gﬁ)TQ ,
then C(A, SP) # ¢ andC(B, TQ) # ¢ .

Moreover if the pairs (A, SP) and (B, TQ) commute pair wise, (i.e. AS=SA, AP=PA, SP=PS, BT =TB,BQ =
QBand TQ =QT,) then A, B, S, T, Pand Q have a unique common fixed point.

Proof: Let (X, M, N, *, o) be an intuitionistic fuzzy metric space. By Theorem (3.1) z is a unique common fixed
point of A, B, SPand TQ in IFMS X,(i.e. Az = Bz = SPz = TQz = z). Now we show that z is unique common
fixed point of A, S and P. For this we show that Pz = z,

Now put x =Pz, y =z in (6), we get
M(SPPz, TQz, 2),

2t

M(APz, SPPz, %) ® M(Bz,TQz, =
4t

M(APz, Bz, t) > ¢« M(APz, TQz, %) @ M(SPPz, Bz, E)’
M(APz, Bz, T) @ M(SPPz,TQz, 2)

N(SPPz, TQz, %),
N(APz, SPPz, =) © N(Bz, TQz, %),
N(APz, Bz, )< ¢ {N(APzTQz, ) © N(SPPz Bz, ),
N(APz, Bz, 3) © N(SPPz,TQz, %)

2t

M(Pz, 2, 2), M(Pz, Pz, 2) @ M(z 2, ),
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M(Pz, z,t)> ¢
M(Pz 2z, 3) @& M(Pzz T ), MPzz =) & M(Pzz ),
N(Pz, z, %), N(Pz, Pz, %) o N z, %),
N(Pz,z,t) < ¢ (7
NPz z, %) © NPz z L), NPzz %) © NPzz %),

Where
4t 4t . 2t 26, _ 2t
M(Pz, z, ?) @ M(Pz, z, E)Z mln{M(Pz, Z, ?)’ M(Pz, z, ;)} = M(Pz, z, ﬁ)

4t 4t 2t 2t 2t
NPz z %) © NPzz, < max {NPz,z 2, NPzz DH}= NPzz )
and

M(Pzz, =) & M(Pzz, =)= min {M(Pzz ), M(Pzz )}
> min {M(Pz,7, = )* M(z, 2, 2), M(Pz, 2, 2)}

. 2t 2t
=min { M(Pz, z, ¥), M(Pz, z, E)} = M(Pz, z,

NPz z, &) © NPzz. )< max{ NPz z ) NPz z 3}

IN

max{ N(Pz, z, %)o N(z, z, %), N(Pz, z, %)}

2t

2, N(Pz.z, )} =N(Pz 2, )

max { N(Pz, z,

Then from equation (7)

MPzzt) = ${M(Pz.z, 2), 1, M(Pzz, 3), M(Pzz )}

2t 2\"
- M(Pzz ) > M(Pzz 5. MPzz (3)t) > 1 asn o

and
2t

E)’ 0, N(Pz,z,

2t

NPz, z,t) < PY{N(Pz, z, ¥), N(Pz, z,

2t

n
= N(Pzz1) < N(Pzz 2)<.. N(Pzz, (2) ) - 0,asn - o

= Pz =z, therefore SPz=z = Sz=1z.
Similarly we can show that Qz =z and Tz = z.
Hence z is unique common fixed point of A, B, S, T, Pand Q in X.

5. Conclusion:

First of all we fixed the range of integer k for valid calculation in our outcomes. Afterward we improved
and generalized the result of the Park, by using a new common limit range property and the algebra of fuzzy sets
in the framework of IFMS. and relaxed in both containment and completeness of range of self-mappings. Finally,

we use our result as an application for finite families of pair wise commuting self-mappings in the structure of
IFMS.
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