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Abstract

The spectral radius p(A4) of a square matrix (A € M,,) is the largest absolute value of any eigenvalue of A. 1
divided this research into two parts, the first part in which I mention the definition of the spectral radius and the
spectral norm, then I mention some of the characteristics related to the spectral radius and the spectral norm that

I need in my research, along with proof of some of them.

In the second part of the research, I discuss a group of inequalities and provide proof of them. I will rely on some

well-known inequalities and some well-known characteristics about spectral radius and spectral norm.
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1. Introduction

Bounds for the spectral radius norm play a crucial role in various areas of mathematics, particularly in the study
of matrices and linear operators. The spectral radius norm, often denoted as p(A) for a matrix A, represents the
largest absolute eigenvalue of A. Understanding bounds for this norm helps in assessing the behavior and

properties of matrices in numerical analysis, control theory, and other fields.

And we now the spectral norm of a matrix A, denoted as [|A]|, is the largest singular value of A. It measures how
much a matrix can stretch a vector, and it is equal to the square root of the largest eigenvalue of A*A (where A*

denotes the conjugate transpose of A).

From the previous two definitions we obtain the following inequality p(4) < ||4]|, for which I provided a clear
proof other than the definition, as I used it in the proof the spectral radius formula p(4) = Ilim 14X Y.,

And I discuss and prove a group of inequalities and equalities based on the properties

_ A B Al 1Bl
p(AB) = p(BA), and p p D]) < p( icl IIDIID for every4, B,C,D € Mn

22



Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) J/—L.i.l
Vol.14, No.1, 2024 NSE

Where, AB and AB have the same eigenvalues, so p(AB) = p(BA). And it is known to us that the

p(AB) < p(A)p(B) and this has been proven, as well as our inequality p(4) < ||A]|, and through that we get
p(AB) < ||All.IIBII.

These inequalities leverage the properties of spectral radius norms and matrix norms to establish relationships
between matrix products and their norms. They are foundational in matrix theory and find applications in various
fields such as numerical analysis, control theory, and optimization. Understanding these inequalities helps in
analyzing the stability and performance of algorithms involving matrix computations, ensuring robustness and

efficiency in practical applications.

2. Properties of SR
2.1 Definition: The SR p(A) of a matrix A € M,, is
r(A) =Max{|1|: 2 € 0 (A), d(A) eigenvalues set } .
2.2 Theorem: if A € M,,, for each matrix norm N, then p(4) < N(A4).
Proof:
Let x € C™ be a nonzero vector such that Ax = Ax.
Let X = [x:x:...:x], then |A|N(X) = N(AX) = N(AX) < N(A)N(X). known N(X) # 0, We have
[A] < N(A), then p(A) < N(A).

2.3 Result: for each A € M, we have { p(A) < ||A||, where ||A]| = lTnﬁvillAXll L, (JIA]| called spectral norm)
x||=

2.4 Note: p(AB) = p(BA), forall A,B € M,,.
To prove the previous note, we use known information ¢ (AB) = g(BA)
2.5 Theorem: If A, B are square matrices and AB = BA, Then

(1) p(A+B) < p(4) + p(B).
(2) p(4B) < p(A)p(B).

Proof:

(1) thereis a unitary matrix U € M, such that U*AU and U*BU are both upper triangular , (by schur’s

theorem )
[/1 Az Qg3 e Qpp)
|10 A a3 ... Azn|
T,_U*AU = Io 0 A ... aSnI A; € 6(4), and
lo o o ... 2l
[#1 b bz .. b1n]
|0 2 baz .. Doy
T2 =U'BU = I 0 0 Uz v b3n i, Ui € O-(B)
lo o o .. ul
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Wehave g(4) =o(Ty) ={4;:i=1,..,n},ando(B) = a(Ty) ={u:i=1,..n}
And,c(A+B) € d(A) + d(B),and 6(AB) S a(A)a(B).

So, p(A + B) < p(A) + p(B) and p(4AB) < p(A)p(B).

2.6 Note: when AB # BA, then Theorem 2.5 is false.

Example: Let A = [8 (1)],8 0 0].

1o
We have p(4) = 0 and p(B) = 0,and p(A + B) = 1.
Then, p(A+B)=1> p(A) + p(B) =0.
2.7 Note: If A € My, then p(4) = lim Ak k.
Proof:
Since p(A) = p(AF) < || A¥|| , it follows that p(4) < [|A¥||/k for all k = 1,2, ..
Given > 0, Let A = A/(p(A) + €). Then (A) < 1, and so by ( %mAk = 0if and only if p(A) < 1)
|A¥|| - 0 ask - o
So there is ky = 1 such that”/ik” <1forallk = k,.
Thus ,
lA¥|| < (p(A) + &)k for all k =k,
And so
14Kk < p(A) + & for all k = k.
Since p(A4) < ||Ak||1/k for all k , it follows that
p(A) — & < |AK)| Vi < p(A) + & for all k = ko,

lim [|4%) "k = p(a).

3. Some bounds for the SR
A B A B
By p(4AB) =p(BA),andp( c D]) Sp( ”C” ”D:”) for everyA,B,C,D € Mn

The following inequalities will be presented.

3.1 Theorem: for everyA,, A,, B;,B, € M,, then

1
p(A1By + A;B,) < —(IALBy || + |A2B, || + /(I1B1 ALl = B2 A4,11)? + 411B, A ||| B2 A4 D)
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Proof:

We have p(A;B; + A,B,) = p ([AlBl + A;B, 8])

0
(5 Slls o

([s ol5 %) byewm =p@ay
)

1B, Ayl ||BIA2||D
<
p< B AL ]| |IB,4,|

1
=~ (4B, 1l + 14221l + \/(IB1 A1 l| = IB2 4, [1)? + 411B1 Al1I B, A4 )
as required.

3.2 Note: If A,B € Mn, then

p(A+B) <3 (1141l + IBIl +TIAT = IBID? + 4minCIABILIBAID) - - v+ v+ (+)

Proof:

By Theorem 3.1, it is assumed that A; = A, A, =B; =1, and B, = B we can have

1
p(a+B) <= (141 + 18I + /TAT = TBID? + 4BAT) - - oo+ (1)

and letting B; = A, B, = A; =1and A, =B, we have

1
p(4+B) <= (1Al + I1BI| +/CIAT = IBID? +4[14BIT) -+ -+ (2)

From the inequality (1and 2) we get

1
p(a+ B) < (141 + 181l +/TAT = IBID? + 4min(IABI, IBAID ) -+ -+ v+ (+)

11 1 1]
11 -1 -1F

We will find p(A + B) = 2, ||All =2, |IBl| =2

Example: A = [ ]and B = [

p(4 +B) < 2(I1All + 18Il + /(14T = [1BI)? + 4min(IABI, I BAID )

=22 2(2+2+/2—2)2 + 4min(0,4)) =2
And we calculated the ||A + B||, And it was ||A + B|| = 22
Therefore, it is not permissible to apply the note 4.2 to spectral norm.
3.3 Note: for every ,B € Mn, we have
p(A+B) <Al + Bl

Proof:

p(4+B) < 2(114ll + 1BIl +/CIAI = 1BI)? + 4min(IABI, IBAI))  ( by note3.2)
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9

1
< (1A P +amax (s 4)
< é(”A” +||B|l + \/(“A” —IBIN? + 4(JIAll, ||B||)) (By submultiplicative of the spectral norm)

= 2(0All + IBIl + QAT = TBIDZ) = 141l + IBI

3.4 Note: If A,B € Mn, then

1
p(AB £ BA) < 5 (IIABIl + I1BAI + /UTABI = IBAID? + 4min([A7[| BZD) - - (3)

Proof:

Suppose that A; = B, = A, B; =B, and A, =+ B. then by theorem 3.1

1
p(A1By + A3B;) < 5 (41 Byl + (1425, || + VUIB1 Al = [IB2A,1D)? + 411B; A, 1B A, 1)

1 B
We get p(AB + BA) < 2 (1|4BI| + |BAI| + /(TABT — IBAID? + 4min(l 42, 115211 )

3.5 Note: for every A,B € Mn, we have

p(4B + BA) < (||4B| +/min(IAI1AB2]l, 1BI 42BID) - - (4)
And

p(4B + BA) < (IBA| + minCIAI 1BZA], BT IBAZID) -+ (5)

Proof:

Suppose that A; =1, A, = B, By = AB, and B, = = A, then by theorem 3.1 we have
p(4B £ BA) < (I14BI + VA 14B2[]) - (6)
And Suppose that A; = AB, A, = B, B; = I,and B, = + A Apply it to Theorem 3.1 to get

p(AB + BA) < (||AB|| +JIIBIl ||AZB||) (D)

First result: We obtain the inequality (4) by considering the previous inequalities (6) and (7)
To obtain the fifth inequality, we assume the following A; = +BA, B1 =1, B, = B,and A, = A and apply
it to the Theorem 3.1,

p(AB £ BA) < (||4B +/IAI1BZA]) - - (8)
Similarly, letting A; =1, B; = *BA,A, = A, and B, = B in Theorem 3.1, we have
p(4B + BA) < (I1BAN + VIBIL1BAZ]) -~ (9)
3.6 Note: if A,U € Mn where U is unitary, then
p(AU % UA) < |4l + /1142]]

Proof:

We will use the fourth inequality with the following assumption B = U

p(AU £ UA) < AUl + Jmin(llAIl |AU2], U1 142U1)

= [|All + ymin(||All%, [|A%]))
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= ||A|l + 114%]] (By submultiplicative of the spectral norm)

3.7 Note: the pinching inequalities for the usual operator norm assert that if

A,B,C,D € M, then

o ol =1 oll--av

Ile ol =liz ol-~-a2

And

To see this, let
r=[¢ plaav=[;

Then U is unitary,

[81 g] = %(T +UTUY), and [g g] - %(T T
Now,
| [gl 3] | =307 +uTusl < ATl + uTUrin
= AT+ 1Ty = IITil = || fc‘ g]||
And

[0 g] = (T - UTU")

1 * 1 *
<sIT+UTU"|| =3 Tl + [IUTU|])

1

= AT+ 1T = 0TI = || [? g] |

It should be noted that the previous result cannot be applied to the spectral radius, See this example

r= [—11 —11]

Then

o 5)=1>0m =0

Also,

(% d=17om=0

3.8 Note: if 4,B,C,D € M,,, then

D (5 p]) =max (pa), p(0))

2 o([d 3= 50

Proof:
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1) LetL=[4 0]

0 D
Since o (L) = o(A) U a(D), it follows that
p(L) = max(p(A4), p(D))
2) We will use this property p(4%) = (p(A)* for k =1,2, ...
and by { p(AB) = p(BA)}, to get

(P19 BD) =0 (12 2)=0(% &)=

Then,

(0 5=

Example:

0 2
Consider L= Then

p(L) = /2. butp(B=2)=2,andp (C=1)= 1.
So

max (p(B),p (C)) =2>+2
Thus
p(L) = max(p(B), p(C))

3.9 Theorem: forall A,B,C,D € M,, and if T = ['2, g], then

1 1
max(p(4),p(D)) < 5 (ITI+ IT2[12) - (13)
And

1
Jp@0) < 5 (ITl + 1Tz - (14)

Proof:

1) Prove the inequality 13

LetU = [(I) _01], then U € M,, is unitary,
2 [61 _OD] =TU+UT, and 2 [g _oB] =TU - UT
Thus

2max(p(A),p(D)) = ZP( 81 3 )

=r ([2(;4 —(ZJDD

= p(TU + UT)
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1
<|ITI+ 11722 (By note 3.6)
And

1 1
max(p(),p(D)) <5 (Il + 2117

2) prove the inequality (14), we have

2p@0=20([p o)) =p(lc 7))

1
=p(TU —UT) < |IT|| +|IT?|lz  (By note 3.6)
3.10 Theorem: if A, B € M,,, then
1
p(AB) < Z(IIABII +||BA|l +/(IABI| — |BAI))? + 4min([|AllI| BABI|, || BIl | ABA| )) -+ (15)

Proof:

Letting A, =1, A, = A, By = AB and B, = B in the theorem 3.1, we have

1
20(aB) <5 (11481l + I1BAIl + J(1ABT = [BAID? + # IBIABA]) - - (16)

And hence

1
p(aB) <7 (1481 + 1BAIl + (IABT = 1BAID? + 4 [BIABAI) - - (17)

Now, by symmetry, letting B; =1, B, = B, A, = AB and A, = A in the theorem 3.1,

we have

1
20(aB) <5 (11481l + I1BAIl + J(1ABT = IBAID? + # TATIIBAET) - - (18)

And so,

1
p(AB) < 7 (I4BIl + I1BAIl + J(IABI = BAID? + 4 [ANNIBABI) - - (19)

Thus, the inequality (15) now follows from (17) and (19)

3.11 Note: if A € M,,, then for every k = 1,2, ..., we have

1
(p(A)* < E(IIA"II + /min([|AJ[[|AZ<=1]], | A% [[[|AF+1]] ))

Proof:
Letting B = A~ in the theorem 3, we have

1
p(A") < 1 (IIA"II + 14K+ ALAF] = 145 1D? + 4min([AT[IA25=2] AR [IAR]) )

And hence

1
p(A)* = p(4) < 3 (11441l + /min (LATAZT, TA AT
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