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Abstract

In this paper , we shall generalize the definitions and the results of the work[4], from topological spaces to
topological vector spaces by using the § — open sets structures and define another types of §TVS which we
will call § — L —Paracompact (6§ — L, —Paracompact) topological vector spaces, A § —Topological vector
space (6TVS V(K)) is called § — L —paracompact if there exist a § —paracompact space U (x, and a bijective
function f: V) — U (k) such that the restriction f|,:A = f(A) is a homeomorphism for each & —Lindel6f
subspace A € V. A 6TVS Vi, is called § — L, —paracompact if there exist a§ — T, — paracompact space
U ) and a bijective function f: V) = U ()such that the restriction f|,: A — f(A) is a homeomorphism for

each § —Lindel6f subspace A S V() . We investigate these two properties.

Keywords: Lindeléf, & —paracompact, countably normal, § — C —paracompact, 6 — C, —paracompact, § —

L —paracompact, § — L, —paracompact, § — L —normal.

Introduction

The purpose of this paper is to investigate two new properties, 6 — L —paracompactness and & —
L, —paracompactness. Some of their aspects are similar to L-normality, and some are distinct. Throughout this
paper, we denote an ordered pair by (v, u), the set of positive integers by N, and the set of real numbers by R. A
6 —T, — space is a § — T, 6 — normal space and a Tychonoff space (§ — T3) is a § — T; completely regular
space. Int A and 4 denote the interior and the closure of A4, respectively. An ordinal Y is the set of all ordinal «

such that @ < Y. The first infinite ordinal is wy, .

1. Definition [9]

A 8TVS Vi is called § — C —Paracompact if there exist a § — Paracompact space U yand a bijective function
[V = U (ysuch that the restriction f|,: A — f(A) is a homeomorphism for each 6 —compact subspace A <
Viw)-

A S8TVS Viyis called 6 — C, — Paracompact if there exist a § — T, — Paracompact space U (yand a bijective

function f: V) = Uy such that the restriction f|,:A - f(A) is a homeomorphism for each § —compact

subspace A € V.
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We use the idea of Arhangel'skii's, Maryam khenyab and Zahir Dobeas Al-Nafie definition above and give the

following definition:

2. Definition

A OTVS Viyis called 6 — L —Paracompact if there exist a § —Paracompact space U () and a bijective function
[V = U ) such that the restriction f|,:A4 — f(A)is a homeomorphism for each & —Lindelof subspace
A S V. ASTVS Vi is called § — L, —Paracompact if there exist a § — T, — paracompact space U (k) and a
bijective function f: V) — U )such that the restriction f|,:A — f(A)is a homeomorphism for each

& —Lindelof subspace A € Vi, .

( Recall that a space X is of countable tightness if for each subset A of X and each x € X with x € A there

exists a countable subset B € A such that x € B.)

3. Theorem

If Vi is a § — L — paracompact (§— L, — paracompact) and of countable tightness f: Vi) - U, is a

witness function of the § — L — paracompact (§— L, — paracompact) of V(x, then f is § — continuous.
Proof. Let A € V be arbitrary. We havef (4) = f(Ugerajsw, B) = Uselajsw, f(B) € Upejajew, f (B) S f(A) .
Therefore, f is continuous

(Since any first countable space is Fréchet, any Fréchet space is sequential, and any sequential space is of
countable tightness, we conclude that a witness function of the L-paracompactness (Lz-paracompactness) first

countable (Fréchet, sequential) space X is continuous) . The following corollary is also clear.

4, Corollary

Any § — L, —paracompact space which is of countable tightness must be at least § — T, .

Since any § —compact space is § —Lindelof, then any § — L —paracompact space is § — C —paracompact and
any & — L, —paracompact space is § — C, —paracompact. The converse is not true in general. Obviously, no
Lindelof non-paracompact space is & — L —paracompact. So, no uncountable set Vi, with countable
complement topology is § — L —paracompact, but it is § — C, —paracompact, hence § — C —paracompact,
because the only compact subspaces are the finite subspaces, and the countable complement topology is § — T;,
so compact subspaces are discrete. Hence the discrete topology on Vi and the identity function will witness
& — C, —paracompactness.

Any § —paracompact space is 6 — L —paracompact, just by taking U = V and the identity function. It is clear
from the definitions that any § — L, —paracompact is § — L —paracompact. In general, the converse is not true.

Assume that V is § —Lindel6f and § — L, —paracompact, then the witness function is a homeomorphism which

gives that V is Hausdorff. Thus, any paracompact Lindel6f space which is not Hausdorff is an & —
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L —paracompact space that cannot be § — L, —paracompact . In particular, any compact space which is not
Hausdorff cannot be § — L, —paracompact . There is a case when the § — L —paracompactness implies & —

L, —paracompatness given in the next theorem .

5. Theorem
If Vik) is 6 — T; —Separable § — L —paracompactand countable tightness, then V6 —Paracompact § — T, .

Proof:

Let U k) be a § —Paracompact space and f: V) — U (k) be a bijective witness to § — L —paracompactness of
Vi - Then f is continuous because Vi is of countable tightness . Let D be contable dense subset of V. We
show that f is § —closed. Let H'be any non-empty § —closed proper subset of Vi, . suppose that f(p) = q €
U\S(F); then p ¢ 3. Using regularity , let A and B be disjoint § —open subset of Vi, containing p and H
respectively. Then A N (D U {p}) is § —open in the § —Lindelof subspace D U {p} containing p, so f(4 N
(D U {p})) is & —open in the subspacef (D U {p}) of U (, containing g . Thus f(A N (DU PhH) =fA)n
fDU{p}) =Wn f(D U {p}) for some § —open subset W in U ,with q € W . We claim that W n f(H) =
@ . Suppose otherwise, and take u € W N f(H) . Let v € H such that f(v) = u . Not that v € B . Since D is
dense in Vik, , D is also dense in the § —open set B . Thus v € B ND . Now since W is § —open in U k) and f
is continuous , £~ (W)is an § —open set in Vy, ; it also contains v . Thus we can choose d € f~*(W) N B ND
. Then f(d) eWn f(BND) S WNF(DU{p}) = fFUANDU{p}) . So f(d) € f(A) n f(B), a contradiction.
Thus Wn f(H) =0 . Not that ge W . As q € U\f(H) was arbitrary , f(H)is § —closed . So f is

homeomorphism and Vi, is § —paracompact . Since Vi, is also § — T, is § —normal . Not that Vi, is also

6 —Lindelof being 6 —separable and § —Paracompact.

6. Theorem
6 — L —paracompactness( § — L, —paracompactness) is a topological property .
Proof:

Let Vi, be an § — L —Parncompact space and Vi) = Z(x). Let U ) be a § —paracompact space and
V) = U ) be a bijection such that f|.: C — f(C) is a homeomorphism for each § —Lindel6f subspace Cof

Viky- Let g: Z k) = Vx) be a homeomorphism Then f o g : Z(x) — Uy, satisfies all requirements.

7. Theorem
& — L —paracompactness( § — L, —paracompactness) is an additwe property.
Proof:

Let Vs be an § — L —Paracompact space for each § € A. We show that their sum @sc,Vs § —Paracompact.

For each § € A. pick a § —Paracompact space Us and a bijective function f5: Vs — Us such that f|g ., : Cs =
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f5(Cs) is a homeomorphism for each § —Lindelof subspace Cs of Vs. Since Ug is § —Paracompact for each § €
A, then the sum @sc, Uscay is & —Paracompact. Consider the function sum @scafs @ PseaVs = DsealUs
defined by @seafs (v) = fp (v) if v € Vg, B € A. Now, a subspace C < @se Vs is Lindelof if and only if
theset Ay ={6 € A: C NVs =+ @ is countable and C N Vsis Lindeldf in Vg, for eachd € Ay. If C S @seq Vs,

is Lindelof, then (@se4fs )| is @ homeomorphism because fsicqv, , is @ homeomorphism for each § € 4.

8. Theorem
Every second countable § — L, —Paracompact space is metrizable.
Proof:

If Vik, is a second countable space, then Vi is § —Lindelof. If Vi, is also § — L, —paracompact, then Vi,
will be homeomorphic to a § — T, paracompact space U () and, in particular, U () is § —T,. Thus Vi, is

second countable and regular, hence metrizable .

9. Corollary

Every § — T, second countable § — L —paracompact space is metrizable.

10. Definition:

A STVS Viyis called § — L —normal if there exist a § —normal space U () and a bijective function f: V) —
U (& such that the restriction f|4:A — f(A)is a homeomorphism for each & —Lindelof subspace A S V.
Since any § — T, — Paracompact space is § —normal, it is clear that any § — L, —Paracompact space is § —
L —normal. In general, § — L —Paracompactness does not imply 6 — L —normality. Observe that any finite space
which is not discrete is compact, hence Paracompact, thus § — L —paracompact. So, any finite space which is not
normal will be an example of an § — L —paracompact which is neither § — L, —paracompact nor &§ —

L —normal. In general, § — L —normality does not imply § — L —Paracompactness. Here is an example.

11. Example

Let V = [0,). Define T = {@,V} U{[0,v):v € R0 < v}.Observe that (V,T) is § —normal because there
are no two non-empty § —closed disjoint subsets. Thus (V, T )is § — L —normal. Observe that (V, T ) is second
countable, hence hereditarily Lindel6f. (V,T) cannot be & —Paracompact because T is coarser than the
particular point topology on V', where the particular point is 0. That's because any non-empty & —open set

contains 0. Therefore, V is § — L —normal but not § — L —paracompact.
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Conclusions

this study gives a new view of the topology through the vector spaces. This work has many new results that can

be summarized in the following facts:

1. If Vi) is a § — L — paracompact (6— L, — paracompact) and of countable tightness f: V) —

U is a witness function of the & — L — paracompact (6— L, — paracompact) of Vik), then f is & —

continuous.

2. If Vi, is 6 — T3 —Separable § — L —paracompactand countable tightness, then V8 —Paracompact
5 - T4_ .

3. 6 — L —paracompactness( § — L, —paracompactness) is a topological property .

4. & — L —paracompactness( § — L, —paracompactness) is an additwe property.

5. Every second countable § — L, —Paracompact space is metrizable.

6. Every 6 — T, second countable § — L —paracompact space is metrizable.
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