Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl
Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

A Common Random Fixed Point Theorem for Rational Inequality
in Hilbert Space

ShaileshT.Patel, Ramakant Bhardwaj’,Rajesh Shrivastava**

The Research Scholar of Singhania University, (Rajasthan)
Asst.Professor in S.P.B.Patel Engineering College, Mehsana (Gujarat)
"Truba Institute of Engineering & Information Technology, Bhopal (M.P)
Prof. & Head Govt. Science and Commerce College,Benajir Bhopal.
Email: stpatel34@yahoo.co.in, drrkbhardwaj100@gmail.com

ABSTRACT

The object of this paper is to obtain a common random fixed point theorem for four continuous random operators
defined on a non empty closed subset of a separable Hilbert space for rational inequality.
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1. INTRODUCTION AND PRELIMINARIES

Impact of fixed point theory in different branches of mathematics and its applications is immense. The first
result on fixed points for Contractive type mapping was the much celebrated Banach’s contraction principle by S.
Banach [9] in 1922. In the general setting of complete metric space, this theorem runs as the follows,

Theorem 1.1 (Banach’s contraction principle) Let (X,d) be a complete metric space, ¢ € (0,1) and f: X—X be
a mapping such that for each x, y €X, d (fx,fy) <cd X,y Then f has a unique fixed point a €X, such that for

: v
ecachxeX, lim, ,_ f"x=a.

After the classical result, Kannan [7] gave a subsequently new contractive mapping to prove the fixed point
theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with mappings
satisfying various type of contractive conditions.

In 2002, A. Branciari [1] analyzed the existence of fixed point for mapping f defined on a complete metric
space (X,d) satisfying a general contractive condition of rational type.

After the paper of Brianciari, a lot of a research works have been carried out on generalizing contractive
conditions of rational type for different contractive mappings satisfying various known properties. A fine work
has been done by Rhoades [2] extending the result of Brianciari by replacing the condition.

The aim of this paper is to generalize some mixed type of contractive conditions to the mapping and then a pair
of mappings satisfying general contractive mappings such as Kannan type [7], Chatrterjee type [8], Zamfirescu
type [11], etc.

In recent years, the study of random fixed points has attracted much attention. Some of the recent literatures in
random fixed point may be noted in Rhoades [3], and Binayak S. Choudhary [4].In this paper, we construct a
sequence of measurable functions and consider its convergence to the common unique random fixed point of
four continuous random operators defined on a non-empty closed subset of a separable Hilbert space. For the
purpose of obtaining the random fixed point of the four continuous random operators. We have used a rational
inequality (from B. Fisher [5] and S.S. Pagey [10]) and the parallelogram law. Throughout this paper, (2, X)
denotes a measurable space consisting of a set Q and sigma algebra X of subsets of Q, H stands for a separable
Hilbert space and C is a nonempty closed subset of H.

Definition 1.3. A function f: Q — C is said to be measurable if

T (BNC) e for every Borel subset B of H.

Definition 1.4. A function F': QQx C — C'is said to be a random operator if F'(.,x):€2 — C is measurable
forevery x € C

Definition 1.5. A measurable g:Q — C is said to be a random fixed point of the random operator
F:OxC—>Cif F(t,g(t))=g(¢t) forall t € Q

Definition 1.6. A random operator F: QxC — C is said to be continuous if for fixed t€Q, F(t,.):C—>C

is continuous.

Condition (A). Four mappings E, F, T, S: C — C, where C is a non-empty closed subset of a Hilbert space H, is
said to satisfy condition (A) if

ES=SE,FT=TF,E(H) C T(H)and F (H) < S (H) (1
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7y — Ryl +[Bx — Ty | +[jsx - £x|
Uiy = Ey [ = 1 lsv - B

[Ex =73 |1y = P s~ Bl + |1 - ]
Ve[ =Ty] v = R +[Sx— B + |1y = Pyl
+ ﬂ{”Sx - E)c”2 + ||Ty - Fy”z} + }/”Sx - Ty”2
For all x,y e C with [Ty — Fy|"|Ex — T3] |Sx — Ex|” # -1 and
||Ty - Fy”2 + ||Sx - Ex”2 + ||Ex - Ty” ||Ty - Fy” z—1l,a,0,y>0

||Ex - Fy”2 < o max{

where & :R'— R is a lesbesgue- integrable mapping which is summable on each compact subset of R, non

negative, and such that for each for each € >0,&(¢) >0

2. MAIN RESULTS
Theorem 2.1. Let C' be a non-empty closed subset of a separable Hilbert space H . Let E,F,Sand T be

four continuous random operators defined on C such that for, t € Q E(¢,.), F(¢,.),T(t,.),S(t,.):C > C
satisfy condition (A).Then £, F,S and T have unique common random fixed point.

Proof: Let the function g:Q)— C be arbitrary measurable function. By (1), there exists a function
g, :Q = Csuch that T'(¢,g,(¢)) = E(t,g,(t)) fort € Q and for this function g, : 2 — C, we can choose
another function g, :QQ— Csuch that F(¢, g (t)=3S(, g (1)) fort € ©, and so on. Inductively, we can
define a sequence of functions for? € (2, { v, (t)} such that
yzn(t):T(tsg2n+l(t)):E(tsgzn(t))
y2n+l (t):S(t, g2n+2 (t)):F(t’ngHl (t)) FOI'tEQ, n:071:273 ______ (4)
From condition (A), we have for, ¢ €
2 2
1920 @) = p2 O = |Et, 82, (1) = F (2, 85, (0
2 2 \
e J 0 82wt ) = F gy O+ [EC 820 (D) = T 80t O +[S 22, (1) — £t 22 (¢
2 2 \
T(t’g2n+l (t)) - F(t’g2n+l(t))|| ”E(ta gan (t)) - T(t’g2n+l (t))” ”S(t’an (t)) - E(ta gon (t)/
£t gs () =T (togs s N[ IF(ro g0, (1) = F(t.g,,., (D
1+ ”T (t’g 2n+1 (Z) - F (t’g 2n+1 (t)” ”E (t’ g2 (t) -T (Z’g 2n+1 (Z)”
L7 (tganai () = F(tga, i (O] + IS (g, (1) = E(tg,, (D]
+ ISt ga, (1) = E(t, g, (O + [T (6,2, () = F(t,g,,, )]
2 2
+ PS80, () = Et. 85, )] +[T(¢ €201 (1) = F (£, 85,0 )]}
2
+ 7/||S(tag2n (0 _T(t7g2n+l(t))||
2 2 2
||y2n (t) - y2n+1 (t)” + ||y2n (t) - y2n (t))” + ||y2n—1 (t) - yZn (t))”

L+ 120 (0 = 2y O [0, @) = 22 O[22 () = p0, O
y2, () = yo, )| 172, () = vau i (D]
Lt |y, () = v (O [ly2, (1) = vy, (O]
Uy, (O = yau O + Iy, () = 5, (O]
+lya () = ya, O + lya, () = ya ()]

+ BV 2ns O = Yo O+ 120 @) = 22 O3 + 7|y 20t @) = 0, O

< o m

1+

1

= o max{

1
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”)’2:1 ()= Yapa (0”2 + ||y2n—1 (1) = y,, (0)”2
1

Yord ()= v, ) +0} + 7]

= o max{

+ A

0}

Yord ) = v, )

=amﬂ{whayamﬂmmfﬂwmﬁﬂ—yhamzﬁ}

+ B 200 () = Y2, O + 0 + #2000 (O = v, (O]
= a|yss = Yo+ Blyana O = 320, O + 7920 ) = 90, @)
Now
a0 = yaal’ € S = vaual + Ayas © = 20 O + 77200 = 320 O
o = v’ < @lans = v+ 5an = a3+ Blyans =y, O

+ 20 (O = 32, O

=)y, = Yol < @+ B+ Pyaa (O =2, @)
=l L 0= 2, O
S S o B3 S NGO RN () [ = (%ﬂ”)i ............ 5)

Now, we shall prove that fort € Q, y, (t)is a Cauchy sequence. For this for Common random fixed point
theorem every Positive integer p, we have

INOESENG B INGES IO ESINOESHN O R OESN G
< yn(t)_yn+1(t)||+ yn+1(t)_yn+2(t)"+ """" + yn+p—1(t)_yn+p(t)u
ST + ™ 4 e K" |y (0 = 2, @)
=k"[I4+k+E + ot k7 e O = 3,0
k}’l
l_k”yo(t)_yl(t)”

y,O=y,,0|=0 frreo (6)

<

clim
n—>ow

From equation (6), it follows that for, {yn (t )} is a Cauchy sequence and hence is convergent in closed subset C

of Hilbert space H.

For t € Q2, let lim{y, (¢)} = y(?)
n—o0

Again, closeness of C gives that g is a function from C to C. and consequently the subsequences
{E(l‘, 2, (l‘))} ,{F(t,gzn+1 (l‘))} {T(l‘,gzn+1 (t))} and{S(t,g2n+2(t))}of{yn (l‘)} for t € (), also converges to
the y(t) ....... (*) and continuity of E,F, T and S gives

E(@, S g,0))— E@ y())
S( E(t,g, (1) > S, y(1))
F,T(t,g,1)) = F(, y(1))
Tt F(t,g,0)) =T y(1)
E@t, y(1))=S(t, v(t)) = F(t, () =T(t, ¥(f)) Fort € Q..........
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Existence of random fixed point: Consider for ¢ € (2
|E y(0) = yO) =[EEy(0) = yrs + Y2 = y@O)
<2Et, y() = F(t, 82s O) + 2]y 2000 = @)
{ IT(t. 85,00 () = Ft. g5, ()] + HzEa,gzn () =T (t. g4, )| ' |S(t. 8., (1) - E(t. g5, (r))\z\z ,
(1,850 (1) = F (6,80 )] |E(t. 85, (1) = T (1,8, (D[S (1.5, (1)) = E(t. 85, (1)

lE (t.g,, (1) =T (t, g, N |IT (£, g5, (t) = F(t,g,,., ()]
L+ |7 (t.ga,n ()= F(toga, (D] |ECt, g, (1) =T (t,g,,,., ()

< 2a max

1+

(T (e, g o, (1) = F(tyg,, o (O] + ISt g,, (1) = E(t,g,, (D] ]
+ ”S(t’an(t) - E(t’an(t)”Z + ||T(t’g2n+l(t)) - F(t’g2n+l(t)) ”2

+ 284St g2, () = E(t, 20, ) + [T, €20 (1)) = F(t, &5 )}
+27]S(t, €20 () = T(t, €0 ) + 2| Y20t = ¥
max PO =y ON +[ECy@) =y +[50.y1) = £y
L+ [y (@) = v |E @y @) = y@)| S (2, y (1)) = E@, y(0))||
|E (£, y () — y (O ||y () = y(0)]
1+ ||y(t) - y(t)ll IIE(t,y(t)) - y(t)ll

Uy (o) = vy + ISy ) = Ee,y ()]
+ IS (1, y () = E(e,y ()| + [ly ) = vy |

+ 284S, ()~ E(t, y@)|” + |y - y@)|3  +24]S@ y(@0) - y(@0)

+ 230 = O
Therefore for € Q)

|E@ y(0) = yO)| <2(a + p)|E@, y(t) - y(@)|]
(1= 2a = 2p)|E(t, y(0) - y@)|” <0
AEGy@O - y@)) =0 as (1-2a-2p)<1  c(a+y)=0

Common random fixed point theorem

}

L2a

E(t,y(t)=y(t) for t€Q )
From (8) and (9) we have for all
E(Ly(0)-y()- re
SEY(E) e (10)
In an exactly similar way, we can prove that for all teQ
F(t.y(D)=y()=
TEY(E) e (11)

Again, if A : QxC — C is a continuous random operator on a nonempty closed subset C of a separable Hilbert
space H, then for any measurable function f: Q — C, the function h(t) = A(t, f(t)) is also measurable [4].

It follows from the construction of {yn (l)} fort € Q, (by (4)) and above consideration that {yn (t )} isa

sequence of measurable function. From (7), it follows that y() fort € €2, is also measurable function. This fact

along with (10) and (11) shows that g: Q — C is a common random fixed point of E, F, S and T.
Uniqueness:
Let h: Q — C be another random fixed point common to

E,F, T and S, that is, fort € Q2 ’
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F(z, h(2)) = h(2), F(t, h(t)) = h(t), T(t, h(t)) = h(t) and S(t, h(t)) = h(?) (12) Then for

reQ)
lg@) - h@)| = |E, g(0) - F(t, h@))|’
o 1Tt h (1)) = F (2, h(0)|| +||E(t, g(0) = T (6, k(e[ +[S (2, 2(0)) = E(t, g(0))|]
L+ |7 (8, h(e) = F (6, h ()| E(2, 20)) = T (6, h@)| IS (2, g (0) = E(t, g @)
|E (1, g (1) = T (t,h ()| ||T (£, h(t) = F (t,h(t)]
L+ ||E(t,g (1) = T (¢, h ()] ||IT (e.h(t)) = F (e, h (1)
I (eoh(e) = F(eoh ()| +||S(r,g (1) — E(t,g ()]
+ ISt g ()= E(e g (| + |IT (eoh(e) = F(eh(ey |
+ BUS(t, g(0)) - E(t, g(0))|” +|T(t. b)) = F (e, )|} +7|S(t, g6) - Tt he))|’
< alg®)—h@)|" + 7@ - h@)|’
= (a+7)|g)-h@)|’

c(l—a—p)e@)-h@)| <0

og(t) = h(1)

This completes the proof of the theorem (2.1).
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