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ABSTRACT

The aim of this paper is to introduce the concept of G-Banach Space and prove a common fixed point theorem
for six mappings in G-Banach spaces with weak—compatibility.
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Introduction : This is well know that the fundamental contraction principle for proving fixed points results is
the Banach Contraction principle. There have been a number of generalization of metric space and Banach space.
One such generalization is G-Banach space.The concept of G-Banach space is introduce by Shrivastava
R,Animesh,Yadav R.N.[4 ] which is a probable modification of the ordinary Banach Space.
Recently in 2012,R.K. Bharadwaj [2 ] introduced fixed point theorems in G-Banach

Space through weak compatibility and gave the following fixed point theorems for four mappings-
Theorems[A]: Let X be a G-Banach Space , such that V Satisfy property witho.-a<1.IfA,B, Sand T be
mapping from X into itself satisfying the following condition:

L. AX)c T(X), B(X) = S(X) and T(X) or S(X) is a closed subset of X.
II. The Pair (A,S) and (B,T) are weakly compatible,
III. Forall x,ye X

IAX-Byll, . _, IISX-AXIIgIISX-ByIIgVIITX-AXIIgIITy-ByIIg
- — "
ISx-Ty|l, [Sx-Tyll,
ISx - Ax [l Ty - By [l [ISx -By [, [| Ty - Ax
ISx-Tyll, ISx - Ty,

+h(ISx-Ax||, V[ Ty -By|, VISx-By|, V| Ty-Ax|, V| Sx-Tyl|)

Where k; ky, ks >0 and 0< k;+ k, +k;<1.ThenA,B, S and T have a unique common fixed
point in X.
In 1980, Singh and Singh[5] gave the following theorem on metric space for self maps which is use to
our main result-

Theorems[B]: Let P, Q and T be self maps of a metric space (X, d) such that

@ PT =TP and QT =TQ, (ii)) P(X) v Q(X) < T(X), (iii) T is continuous,

(iv) d(Px,Qy)<cd (x,y),

where A (x, y) = max{d(Tx, Ty), d(Px, Tx), d(Qy, Ty), % [d(Px, Ty)+d(Qy, Ty)]}

+ k, max

for all x,y € X and 0 << 1. Further if
(v)  Xis complete then P, Q, T have a unique common fixed point in X.
Just we recall the some definition of G-Banach space for the sake of completeness which as follows-
N be the set of natural numbers and R be the set of all positive numbers let binary operation V : R"x R —
R satisfies the following conditions:
1. V is associative and commutative,

ii. V is continuous.
Five typical example are as follows:

i. aVb=max(ab)
ii. aVb=atb
1. aVb=ab
iv.  aVb=ab+atb
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V. aVb=———
max(a,b,l)
Definition 1: The binary operation V is said to satisfy a-property if there exists a positive real number o ,

such thata V b < a max (a,b) for every a,b € R"
Example:If we defineaVb=a+b foreach a,b € R" then for o> 2, we have
a V b<amax (ab)
ab

if we defineaV b= —————— for each a,b € R" then for a > 1, we have
max(a,b,l)
a V b<amax (ab)

Definition 2: Let x be a nonempty set ,A Generalized Normed Space on X is a function || || ¢ X X x — R that
satisfies the following conditions for each x,y,z, € X

L. ||xy[[>0

2. x-y|lo=0ifand only ifx =y

3. X-y|l = || y-X

4. ax|=]a ﬁx”gforanyscalar(x

5. eyl lixzll, V2l
The pair (x, |gg) is called generalized Normed Space or simply G-Normed Space.
Definition 3: A Sequence in X is said converges to x if |xn-x|| «—0,asn — oo. That is for each € > 0 there
exists ny € N such that for every n > n,y implies that || xn—x| <€
Definition 4: A sequence {x,} is said to be Cauchy sequence if for every € > 0 there exists noe N such that
|| XX || ¢ < € for each m,n > ny. G-Normed Space is said to be G-Banach Space if for every Cauchy sequence is
converges in it.
Definition 5:  Let (x, || || o) be a G-Normed Space for r>0 we define

B, (x,1) = {yeX: || x-y|lo<r}
Let X be a G-normed Space and A be a subset of X, then for every x € A, there exists r > 0 such that B, (x,r)
A , then the subset A is called open subset of X. A subset A of X is said to be closed if the complement of A is
open in X.
Definition 6: Let A and S be mappings from a G-Banach space X into itselt. Then the mappings are said to
be weakly compatible if they are commute at there coincidence point that is Ax= Sx implies that ASx = SAx
Here we generalized and extend the results of R.K.Bhardwaj[2] (theorem A) for six mappings
opposed to four mappings in G-Banach space using the concept of weak-compatibility.
Main Result :
THEOREM(1) : Let X be a G-Banach Space , such that V Satisfy property witha-a<1.IfP,Q,A,B, S
and T be mapping from X into itself satisfying the following condition:
L. AX)c QX)UTX), B(X)cP(X)u S(X) and T(X) or S(X) is a closed subset of X.
IL. The Pair (A,S) and (P,S) , (B,T) and (Q,T) are weakly compatible,
II1. Forall x,ye X

| Ax-By]l, <

IPx - Ax[l,[[Qy-Byll, o [ISx-Tyl,[|Qy-Byl,

ISx-By|,[[ Ty - Ax|l, V
: : [Sx- Py, 1Qy- Ax|l, +[|Px - Ax|l,

\%

< amax
|Px-Qxl|, +[|Bx-Tyll,

[Px - Byl

1Sx-Byll,

ISx-Tyll, VI[Px-Sx |, V[IQy-Byl, VIIPx-Ty|l, V]IQy-Sx|, V
+ pmax| || Px - Ax ], || Qy - By |, VIISX-TYIIgIIQY-SX g

IPx-Qyl, IPx-Qy,

Where ¢, f >0 and 0< @+ <1.Then P,Q, A,B, S and T have a unique common
fixed point in X.

Proof: Let x, be an arbitrary point in X then by (i) we choose a point x; in X such that y, = Axy =
TX] = QX] and Yy = BX1 = SX2 = PX2 .
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In general there exists a sequence {y,} such that

Y = AXon = Txoney = Qxopsy  and

Yourl = BXons1 = SXoniz = PXonsn | forn=1,2,3, -
we claim that the sequence {y,} is a Cauchy sequence.

By (iii) we have

|| Yon =~ Yonn ||g = ||AX2n - BX2n+1 ||g
1P, - A%, [l Q% - By |l v
[1S%,, -PX,... [l
X
[1S%,, - T, [l Q%01 - B [l v 1P, -Qx,, [l, +lIBx,, -Tx,,., [I,
||Qx2n+1 -AXZan +||Px2n-AX2n||g ||Px2n-BX2n+l ||g
”SXQn-TX2n+1 Hg VHPX2n_SX2n ”g V”Qx2m—1 -Bx2m—1 Hg V”PXQn-TXZm-l ”g V”QXZIH—I _Sx2n ”g V
+pmax||Px, -Ax, ||,[|Qx,,, -Bx,,, l|, VHSXQH-TXQM /1 Q% -S%, [,
1P, -Qxp [l 1PXy,, - Q% [l
Y201 = Yon ||g||Y2n “ Yo ||g v
||YZn-1 -YZn ||g
<amax
1 Y2n1 = Yon ||g||}’2n “Yonu ||g Y201 = Yana ||g Y20 = Yana ||g
V ||YZn-1 -YZn ||g
Y20 = You ||g | Yana =Y ||g Y201 = Yon ||g

||SX2n -Bx2n+l ||g||Tx2ml -AXZn ||g V

<oma

}IISXQH-BXM e

||y2n-1 -YZn—l ||g||y2n -YZn ||g V

I Youi = Yon llg VY201 = Yona le VIYan = Your lle VIIYant =Yon lle VIYan = Youa lls V
+Amax [V = Yau lll Y20 = Yana llg V||yzn.1 = You e/l You = Yous Il
Y201 = Yau llg Y01 = Yau llg
1Yo = Yol < (@ +B) 1 Youa =Y ll,

That is by induction we can show that
|| YZn -YZnH ||g S (a +ﬂ )n || YO _yl ||g || YZn _YZnH ||g

As n— o ||y, =Yy ll, — 0, forany integer m>n

It follows that the sequence {y,} is a Cauchy sequence which convergesto ye X.
This implies that limn — oy, = limn — o0 Axy, = limn — © TX,4; = limn — © QX =limn — o0
BX2n+1 =limn — © SX2n+2 =limn — o© PX2n+2 =y
Now let us assume that T(X) is closed subset of X, then there exists ve X such that
Tv=Qv=y
We now prove that Bv=1y ,
By (iii) we get

| A% Bl Px, -Ax v-Bv
o 1S5, - BV, [ Tv- Ax,, [, Vo= ol Qv- Bl

1S%,, -Pvll,

< amax
[1S%,, - Tv]l,||Qv-Bvll, v 1Py, -QXy, [l +[IBX,, - TV,
||QV_AX2n Hg +HPX2n _AXZn Hg ||PX2“ _BVHg

}|Sx2n -BVHg

18%,, - Tvll, VIIPxy, -8x,, [|, VIIQv-Bvl|, V][Px,, -Tvl|, V]|Qv-8x,, ||, V
+ fmax |[Px,, - Ax,, [|,[|Qv-Bvl, VIISXzn -Tvll,[[Qv-Sx,, ||,
||Px2n _QVHg ||Px2n _QVHg
ly-Bvll, < (a+p) ly-Bvl,
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Which is contradiction , it follows that Bv =y =Tv = Qv . Since (B,T) and (Q,T) are weakly compatible
mappings , then we have
BTv=TBv and QTv=TQv
By =Ty and Qy=Ty
Which implies By = Qy.
Now we prove that By =y for this by using (iii) we get

| A%, -By |,

|| PXZn -AXZH ||g|| Qy_ BY”g
1%y, - Pyl

<amax
1Sx,, - Tyll,[|Qy-Byll, v 1P, -Qx,, [|, +||Bx,, - Tyll|,
||Qy-AX2n||g+||PX2n_AX2n||g ||PX2n-BY||g
1SX,, - Tyll, VIIPX,, -Sx,, [|, VIIQy-Byll, V|[Px,, - Tyll, V||Qy-Sx,, ||, V
+pmax || Px,, -Ax,, ||,||Qy-Byll, VIISin-T}'IIgIIQy-Sin||g
I Px,, -Qyll, |1 Px,, -Qyll,
|Ax,, -Byl|l, < (a+8) [y-Byl,
Which is contradiction.
Thus By = y=Ty=Qy ---------mmmmmmmmmm- (A)
Since
B(X) = P(X) W S(X) , there exists W€ X. such that sw=y =Pw . we show that Aw=y

From (iii) we have

| Aw - By |l

5%y, - Byl I Ty- Ax,, [l, V

}II $x,, - Byl

| Pw - Aw ||, ||Qy - By [, v
|Sw -Py [|,
< g max
|Sw - Ty || ||Qy - By [, v | Pw -Qw ||, +[|Bw-Tyl,
|Qy-Aw ||, +||Pw - Aw ||, | Pw - By ||,

[Sw -By [[,[| Ty - Aw ||, V

}IISW-B}'II,g

[Sw-Tyll, VI[Pw-Sw |, V[[Qy-Byll, VI[Pw-Ty|, V||Qy-Sw |, V
+ fmax) |[Pw - Aw [L,[|Qy - By l, o [ISW-Tyll,[|Qy-Swl,
IPw-Qy |, IPw-Qy I,
[AW -y, < (@ +p)[|AW-y]|,

Which is contradiction , so that Aw =y = Sw=Pw.
Since (A, S) and (P, S) are weakly compatible , then
ASw=Saw and PSw=SPw

Ay = Sy Py =Sy

Therefore Ay =Py

Now we Show that Ay =y,

From (iii) we have

| Py - Ay |l IQy - By [, v
ISy - Py |,

ISy - Ty I[,[|Qy - By ||, v |Py-Qyll, +[By-Tyl|,

1Qy-Ayll, +[[Py-Ayl, | Py - By |,

ISy -By I Ty -Ay|l, V
| Ay - By ||, < @ max

}IISy-ByIIg
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ISy-Tyll, VIIPy-Syll, VIIQy-Byll, VI[Py-Ty|l, VIIQy-Syl, V
+ fmax| [|Py-Ay|l,[|Qy-By|l, V||S§>'-Ty||g||Qy-Sy||g
| Py -Qy ||, | Py -Qy |,

IAY-yll, < (@ +8) [[Ay-yl,
Which is contradiction thus Ay =y and therefore
Ay = Sy= Py=y (B)
Now from equation (A) and (B) we get
Ay=By=Py=Qy=Sy=Ty=y.
Hence y is a common fixed pointof A,B,S,T,Pand Q.
Uniqueness:
Let us assume that x is another fixed pointof A ,B,S,T,Pand Q different fromy in X.
Then from (iii) we have

| Ax-By|l, <
Px-Ax -B Sx-T -B
5Byl Ty Ax), wIPXAXIQy- Byl o ISx-TylIQy- B,
< |Sx-Pyl, |Qy-Axl|, +[[Px-Ax],
<amax
[ Px-Qx|l, +||Bx-Ty||
- = rlISx-Byll,
| Px-Byll,

[Sx-Ty|l, VI[Px-Sx ||, V[|Qy-By|l, V|[Px-Ty||, V[|Qy-Sx]|, V

+ fmax| [|Px - Axl,||Qy - By [l, o [1Sx - Ty [l,[|Qy-Sx [,
IPx-Qy IPx-Qy

[x-yll, < (@ +B)lIx-yll,
Which is contradiction . Thus x =y . This completes the proof of the theorem.

COROLLARY:

Let X be a G-Banach Space such that V  Satisfy a- property with a < 1.If T be a mapping from X into itself,
satisfying the following condition:

ITx-Ty|,
x-T'x -T° X - -T®

oty T, oI TR Tl o Xy lly-Tyl,
- Ix-yll, ly-T'x|l, +[[x-T'x[|,
< amax

[x-T'x |, +[y-Ty|| .

— =rllx-Txl,
Ix-Tyl,

Ix-yll, VIIx-Tx|[l, VIIy-Ty |, VIx-Ty [, VIIy-T'x ||, V
+Amax) [ x-T'x | ly-Ty, vHX-TrXHgHY-TrXHg

Ix-yl, Ix-yll,
For non-negative &, f# suvhthat 0< ¢+ <1and r,s € N(set of natural number). Then T
has a unique common fixed point in X.
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