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Abstract

In this article, we present tripled coincidence point theorems for F : X*3 — X and g : X — X satisfying weak
(\mu, @, \Psi)- -contractions in partially ordered metric spaces. We also provide non-trivial examples to illustrate
our results and new concepts presented herein. Our results unify, generalize and complement various known
comparable results from the current literature, Berinde and Borcut [22], Abbas et. al., Aydi et al. [23] and many
more previous known results.
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Introduction

Fixed point theorems are very important tools for providing evidence of the existence and uniqueness
of solutions to various mathematical models. The literature of the last four decades flourishes with results which
discover fixed points of self and nonself nonlinear operators in a metric space. The Banach contraction theorem
plays a fundamental role in fixed point theory and has become even more important because being based on
iteration, it can be easily implemented on a computer. This theorem provide a technique for solving a variety of
applied problems in mathematical science and engineering. There are great number of generalizations of the
Banach contraction principle. Bhaskar and Lakshmikantham [1] introduced the notion of coupled fixed point and
prove some coupled fixed point results under certain conditions, in a complete metric space endowed with a
partial order. Later, Lakshmikantham and Ciric [2] extended these results by defining the mixed g- monotone
property. More accurately, they proved coupled coincidence and coupled common fixed point theorems for a
mixed g- monotone mapping in a complete metric space endowed with partial order. Karapiner [3] generalized
these results on a complete cone metric space endowed with a partial order. For other results on coupled fixed
point theory, we refers [4 - 14].

Beside this, in [15] Alber and Guerre - Delabriere presented the generalization of Banach contraction
principle by introducing the concept of weak contraction in Hilbert spaces. Rhoades [16] had shown the result of
[15] is also valid in complete metric spaces. Khan et.al. [17] introduced the use of control function in metric
fixed point problems. This function was referred to as 'Altering distance function' by the authors of [17]. This
function and its extensions have been used in several problems of fixed point theory, some of them are noted in
[18-21]. In recent times, fixed point theory has developed rapidly in partially ordered metric spaces, that is, in
metric spaces endowed with a partial ordering . Using the control functions the weak contraction principle has
been generalized in metric spaces [9] and in partially ordered metric spaces in [11].

Recently, Samet and Vetro [14] introduced the notion of fixed point of N- order, as natural extension
of the coupled fixed point and established some new coupled fixed point theorems in complete metric spaces,
using a new concept of F- invariant set. Later, Berinde and Borcut [22] obtained existence and uniqueness of
triplet fixed point results in a complete metric space, endowed with a partial order.

Now we recall come privious known definitions and results which are as follows.
Again, let (X, <) be a partially ordered set. The mapping F: X3 — X is said to have the mixed monotone
property if for any x,y,z € X.

I xX,%X €X %1 < X, 2 F(x,5,2) < F(x,,5,2),

i y,¥2€ X y12y,= Fxy1,2) 2F(xy,2) ,

iii. 71,72, € X, 2, £ 72, 2 F(x,y,21) < F(x,y,2,)
An element (x,y,z) € X3 is called a triplet fixed point of F if
F(x,v,2) = %, F(y,x,y) =y, and F(z,y,x) = z.
Berinde and Borcut [22] proved the following theorem.
Theorem 1.1:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F: X3 - Xbea
continuous mapping having the mixed monotone property on X. Assume that there exist constants a,b,c €
[0,1) such that a + b + ¢ < 1 for which,

d(F(x, y,z),F(u,v, w)) < ad(x,u) + bd(y,v) + cd(z,w) 1.1

Forall x> u,y < v,z > w. Assume either,
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1. Fis continuous,
2. X has the following properties:
e ifnon decreasing sequence x, = X, thenx, < x foralln,
e ifnon increasing sequence y, = y, theny, = x for all n,
If there exist Xg, Yo, Zo € X such that
Xo < F(X0,¥0,20), Yo = F(¥o,X0,¥0), and zy < F(zg,y0,X%o)
Then there exist X,y,z € X such that,
F(x,v,2) = x,F(y,x,y) = y,and F(z,y,X) = z
In [Abbas, Aydi and Krapinar, Triplet fixed point in partially ordered metric spaces, submitted]. In
this respect, let (X, <) be a partially ordered set, F:X® —» Xandg: X - Xtwo mappings. The mapping F is
said to have the mixed g - monotone property if for any x, y, z € X.
i X, X, €X, g4 < gx, @ F(x.,v,2) € F(X,,y,2),
i yuy2€ X gy1 = gy, = F(xy,2) =2 F(xy,2)
ii. 7,7, € X gz, < g2, =2 Fx,v,21) < F(x,y,2,)
An element (x,y,z) € X3 is called a triplet coincidence point of F and g if
F(x,y,z) = gx, F(y,xy) = gy, and F(z,y,x) = gz
while (gx, gy, gz) is said a triplet point of coincidence of mappings F and g. Moreover (x,y,z) is called a triplet
common fixed point of F and g if
F(x,v,z) = gx, F(y,x,y) = gy, and F(z,y,x) = gz
At last mappings F and g are called commutative if
g(F(X, y, Z)) = F(gx,gy,gz), Vx,y,z € X
In the same paper, they proved the following result.
Theorem 1.2:- Let (X, <) be a partially ordered set and (X, d) be a complete metric space. Assume there is a
function @: [0,00) > [0,0) such that @(t) < t for each t > 0. Also suppose that F: X3 - Xandg: X -
X are such that F having the mixed g — monotone property on X. Assume that there exist constants a,b,c €
[0,1) such that a + 2b + ¢ < 1 such that,
d(F(X, y,z),F(u,v, w)) < @ (a d(gx,gu) + b d(gy,gv) + cd(gz, gw)) 1.2
forall gx > gu,gy < gv,gz > gw.
Suppose (X3) c g(X), g is continuous and commutes with F. Suppose either,
1. Fis continuous,
2. X has the following properties:
e if non decreasing sequence gx, = X, then gx,
e if non increasing sequence gy, — y, then gy,
If there exist Xg, Yo, Zo € X such that
gxo < F(X0,¥0,20), 8Yo = F(yo,Xo,¥0), and gzo < F(2o,¥0,Xo) -
Then there exist x,y,z € X such that,
F(xy,z) = gxF(y,xy) = gy,andF(zy,x) = gz
that is, F and g have a triplet coincidence point.
In [23] Aydi et.al. prove the following theorem
Theorem 1.3:- Let (X, <) be a partially ordered set and (X, d) be a complete metric space. Assume there is a
function @: [0,0) — [0, ) such that @(t) < t for each t > 0. Also suppose that F: X3 » Xandg: X -
X are such that F having the mixed g - monotone property on X. Assume that there exist constants a,b,c €
[0,1) such that a + 2b + ¢ < 1 such that,

d(F(x,y, Z),F(u,v,w)) + d(F(y,x,y),F(V,u,V)) + d(F(Z,y,x),F(w,V, u))

d(gx, d(gy, d(gz,
< 3¢( (gx,gu)+ (gségVH (gzgw)) 1.3

x for all n,
y for all n,

VA

Forall gx = gu,gy < gv,gz = gw.
Suppose F(X3) c g(X), g is continuous and commutes with F. Suppose either,
1. Fis continuous,
2. X has the following properties:
e if non decreasing sequence gx, — X, thengx, < x foralln,
e ifnon increasing sequence gy, — y, thengy, = y foralln,
If there exist Xg,Yo,Z9 € X such that
gxo < F(X0,¥0,%0), 8Y0 = F(yo,X0,¥0), and gz < F(zg,Y0,%o)
Then there exist x,y,z € X such that,
F(xy,z) = gxF(y,xy)
that is, F and g have a triplet coincidence point.

gy,and F(z,y,x) = gz
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The purpose of this paper is to present some triplet fixed point theorems for a g - monotone mapping in partially
ordered metric space which are generalization of the results of Berinde and Borcut [22] and many more privious
known results.

Main Results
First we give some definitions, which are use to prove of the main theorem.
Definition 2.1 :- Let ® denote all functions ¢: [0,0) — [0, 00) which satisfy

i ¢ is continuous and non decreasing,

il. @) = 0 ifft=0,

jii. er+s+< e+ o(s)+ e V 1,5t € [0,0)
For example, functions ¢@;(t) = kt where k > 0,¢,(t) = i ,o3() = In(t+1), and @,) =
min {t, 1} are in .
Definition 2.2:- Let ¥ be the set of all functions { : [0,0) — [0,00) which satisfy lim,_, q(t) > 0 for all
q > Oandlim;,, Y(t) = 0
For example, functions y; (t) = kt wherek > 0, y, (t) =

Now we prove our main results.

Theorem 2.3:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F: X3 — Xbea
continuous mapping having the mixed g - monotone property on X and F(X®) c g(X) . Suppose there exist
we €D, Y €W for which,

1
k (d(FGoy, 2, F@v,w)) < zo(dlgxgw + dley,gv) + dlgz gw)

1
-3 W(d(gx gw) + d(gy,gv) + d(gz,gw)) 2.1

Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist X,,y,,2o € X such that

gxo < F(X0,¥0,%0), 8Y0 = F(yo,X0,¥0), and gz, < F(zg,Y0,%o)
Then there exist X,y,z € X such that,

F(xy,2) = gxF@y,xy)
That is, F and g have a triplet coincidence point.
Proof: Let x,,y(,Zo € X such that

8xo < F(X0,¥0,20), 8Y0 = F(yo,Xo,¥0), and gzo < F(zo,¥0,%0)
We can choose X;,y1,Z; € X such that

gx1 = F(Xo,¥0,20), 8y1 = F(yo,X0,¥0), and gz; = F(zo,yo,%o) 22
This can be done because F(X3) € g(X). Continuing this process, we construct a sequence {x,}, {yn}
and {z,} in X such that

8Xn+1 = F(Xn'Yn'Zn)' 8Yn+1 = F(Yn'xn'Yn)' and gzp,; = F(Zn'Yn'Xn) 2.3
By induction, we will prove that

8Xn < 8Xn+1, 8Yn = 8Yn+1 and 8Zn < 8Zn+1 2.4

In(2t+1 .
( ) are in .

gy,and F(z,y,x) = gz.

Since,
gxo < F(X0,¥0,%0), 8Y0 = F(yo,Xo,¥0), and gzy < F(zg,Y0,%o) 25
therefore by (2.2) we have
8Xo < gX1, 8Yo = 8y: and gzy < gz
Thus (2.4) is true for n = 0. We suppose that (2.4) is true for some n > 0. Since F has the mixed g - monotone
property, by (2.4) we have that
8%n+1 = F(Xn, Y Zn) < F(Xps1,YnrZn)
S FGasnYnZns) < F(asnYnenZns) = 8Xnsz
8Yn+2 = F(Yn+1'Xn+1' Yn+1) 2 F(Yn+1' Xn» Yn+1)
2 F(anxn' YH+1) 2 F(Yn' Xn» Yn) = 8Yn+1
and
8Zn+1 = F(an Yn Xn) < F(Zn+1r Yn Xn)
< F(Zn+1r Yn+1an) < F(Zn+1' Yn+1an+1) = 8Zn+2
That is (2.4) is true for any n € N. If for some k € N,
8Xk = 8Xk+1 8Yk = 8YVk+1 and gzy = gZyyy
then, by(2.3) (X, Vi, Zx) is a triplet coincidence point of F and g. From now on, we assume that at least
8Xn * 8Xn+1, 8Yn * 8Yn+1 and 8Zn * 8Zn+1 25
forany n € N. From (2.4) and the inequality (2.1), we have

d(an+1,an) = d(F(Xn'Yn'Zn)'F(Xn—lﬁ}In—l'Zn—l))
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2 (d(F(Xn' Yn Zn) FXn-1, Yn-1 Zn—l)))
< - @( d(gxn gxn-1) + d(gYn BYn1) + d(gZn, 820-1))
— 2 W(d(gxn 8%n1) + d(gYn 8Yn1) +
dgzn,gzn—1
1 (d(g%n+18%n)) < @ d(gxn g¥n-1) + d(gYn BYnt) + d(gZn, 8Z0-1))

1
3 llj( d(an, an—l) + d(gYn' gYn—l) + d(an, an—l)) 2.6
Similarly we get

p-(d(gYn+1' gYn))

1
g (P( d(an, an—l) + d(gYn' gYn—l) + d(gYn' gYn—l))

1
- gllj( d(an, an—l) + d(gYn' gYn—l) + d(gYn' gYn—l)) 2.7
1
H (d(an+1, an)) < E(P( d(an, an—l) + d(gYn' gYn—l) + d(an, an—l))
1
- gllj( d(an, an—l) + d(gYn' gYn—l) + d(an, an—l)) 2.8

Foreach n = 1.
By adding (2.6), (2.7) and (2.8) and from the property of \mu we get

H (H(Xn' Yn Zn)) < (P(H(Xn' Yn Zn)) -y (H(Xn—l' Yn-1» Zn—l)) 2.9
where

H(xp, ynrzn) = d(8(xn), 8(xns1)) + d(8(yn) 8(¥ns1)) + d(8(zn), 8(zn+1))

or
H(Xn' Yn, Zn) = d(F(Xn' Yn, Zn)' F(Xn—lt Yn-1 Zn—l))
+ d(F(Yn' Xn» Yn)' F(Yn—lt Xn-1/ Yn—l))
+ d(F(zn, Yo, Xn), F(Zn-1, Yn-1,Xn-1))
Using the fact of |, ¢ are non decreasing, we get
H(Xp, Y1, Zn) < H(Xn—1,¥n-1,Zn-1)
We set,
8n = HXno1,Yn-1,Zn-1) = d(gXy, 8%n-1) + d(8Yn, 8Yn-1) + d(8zpn, 824-1) 2.10
then the sequence {8, } is decreasing. Therefore, there is some § = 0 such that
limy 5 8y = limy o ( d(gxn, 8%Xn-1) + d(gyn, 8Yn-1) + d(gzp, an—l)) =8 2.11
We shall show that § = 0. Suppose, to the contrary, that 8§ > 0. Then taking the limit as n — oo of both sides
of (2.9) and have in mind that we suppose lim, _, ; Y(t) > Oforall ¢ > 0and y, ¢ are continuous, we have
w(d) = lim, o @(8y)
limy, o p (Sn) < limy S o ( (p(Sn—l) - qj(an—l)) < u(d)
a contradiction. Thus § = 0, that is
limn - 00 811 = limn—> 0 ( d(an' an—l) + d(ng’l' gYH—l) + d(an, gzn—l)) =0 2.12
In what follows, we shall prove that {gx,}, {gy,} and {gz,} are Cauchy sequences. Suppose, to the contrary, that
atleast one of {gx,} {gyn},{gz,} in not Cauchy sequence. Then there exists an € > 0 for which we can find
subsequence  {gXnao } ,{8Xmao} of  {gxa} and  {gyaw}{8Ymw}  of f{eya}  and
{8200 } {82mao Jof {gz,} with n(k) > m(k) > k such that
d(g%na0, 8Xmao) + d(8Ynao» 8Ymaw) + d(82na0r 8Zma) =€ 2.13
Additionally correspondence to m(k). we may choose n(k) such that it is the smallest integer satisfying (2.13)
and n(k) > m(k) = k. Thus
d(8%n(0-1,8%mao) + A(8Yna-1,8Ymao) + d(8Znao-1,82Zma0) <€ 2.14
By using triangle inequality and having in mind of (2.13) and (2.14)
€ < p = d(gXng0, 8Xmao) + d(8Yn0o,8Yma0) + d(82na0» 8Zmao)
< d(gXn@y 8%no-1) + d(8Ynao-1,8Yma) + A(8Zna0» 8Znao-1)
+d(8Yn- 1, 8Ymw) + 4(82Zn0r 8Zn0o-1) + d(82Zna0-1 8Zmao)
< d(8%nao» 8¥n-1) + 4(8Yna0r 8nao-1) + d(8Zneo» 8Znao-1) +€  2.15
letting k — oo in (2.15) and using (2.12)

limy_, o prx = limy_, o (d(an(k). 8Xmao) + d(8Yn0o, 8Ymao) + d(8Zngos me(k)))
limk—)oopk = € 2.16
Again by triangular inequality,

Pk = d(8Xngoy 8Xma) + A(8Yna0r 8Ymaw) + A(82Znao» 8Zmao)
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< d(8%na0, 8¥nao+1) T d(8%na0+1, BXm@o+1) + A(8Xmao+1, BXm@))
d(gYna0r 8Yno+1) + A(8Ynao+1,8Ymao+1) + A(8Ym@o+1,8Ymao)
d(8Znoy 8Znao+1) + A(82Znao+1,8Zmao+1) + 4(8Zmao+1, 8Zmao)
< Snig+1r + Omag+1 T A(8Xngo+1, BXmao+1)
+ d(8Yna0+1,8Ymao+1) + A(8Zna+1r Emao+1) 2.17
Since n(k) > m(k), then
8Xn(k) = 8Xm®) 8Ynk = 8Ym® - 8Zn() = 8Zm(k) 2.18
Take (2.18) in (2.1) to get,
d(g8Xna+1, Bxmai+1) + A(8Ynao+1 8Ymao+1) + A(8Znao+1, 8Zma+1)
= d(F(xn0: Ynt0r Zn0): F(Xma: Ym00: Zmaio) )
+ d (F(Yngor Xnti0r Yn00)» F(Ym09r Xma9» Ymao))

+ d (F(Zni9r Y00 Xn0): F(Zmaior Ymeior Xmato) )
This implies,and using the property of ¢ we get,
LW < @Bnaor1) + @(Bmao+1) + @) — W(pK)
Letting k — oo and having in mind (2.10) and (2.14), we get
i < @) + @ (e — limg, o Y (p) < ¢ (6)
Which contradiction. This shows that {gx,}, {gy,}and {gz,}are Cauchy sequences. Since X is a complete metric
space, there exist x,y,z € X such that
lim, L o {gxn} = x, limy_ o {gyn} =y, lim, o {gz,} = 2 2.19

From (2.19) and the continuity of g,

limy o, {g(gxn)} = gx., imy o {8(gyn)} = gy, limy o {g(gzn)} = gz 2.20
From the commutativity of F and g, we have

g(gxn+1) = g(F(Xn' Yn, Zn)) = F(an, g¥Yn, an)

g(8yns1) = (F(n Xn¥n)) = F(Yn 8Xn 8Yn)

g(gzn+1) g(F(Zn' Y Xn)) = F(an, gYn, an) 221
Now we shall show that

gx = F(x,y,2), gy = F(y,xy), and gz = F(zy,%)
Suppose that F is continuous. Letting n — oo in (2.21), therefore by (2.19) and (2.20) we obtain

gX = lim,, o {g(gxn)} = lim, ooF(an: &Yn» an) = F(X' Y Z)

gy = lim, o {g(gyn)} = limy_, oF(8Yn, g%n, 8Yn) = F(y,x,y)

gz = lim, | o {g(gz,)} = lim,_, F(gzy, gy gyn) = F(z,y,%)
We have proved that F and g have a tripled coincidence point.
Corollary 2.4:- Let (X, <) be a partially ordered set and (X,d) be a complete metric space. Let F: X3 —» Xbea
continuous mapping having the mixed g - monotone property on X and (X3) c g(X) . Suppose there exist
a € [0,1) for which,

d(F(x,y,z),F(u,v,w)) <a(d(gx,gu) + d(gy,gv) + d(gz gw)) 2.22
Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist X ,¥g,Zo € X such that

gxo < F(X0,¥0,%0), 8Y0o = F(yo,X0,¥o), and gz, < F(zg,Y0,%o)
Then there exist X,y,z € X such that,

F(x,v,z) = gxF(y,x,y) = gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.

3 a2

in Theorem 2.3.

Proof:- It follows by taking u (t) = a (t),@(t) = 3 a? (t) and ¢ (t) = :
Corollary 2.5:- Let (X, <) be a partially ordered set and (X, d) be a complete metric space. Let F: X3 — Xbea
continuous mapping having the mixed g - monotone property on X and F(X3) c g(X) . Suppose there exist
@ €D, ¢ €Y for which,

d(F(xy,2), F(u,v,w)) < (d(gxgu) + d(gy,gv) + d(gzgw))

—y(d(gxgu) + d(gy,gv) + d(gzgw)) 2.23

Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist Xq,¥q,Zo € X such that

gXo < F(X0,¥0,20), 8Y0 = F(yo,Xo,¥o), and gzo < F(zo,Y0,Xo)
Then there exist x,y,z € X such that,

F(x,v,z) = gx,F(y,x,y) = gy,and F(z,y,x) = gz.
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That is, F and g have a triplet coincidence point.

Proof:- In Theorem 2.3, taking u(t),= @(t) = t we get corollary 2.5.

Theorem 2.6:- Let (X, <) be a partially ordered set and (X, d) be a complete metric space. Let F : X3 — Xbe
a continuous mapping having the mixed g - monotone property on X and (X3) ¢ g(X) . Suppose there exist
W @ € P, Y €W for which,

n (d(F(X,y,Z),F(u,v,W)) + d(Fy,xy), F(v,u,v)) + d(F(z,y,X),F(w,v,u)))
< o(d(gxgw) + dlgy,gv) + d(gz gw))
— Y(d(gx,gw) + d(gy,gv) + d(gzgw)) 224
Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and commutes with F. If there exist x,,V,,Z, € X such that

g% < F(X0,¥0,20), 8Y0 = F(¥o,X0,¥0), and gzo < F(zo,¥0,%o)
Then there exist x,y,z € Xsuch that,

F(x,y,2) = gxF(y,xy)
That is, F and g have a triplet coincidence point.
Proof:- From the Theorem 2.3 we have,

b (d(FGoy, 2, v,w))) < Jo(dlgxgu) + dlgy,gv) + dlgzgw)
—2y(d(gxgu) + d(gy,gv) + d(gzgw)) 2.25

gy,and F(z,y,x) = gz.

Similarly we get,
1 (d(F@ %), F(v,uv)) <7o(d(gxgu) + dgy.ev) + dlgy,ev)

—>(d(gx,gu) + d(gy,gv) + d(gy,gv)) 2.26
and
w (d(F(zy, %, Fw,v,w)) <>e(d(gx,gu) + d(gy,gv) + d(gzgw))

—gl],l( d(gx, guw) + d(gy,gv) + d(gz gw)) 2.27

by adding (2.25), (2.26) and (2.27) and property of u then the result is follows similarly to the prove of Theorem
2.3 and nothing to remain prove in Theorem 2.6.

Remark 2.7:- If we take @(t) = % tand P(t) = %t in Theorem 2.6 then we get special case of Theorem 1.3.
Remark 2.8:- If we take p = 3t, @(t) = tand ¥(t) = (1 — k) tin Theorem 2.3 then we get special case of
Theorem 1.1 fora = b = ¢ = gwhere k < 3.

Theorem 2.9:- In addition to hypothesis of Theorem 2.3 suppose that for all (x,y,z) and (u,v,w) in X3, there
exists (a,b,c) in X3 such that (F(a,b,c),F(b,a,b),F(c,b,a)) is comparable to (F(x,y,z), F(y,x,y),F(zy,x))
and (F(u, v,w),F(v,u,v),F(w,v, u)) Also assume that y, ¢ are non decreasing. Then F and g have unique
tripled common fixed point (x,y,z) that is
x =gx = F(xyz),y =gy = F(yxy)andz = gz = F(z,y,x).
Proof:- Due to Theorem 2.3, the set of tripled coincidence points of F and g is not empty. Assume now, that
(x,y,2) and (u, v, z) are two tripled coincidence points of F and g that is
F(xy,z) = gxF(y,x,y) = gyandF(zy,x) = gz,
F(uv,w) = gu,F(v,u,v) = gvand F(w,v,u) = gw
We will show that (gx, gy, gz) and (gu, gv, gw) are equal.
By assumption, there is (ab,c) in X3 such that (F(a, b, c),F(b,a,b),F(c,b, a)) is comparable to
(F(x,v,2),F(y,x,¥), F(z,y,%x)) and (F(u,v,w), F(v,u,v), F(w, v,u)).
Define the sequence {ga,}, {gb,}and {gc,}such thata = ay,b = by, ¢ = ¢y and
ga, = F(ap_1,by_y,cny)
gbn = F(bn—l' an-1 bn—l)
gCh = F(Cn—llbn—l'an—l)
for all n. Further, set X = Xq,y = yg9,Z = Zgandu = uy,Vv = vo,w = w, and similarly define the
sequences {gxn}, {8yn}, {gzn}and {gun}, {gv_n}, {gwy}. Then,
g = F(xy,2) gu, = F(u,v,w)
gyn = F(y,xy) gvn = F(v,u,v) 2.28
gz, = F(zy,x) gwy, = F(w,v,u)
for all n > 1. Since (F(x,¥,2),F(y,%xY¥),F(zy,x)) = (gX1,8y1,821) = (gx,8y,8z) is comparable to
(F(a,b,c),F(b,a,b),F(c,b,a)) = (ga;, gby,gcy), then it is easy to see that (gx,gy,gz) = (ga;, gby, gcy).
Recursively, we get that
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(gx,gy,gz) = (ga, gby,gc,) Vn = 0. 2.29

By using (2.29) and (2.1), we have
1 (d(F(xy,2), F(an by c))) <3 ¢(d(gx gan) + d(gy,gbn) + d(gzgen))

—>(d(gx, gan) + d(gy,gbn) + d(gz gcn)) 230
From (2.30), we deduce that y,,; < @(y,), wherey, = d(F(x, y,z),F(ap_1,bp_1, Cn—l))'
Yo < @" (Vo)
That is the sequence d(F(x, y,z),F(ap_1,bp_1, Cn—l)) is decreasing. Therefore, there exists a = 0 such that
lim, _, ., [d(gx,ga,) + d(gy,gb,) + d(gz gc,)] =a. 2.31

We shall show that « = 0. Suppose, to the contrary, that « > 0. Taking the limitasn — oo in
(2.30), we have

n@ < @(o) — lim, o Y(d(gx gay) + d(gy, gbn) + d(gz gc)) < @ (@)
a contradiction. Thus, a = 0, that is

lim, _, ,, [d(gx,ga,) + d(gy,gb,) + d(gz gc,)] = 0. 2.32
It implies
lim, ., [d(gy,gb,)] = lim,_,  [d(gz gc,)] = 0

lim,, o, [d(gx, gan)]
Similarly we show that
lim, _, & [d(gu' gan)] = lim, [d(gV, gbn)] = lim, o [d(gW' gcn)] =0 233
Combining (2.32) and (2.33) yields that (gx, gy, gz) and (gu, gv, gw) are equal.
Since F(x,y,z) = gx F(y,x,y) = gyand F(z,y,x) = gz by commutativity of F and g, we have
g(F(xy,z)) = g(gx) = F(gx gy g2)
g(F(y,xy)) = g(gy) = F(gy,8x 8y)
g(F(z y,x)) = g(gz) = F(gz gy, gx),
Denote gx = x',gy = y' and gz = z'. From the precedent identities,
F(x'y',z') = gx,F(y,x,y)) = gy'and F(z'y',x) = gz’
That is, (x',y',2z") is a tripled coincidence point of F and g. Consequently, (gx’,gy’, gz") and (gx, gy, gz) are
equal, that is gx = gx',gy = gy’ and gz = gz'.
We deduce gx = gx' = x,gy = gy’ = y andgz = gz’ = z Therefore, (x',y’,2") is a tripled common fixed
point of F and g. Its uniqueness follows from Theorem 2.3.
Remark that Theorem 2.3 is more general than Theorem 1.1, since the contractive condition (2.1) is weaker than
(1.1), also Theorem 2.3 is generalization of the Theorem 1.3. A fact which clearly illustrated by the following
example.
Example 2.10:- LetX = Rwithd(x,y) =| x — y | and natural ordering and let g:X — X,and F:X3® - X
be given by

gx)=—x, n = 1,2,3....... X € X
and

F(x,y,z) = 22 v (x,y,z) € X3
It is clear that F is continuous and the mixed g — monotone property. We now take pu(t) = t, @(t) = nTﬂtand
Yt = M2 ¢ Then it is easy to see that all the hypotheses of Theorem 2.3 are satisfied and (0,0,0) is tripled

n+1
coincidence point of F and g.

Now forx = u,z = wand v > y, we have

d(F(x,y,2), F(u,v,w)) =%I v—yl >§I v — y|Zg[d(x,u)-i-d(y,v)-i-d(z,w)]
K

for any k € [0,1) that is the conition (1.1) given in Theorem 1.1 is not applicable for,a = b = ¢ = T

References

1. Bhaskar T.G. and Lakshmikantham V., Fixed point theory in partially ordered metric spaces and
applications. Nonlinear Anal. 65, 1379 - 1393 2006.

2. Lakshmikantham V., Ciric Lj. B., "Coupled fixed point theorems for nonlinear contractions in partially
ordered metric spaces". Nonlinear Anal. 70,/ 4341-4349 2009.

3. Karapinar E. Couple fixed point on cone metric spaces. Gazi Univ. J. Sci. 241/, 51-58 2011.

4. Karapinar E., Coupled fixed point theorems for nonlinear contractions in cone metric spaces. Comput.
Math. Appl. 5912 3656-3668 2010.

5. Aydi H., Mujahid A. and Postolache M., Coupled coincidence points for hybrid pair of mappings via
mixed monotone property. J. Adv. Math. Studies 51, 118-126 2012.

52



Mathematical Theory and Modeling wWww.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl

Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

6. Aydi H., Some coupled fixed point results on partial metric spaces. Int. J. Math. Math. Sci., 2011/,
Article ID 647091, 11 2011.

7. Aydi H., Samet B. and Vetro C., Coupled fixed point results in cone metric spaces for ~ w-compatible
mappings. Fixed Point Theory Appl. 2011/, 27 2011.

8. Aydi H., Damjanovic B., Samet B. and Shatanawi W., Coupled fixed point theorems for nonlinear
contractions in partially ordered G-metric spaces. Math. Comput. Model. 54, 2443-24502011.

9. Aydi H., Shatanawi W. and Postolache M. Coupled fixed point results for @, \psi-weakly contractive
mappings in ordered G-metric spaces. Comput. Math. Appl. 63/, 298-309 2012.

10. Choudhury B.S., Metiya N. and Kundu A., Coupled coincidence point theorems in ordered metric
spaces. Ann. Univ. Ferrara 57,/ 1-16 2011.

11. Choudhury, B.S. and Kundu A., A coupled coincidence point result in partially ordered metric spaces
for compatible mappings. Nonlinear Anal. 73,/ 2524-2531 2010.

12. Luong N.V. and Thuan N.X., Coupled fixed points in partially ordered metric spaces and application.
Nonlinear Anal. 74,/ 983-992 2011.

13. Samet B., Coupled fixed point theorems for a generalized Meir- Keeler contraction in partially ordered
metric spaces. Nonlinear Anal. 7412/, 4508-4517 2010.

14. Samet B. and Vetro C., Coupled fixed point, f-invariant set and fixed point of N-order. Ann. Funct.
Anal. 12, 46-56 2010.

15. Alber Yal, and Guerre - Delabriere S., 'Principles of weakly contractive maps in Hilbert spaces. In
Gohberg I, Lyubich Yu, editors. New results in operator theory', Advances and applications, 98 1997
7-22.

16. Rhoades B.E., Some theorems on weakly contractive maps., Nonlinear Analysis, 47 2001 2683-2693.

17. Khan M.S., Swaleh M.and Sessa S., "Fixed point theorems for altering distances between the points',
Bull. Aust. Math. Soc. 30 1984 1-9.

18. Naidu SVR, "Some fixed point theorems in metric spaces by altering distances', Czechoslovak Math. J.
53/1 2003 205-12.

19. Sastry KPR and Babu GVR, ‘Some fixed point theorems by altering distances between the points.', Ind.
J Pure Appl. Math. 30/6 1999 641-7.

20. Choudhury B.S., "A common unique fixed point result in metric space involving generalized altering
distance.', Math. Commun. 10 2005 105-10.

21. Doric D., "Common fixed point for generalized {5, — weak contractions.',Appl.Math. Lett. 22 2009
1896-900.

22. Berinde V. and Borcut M., Tripled fixed point theorems for contractive type mappings in partially
ordered metric spaces. Nonlinear Anal. 7415, 4889-4897 2011.

23. Aydi H., Karapinar E., and Postolache M., Tripled coincidence point theorems for weak -
contractions in partially ordered metric spaces., Fixed Point Theory and Applications 2012, 2012:44 doi:
10.1186/1687-1812-2012-44.

24. Beg I. and Butt A.R. ,'Common fixed point for generalized set valued contractions satisfying an
implicit relation in partially ordered metric spaces. Math. Commun. 15 2010 65-76.

25. Datta P.N. and Choudhury B.S., "A generalisation of contaction principle in metric spaces', Fixed Point
Theory and Appl. 2008 article ID 406368.

26. Choudhury B.S. ,Certain common fixed point theorems in complete metric spaces', Soochow J Math.
22/3/1996 427-34.

27. Fisher B., "Common fixed point of mappings and setvalued mappings', Rostock Math Colloq 18/1981
69-77.

28. Fisher B. and Iseki K., "Fixed points for set valued mappings on complete and compact metric spaces’,

Math. Japonica 28/1983 639-46.

53



This academic article was published by The International Institute for Science,
Technology and Education (IISTE). The IISTE is a pioneer in the Open Access
Publishing service based in the U.S. and Europe. The aim of the institute is
Accelerating Global Knowledge Sharing.

More information about the publisher can be found in the IISTE’s homepage:
http://www.iiste.org

CALL FOR PAPERS

The 1ISTE is currently hosting more than 30 peer-reviewed academic journals and
collaborating with academic institutions around the world. There’s no deadline for
submission. Prospective authors of IISTE journals can find the submission
instruction on the following page: http://www.iiste.org/Journals/

The IISTE editorial team promises to the review and publish all the qualified
submissions in a fast manner. All the journals articles are available online to the
readers all over the world without financial, legal, or technical barriers other than
those inseparable from gaining access to the internet itself. Printed version of the
journals is also available upon request of readers and authors.

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

m EB O INDEX (@‘ COPERNICUS
I N TEIRNATTIONA L

INFORMATION SERVICES
ULRICHSWEE,, JournalTocs @D

N\ > i
> = E'z g Elektronische
BA = [ e @O@ Zeitschriftenbibliothek O

Bielefeld Academic Search Engin
open

Lo G

The world’s libraries. — UniverseDigitalLibrary —
Connected. WorldCat

Ny

'- ¥
GEORGETOWN UNIVERSITY
LIBRARY



http://www.iiste.org/
http://www.iiste.org/Journals/

