Mathematical Theory and Modeling wWww.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) b rl
Vol.3, No.6, 2013-Selected from International Conference on Recent Trends in Applied Sciences with Engineering Applications “s E

Some Fixed Point Theorem for Expansive Type Mapping in
Dislocated Metric Space

A.S.Salyj a' , Alkesh Kumar Dhakde 2 , Devkrishna Magarde 3
1.J.H.Govt.P.G.College Betul (M.P.) India-460001
2.IES College of Technology Bhopal (M.P.) India-462044
3.Patel College of Sci. & Technology Bhopal (M.P.) India-462044

Abstract
The purpose of this paper is to present some fixed point theorem in dislocated quasi metric space for expansive

type mappings.
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Introduction and Preliminaries:

It is well known that Banach Contraction mappings principle is one of the pivotal results of analysis.
Generalizations of this principle have been obtained in several directions .Dass and Gupta [1] generalized
Banach’s Contraction principle in metric space. Also Rhoades [2] established a partial ordering for various
definitions of contractive mappings. In 2005, Zeyada Salunke [4] proved some results on fixed point in
dislocated quasimetric spaces. In 2005, Zeyada et al.[3] established a fixed point theorem in dislocated
quasimetric spaces. In 2008, Aage and Salunke [4] proved some results on fixed point in dislocated quasimetric
spaces. Recently, Isufati [5], proved fixed point theorem for contractive type condition with rational expression
in dislocated quasimetric spaces. The following definitions will be needed in the sequel.

Definition 1.1(See [3]). Let X be a nonempty set, and let d : X x X — [0,00) be a function, called a distance
function. One needs the following conditions:

M d(x,x)=0,

(M2)d(x,y)= d(y,x)= 0,then x=y

M3)d(x, y)=d(y,x),

M4y d(x,y)<d(x,z)+d(z,y),

M4)' d(x,y)S max{d(x,z),d(z,y)}, forallx,y,ze X .

If d satisfies conditions (M1)-(M4), then it is called a metric on X . If d satisfies conditions (M1), (M2), and
(M4), it is called a quasimetric on X . If it satisfies conditions (M2)-(M4) ((M2) and (M4)), it is called a
dislocated metric (or simply d-metric) (a dislocated quasimetric (or simply dg-metric)) on X , respectively. If a
metric d satisfies the strong triangle inequality (M) ', then it is called an ultrametric.

Definition 1.2 (See [3]). A sequence {xn} in dg-metric space (dislocated quasimetric space) (X ,d ) is

neN
called a Cauchy sequence if , for given &>0 , there exists ©, € N such that d(xm,xn)<6 or

d(x,,x,)<e ,thatis, min{d(x,,x, ).d(x,,x, )} <& forall m,n>n,.
Definition 1.3 (See [3]). A sequence {xn }neN in dg-metric space [d-metric space] is said to be d-converge to

X € X provided that
limd(x,,x)=limd(x,x,)=0 (1.1)

n—>0 n—0

In this case, X is called a dq-limit [d-limit] of {xn} and we write X, —> X .

Definition 1.4 (See [3]). A dq-metric space (X ,d ) is called complete if every Cauchy sequence in it is a dq-

convergent.

Main Results

In this paper, we prove some fixed point theorem for continuous mapping satisfying expansion condition in
complete dg-metric space.

Theorem 2.1: Let (X ,d ) be a complete dislocated metric space and 7' a continuous mappings satisfying the
following condition:
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d(Tx,Ty)+a d(x,Ty)+ d(y,Tx) > d(x,Tx)[1+d(y,Ty)]_H/d(x,y)
1+d(x, Ty)d(y, Tx) 1+d(x,y)

For allx,y € X, x# y ,where &, 5,7 20 are real constants and f+y >1+2a,y >1+« .Then T

has a fixed point in X .

@.1)

Proof: Choose X, € X be arbitrary, to define the iterative sequence {xn} as follows and

neN
Ix, =x,, forn=123..... Then, using (2.1) we obtain

d(Tx Tx ) d( "“’Tx"”)—i_d( ”*”Tx””) >,3d( ”*“Txnﬂ)[l"'d( n+2’Txn+2)]
" " 1+d( n+l’ n+2)'d( n+2’Txn+l) 1+d( n+l’ n+2)
+7d( n+1’ n+2)

- d(x xn+1)+a|: d(xn+19 n+1)+d( Xpy2sX ) :|2 d( Xo15% )[1+d( Koo X )]
+ d( n+1 s n+1 )‘d(xn+2 2 xn ) 1 + d( n+1 2 n+2 )
= d(‘xn s xn+l )+ O(d( n+2 s X ) 2 ﬂd( xn+l )+ yd(xn-%—l H xn+2 )
= d(‘xn s xn+l )+ Old(xn H xn+l )+ aCZ(an s xn+2 ) 2 ﬂd(‘xn ’ xn+1 )+ 7d(‘xn+l s xn+2 )
= (1 ta-— ﬂ)d(xn ’xn+1 ) 2 (7/ - a)d(xn-H ’xn+2 )
The last inequality gives
l+a-p
d(xn+l > xn+2 ) < (—Jd('xn H xn+1 )
y—a
< kd(xn 2 'xn+1 )
(I+a-p)
(ry—a)
d(‘xn+l > Xp42 ) < kn+ld(x0 > Xy )
Note that, for m,n € N such that m > n we have
d(xm,xn)ﬁd(xm,x )+d( X, X m2)+ ................. +d(xn+l,xn)
<™ E T + k" d(x,,x,)
k(14 h A+ e k"W (0 x,)
< k”ik”d(xo,xl)

r=0

n

+ 7d( n+1’ n+2)

2.2)

Where k = < 1. Hence by induction, we obtain

l_kd(xoax1) 23

Since 0 < k <1, then asn — 0, k"(1—k)" — 0. Hence, d(xm,xn)—)() as m,n — o0 .This forces

that {xn }neN is a Cauchy sequence in X . But X is a complete dislocated metric space; hence, {xn }neN is d-
converges. Call the d-limit xeX .Then, x, — x"as n— o .By continuity of 7" we have,
Tx" =T|d ~limx, |=d ~limTx, = d - limx,_, =" 2.4)

n—0 n—0 n—0

That is, Ix' = x*; thus, 7' has a fixed point in X .
Uniqueness

Let y* be another fixed point of 7" in X , then Ty* = y*and Tx" =x .now,
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oo [dle . )+dt )] a1 d( )
d(rx',1y" )+ a SANANANELLAD ) P L Nd(x, ) @s)
L+d(x", 1y )d(y", 1x") 1+d(x",y")

This implies that

. d(x*,y*)+d(y*,x*) d(x*,x*ll+d(y*,y*)] . e

d(x 7y )+a|:l+d(x*,y*)d(y*,x*):|2 l+d(x*,y*) +7d(x :»y )
. e Zad(x*,y*) . s
:>d(x ,V )+—1+[d(x*,y*)]2 Z}/d(x , ¥ )

= d(x*,y*)+[d(x*,y*)]3 +2ad(x*,y*)2 ;/d(x*,y*)+ }/[a’(x*,y*)]3
= (1+ Za—y)d(x*,y*)z (17/—1)[61’(36*,)/*)]3

d(x*,y*)s (Hzﬂ)s d(x*,y*)
y-1 (2.6)
This is true only when d(x*,x*): 0 .Similarly d(y*,x*)z 0 .Hence d(x*,y*)z d(y*,x*): 0 and
s0 X = y* .Hence, T has a unique fixed point in X .

Theorem 2.2: Let (X ,d ) be a complete dislocated metric space and T a sujective mapping satisfying the
condition (2.1) for all x,ye X,x#y , where «, ﬂ ,y >0 are real constants and
P+y>1+2a,y >1+a.Then, T has a fixed point in X .

Proof : Choose X, € X to be arbitrary , and define the iterative sequence {xn} as follows :

neN
Ix, =x,  for n=123,...... Then , using (2.1) , we obtain , sequence {xn}

,, is a Cauchy sequence in

neN

X But X is a complete dislocated metric space ; hence {xn} is a d-converges. Call the d-limit

neN
* %
X €X .Then, x, > X asn —> 0.

Existence of fixed point
Since T is a surjective map, so there exists a point y in X , such that x = Ty .Consider

d(xn > x) = d(Txn+l > Ty)
> d(xn+l ﬁTy)+ d(y’Tan) d(xm—l ’Txn+l )[1 + d(yﬁ Ty)]
- 1 + d(xn+l 9Ty)d(y’ Txn+l ) 1 + d(erl ’y)

+ 7d(xn+l’y)

Takingn — o0, we get 7
3 d(x,x)+ d(y,x) d(x,x)[1+d(y,x)]

d(x,x)z a{l+d(x,x).d(y,x)} vp l+d(x,y) " ]/d(x,y)

OZ—ad(x,y)+]/d(x,y) (2.8)

= (r-ad(x.y)<0

=d(x,y)=0as y>a

Similarly, d(y, x) =().Hence d(x,y) = d(y,x) =0

This implies x = y and so7x = x, that is x is fixed point of 7" .
Uniqueness

Let y* be another fixed point of 7 in X , then Ty* =y* andTx = x . Now,
d(x*,Ty*)+d(y*,Tx*) d(x*,Tx* :1+d(y*,Ty*): . s
1+d(x*,Ty*)d(y*,Tx*) - 1+d(x*,y*) +7/d(x Y )

d(Tx*,Ty*)+a
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This implies that ( ) ( ) ( 1 ( )]
.« o+ dix",y )+dly", x dix ,x 1+dly",y
d(x Y )+a{l+d(x*,y*)d(y*,x*)}2 1+d(x*,y*)
Zad(x*,y*) dlt v
l+[d(x*,y*)]2 27/ (x Y )
= a’(x*,y*)+[d(x*,y*)]3 +2ad(x*,y*)2 ;/d(x*,y*)+ }/[d(x*,y*)]z
:>(1—205—7/)d(x*,y*)2(7/—1)[d(x*,y*)]3

1
:d(x*,y*)ﬁ(szd(x*,y*)
y-1 (2.9)
This is true only Whend(x*,y*)z 0. Similarly, d(y*,x*)zO. Hence d(x*,y*)zd(y*,x*): 0 and

+7d(x*,y*)

= d(x*,y*)+

so X = y* . Hence T has a unique fixed point in X .
The proof is completed.
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