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Abstract

In this paper we study the rough probability in the topological spaces which we can consider them as
results from the general relations on the approximation spaces.
Keywords: Stochastic approximation space, rough expectation, rough variance, rough probability generating
function, rough characteristic function.

1. Introduction

In [2] pawlak introduced approximation spaces during the early 1980s as part of his research on
classifying objects by means their feature. In [1] rough set theory introduced by Pawlak in 1982, as an extension
of set theory, mainly in the domain of intelligent systems. In [4,5] m. Jamal and N. Duc rough set theory as a
mathematical tool to deal with vagueness and incomplete information data or imprecise by dividing these data
into equivalence classes using equivalence relations which result from the same data. This paper study the rough
probability in the topological spaces which we can consider them as results from the general relations on the
approximation spaces.

2. Rough Probability in Topological Spaces

In [4] m. Jamal study stochastic approximation spaces from topological view that generalize the stochastic
approximation space in the case of general relation. We generalize the stochastic approximation space in the case
of general relation. Since the approximation space K = (U,R) with general relation R defines a uniquely
topological space (U, 1)), where U/R is a subbase of 7, then the order triple S = (U,R, P) is called the
stochastic approximation space, where R is a general relation and P is a probability measure. We give this
hypothesis in the following definition.

Definition 2.1. [4]. Let K = (U, R) be an approximation space with general relation R and 7 is the topology
associated to K. Then the order 4-tuples S = (U, R, P, 1}, ) is called a topologized stochastic approximation space.

2.1 Rough Probability

There is no problem to find the probability of an observable set as it will be the same as the usual
probability. The problem occurs when evaluating the probability of the unobservable sets. In order to investigate
this problem we obtain some rules to find lower and upper probabilities in topologized stochastic approximation
spaces with general relations [4].

Definition 2.2. [4]. Let A be an event in the topologized stochastic approximation space S = (U, R, P, ty ). Then
the lower (resp. upper) probability of 4 is given by:

P(A) = P(A) (resp. P(A)=P(A7)).

where A"=U{GSX:GSAandGeT}and A~ =nN{FSX:ACSFandF €1,'}. Clearly, 0 < P(4) <1
and0 < P(4) < 1.

Proposition 2.3. [4]. Let A,B be two events in the topologized stochastic approximation space S =
(U,R,P, ;). Then

1) P(A) < P(4) < P(A).

2) P(®) = P(®) = 0.

3)P(U) =P(U) = 1.

4) P(A°) =1— P(A).

5)P (A9 =1-P (A).

6) P(AUB) < P(A) + P(B) — P(AN B).
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7)P(AUB) = P(A) + P(B) = P(AN B).

Definition 2.4. [4]. Let A be an event in the topologized stochastic approximation space S = (U, R, P, 7} ). The
rough probability of A, denoted by P*(4), is given by:

P*(A) =(P(4),P(4)).

Example 2.5. Consider the experiment of choosing one card from four cards numbered from one to four. The
collection of the four elements forms the outcome space. Hence
U ={1,2,3,4}.
Let R be a binary relation defined on U such that
R ={(1,1),(2,2),(3,2), (3:4)}.
Thus U/R = {{1},{2},{2,4}}. Let K = (U, R ) be an approximation space and t; is the topology associated to .
Thus

7 ={U,0,{1}, {2}, {1,2}, {2,4}, {1,2,4}}
Tk* = {U' ®' {3}l {1l3}ﬁ {3’4}5 {153’ 4}; {253’4}}
Define the random variable X to be the number on the chosen card. We can construct Table 2.1 which contains

the lower and the upper
probabilities of a random variable X = x as following :

Table 2.1: Lower and upper probabilities of a random variable X

X 1 2 3 4
P(X =x) 1 1 0 0
_ 4 4
P(X = x) - 3 E -

4 4 4 4

2.2 Rough Distribution Function
The distribution function of a random variable X gives the probability that X does not exceed x. We
define the lower and upper distribution functions of a random variable X.

Definition 2.6 [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R, P, 1y ). The lower distribution (resp. upper distribution) function of X is given by:

F(x)=P(X < x) (resp.f(x) =P(X < x)).

Definition 2.7. [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R, P, 1y ). The rough distribution function of X, denoted by F*(x), is given by:

F*(x) = (F(x),F(x)).

Example 2.8. Consider the same experiment as in Example 2.5. The lower and upper distribution functions of X
are

0 —o<x<1

1

% 2<x<w
And
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0 —wo<x<l1
2
- 1<x<?2
2 x
> 2< 3
Foo) =1{% sx<
6
- 3<x<4
2 x
P 4<x<
— o0
4 =X ]
) = (25
Therefore F*(2) = (4 , 4).

2.3 Rough Expectation
We define the lower and upper expectations of a random variable X in the topologized stochastic
approximation space S = (U, R, P, 7y ).

Definition 2.9 [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R,P,1;). The lower (resp. upper) expectation of X is given by:
n

ECO = ) % P(X = x,)
k=1

resp.
n

E(X) = z i P(X = x3).

k=1

Definition 2.10 [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R, P, 1y ). The rough expectation of X is denoted by E*(X) and is given by:
E'() = (ECO.E()).
Example 2.11. Consider the same experiment as in Example 2.5. Then the lower and upper expectations of X are
E(X) =075, EX) = 4.75
Hence rough expectation of X is
E*(X) = (0.75,4.75).

Theorem 2.12. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, 7}, ).
For any constants a and b, we have

E(aX +b) =aE(X)+bcwhere0<c<1

Proof.
n

E@X +) = ) (@x + P = Y (@xP0) + bECx)
k=1

k=1

n

—a Z %P () + b k_lg(xk)

k=1
=aE(X)+ bcwherec =Y} P(x) (i.e. 0 <c <1).

Theorem 2.13. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty, ).
For any constants a and b, we have

E(aX +b) = aE(X) + bd where1 <d <n,n€N*.
Proof.
The proof is similar to Theorem 2.12.



Mathematical Theory and Modeling wWww.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) g
Vol.3, No.5, 2013 Ils E
2.4 Rough Variance

We define the lower and upper variances of a random variable X in the topologized stochastic
approximation space S = (U, R, P, Ty ).

Definition 2.14. [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R,P, 1y ). The lower (resp. upper) variance of X is given by:

Vo0 =E(x = EQ) (resp. V00 = E(x - B0’ ).

Definition 2.15. [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U, R, P,7}). The rough variance of X is denoted by V*(Z) and is given by:

Vo0 = (v, 7).
Example 2.16. Consider the same experiment as in Example 2.5. Then the lower and upper variances of X are
V(X) =04, V(X)=13.75
The rough variance of X is ¥ *(X') =(0.4,13.75).

Theorem 2.17. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, 7}, ).
Then

V() = E@)? ~ 2~ o) (E(X)) where ¢ = Xy P(x.)
Proof. We have

E(x - E00) = E(x* —2xE00 + (E)’)

n

= E0? = 2600 EX) + ¢ (ECO) where ¢ = " PGxy)

k=1
= EW? -2 (EW) +c(E@)
=EMX)?* - (2-EX)?.
Theorem 2.18. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty, ).
Then
V(X) = E0)? - 2 — d) (ECO) ) where d = S, P(xy).
Proof.

The proof is similar to Theorem 2.17.

Theorem 2.19. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, 7}, ).
Then for any constants a and b, we have

V(ax +b) = 2E(X?) - (2a - ¢) (X)) + 2b(a — OE(X) + b

Where ¢ = Y=, P(x;).
Proof. We have

V(X +b) = E((aX +b) = ECD)
= E(aX + bY? - 2(aX + DERX) + (E())’
= g(azxz + 2abX + b? — 2aXE(X) — 2bE(X) + (g(X))z)

= a2E(X?) + 2abE(X) + b%c — 2a (g(x))2 —2bcE(X) + ¢ (g(x))2
Where ¢ = Xg—; P(xx)
= 2E(x®) - (20— ¢) (E(0) +2b(a — )EC) + bc.
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Theorem 2.20. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P,y ).
Then for any constants a and b, we have

V(aX + b) = a?’E(X?) — (2a — d) (E(X))2 +2b(a — DE(X) + b*d

Where d = ¥7_, P(xy,) .
Proof.
The proof is similar to Theorem 2.19.

2.5 Rough Moment Generating Function and Rough Characteristic Function

Definition 2.21. [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R, P, 1} ). Then the lower (resp. upper) moment generating function of X is defined by:
My (t) = E(e*)

(resp. My(t) = E(e™)).

Definition 2.22. [4]. Let X be a random variable in the topologized stochastic approximation space S =
(U,R, P, 1} ). Then the rough moment generating function of X is defined by:

My (©) = (Mx(0), 7).

Example 2.23. Consider the same experiment as in Example 2.5. Then the lower and upper moment generating

functions of X are

My (X) == (e + %), My(X) == (2e + 3e2 + e3¢ + 2¢*).

T4 T4

Theorem 2.24. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty ).
For any constants a and b, we have

Hy(® = e 10 ;)

X+a

Where Y = -
Proof. We have
My () = Ee) = E (o' (59))
= E(e(%) t . e(%)x)
= e(%) t E (e(%)x>

=@ e (9).

Theorem 2.25. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty, ).
For any constants a and b, we have

R a _/t
M, (0) = )t 71, (B)
Where Y = Xﬁ.
b

Proof.
The proof is similar to Theorem 2.24.

Definition 2.26. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty ).
The lower (resp. the upper) characteristic function of X is denoted by @ (t) (resp. @x(t)) and is given by:
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0u(0) = E(e™) = ) e™P(X)
X
(resp. By (t) = E(ei™) = Xy e!™P(X)).

Definition 2.27. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty ).
Then The rough characteristic function of X is denoted by @, " (t) and is given by:

0x°(®) = (0x(0,Bx(0)).

Example 2.28. Consider the same experiment as in Example 2.5. Then the lower and upper characteristic
functions of X are

Dx(X) = T (e™ +e), Py(X) = 5 (2e' + 3%t + &3 4 2*1),

Theorem 2.29. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty, ).
For any constants a and b, we have

By () = e @y (at)
Where Y = aX + b.
Proof. We have

By () = Baxsn(t) = E(e" ()
_ E(eitb .ei(ta)X) _ eith(ei(ta)X)
= eitb®x(at).

Theorem 2.30. Let X be a random variable in the topologized stochastic approximation space S = (U, R, P, Ty, ).
For any constants a and b, we have

By (t) = e’ @y (at)
Where Y = aX + b.
Proof.
The proof is similar to Theorem 2.29.
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