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Abstract. In this paper, we introduce and study a new type of sets , namely strongly b7 -closed (briefly, b'r- closed)
set. This class is strictly between the class of closed sets and the class of gsg- closed sets. It is shown that the class of
b'r- open sets forms a topology finer than 7 . Relationships with certain types of closed sets are discussed and basic
properties and characterizations are investigated. Further, new characterizations of normal spaces are provided and
several preservation theorems of normality are improved.
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1. Introduction and Preliminaries.

The concept of generalized closed (briefly g-closed) sets was first introduced by Levine [16]. Arya et al. [2]
defined generalized s e mi-closed (briefly gs- closed)sets. Bhattacharyya and Lehiri [3] introduced the class of
semi- generalized closed sets (sg-closed sets). Maki, et al. [17, 18] introduced generalised o- closed and o-
generalized closed closed sets (briefly, go-closed, ag-closed). Ganster et al [2] introduced b7 - closed sets. Lellis et
al. [13] introduce the class of gsg- closed sets. Jafari [11] and Donchev [8] introduced the concept of sg-compact
spaces and studied their properties using sg-open and sg-closed sets.

Throughout this paper X and Y are topological spaces on which no separation axioms
are assumed unless stated explicitly. This paper consists of four sections.

In section 2, we introduce and study the class of b7 - closed sets and investigate its relations with certain types of
closed sets.

In section 3, we derive several properties and characterizations of b7 -closed sets and b7 -open sets.

In section 4, we provide some applications of b7 - closed sets.

Let us recall the following definitions which are useful in the following sections.

Definition 1.1. A subset A of a topological space (X, 7) is called:

(1) a semi-open set [15] if 4 € cl(int(4)).

(2) a pre-open set [20] if AS int(cl(4)).

(3) an a-open set[22] if 4 € int(cl(int(A))).

(4) ab- open set[2] if A < int(cl(A4)U cl(int( 4)

(5) a semi- pre-open set (B-open set) [1]if 4 € cl(int(cl(4))).
(6) aregular open set [23] if 4 = int(cl(A4)).

The complements of the above mentioned sets are called their respective closed sets. The semi closure [10] (resp.
a-closure [18], b- closure[2]) of a subset 4 of X denoted by scl(4) (resp. acl(4), bcl(4)) is defined to be the
intersection of all semi-closed (resp. a-closed, b- closed) sets containing A. The semi interior [10](resp. b- interior)
of A denoted by sint(4)( resp. bint(4)[2]) is defined to be the union of all semi-open(resp. b- open) sets contained in
A

Definition 1.2 Let (X, T) a topological space and 4 be a subset of X, then 4 is called
(1) generalized closed set [16](briefly g- closed) if cl(4) & U whenever 4 © U and U is open in X.
(2) semi- generalized closed set [4] (briefly sg- closed) if scl(4) SU whenever 4 C Uand U is semi-open in X.
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(3) a generalized semi-closed set [3](briefly gs- closed) if scl(4) & U whenever 4 &
Uand Uis open in X.
(4) a- generalized closed set [17](briefly ag- closed) if acl(4) C U whenever A € U and
Uis open in X.
(5) a generalized a- closed set [17](briefly ga- closed) if ac/(4) © U whenever AS U and
U is a-open in X.
(6) b - closed set [9] if bel(4) € U whenever 4 € U and Uis open in X.
(7) w- closed set [23] if c/(A) & U whenever 4 © U and U is semi-open in X.
®) a**g— closed set [18] if acl(A) € Int(cl(U) whenever AS U and U is open in X.
(9) generalized semi- pre- closed set [7] (briefly gsp- closed)if spcl(4) © U when- ever
A CU and Uis open in X.
(10) a generalized pre- closed set [19] (briefly gp- closed) if pci(4) & U whenever 4
CUand Uis open in X.
(11) a generalized sg- closed set [13](briefly gsg- closed) if ¢c/(4) & U whenever 4 © U
and U is sg-open in X.

The complements of the above mentioned sets are called their respective open sets.

2. b'T - Closed Set and its Relationships.

Definition 2.1. A subset 4 of a topological space X is called a strongly b 7 -closed set (briefly, bt -closed) if cl(4) ©
U whenever A € Uand Uis b7 -open in X.

The family of all 57 -closed subsets of X is denoted by Bz C(X).
It is easy to prove.
Proposition 2.2. Let X a topological space and 4 be a subset of X then:
(1) Every closed set isb 7 - closed.
(2) Every b'7 -closed is gsg- closed.

Remark 2.3. The converse of part (1) of Propositions 2.2 is true in general as shown in the following example.
Example 2.4. Let X = {a, b, c} with T={X, @, {a, c}}.Theset {a, b} is b7 - closed but not closed set.
Question: Is there a set which is gsg- closed but not b7 - closed?

From Remark 3.2 of [13], Proposition 2.2 and well- known results we have the following relations.
Proposition 2.5. For any topological space X, we have,
(1) Every b'7 -closed set is g-closed.
(2) Every b'r -closed set is w-closed.
(3) Every b’ -closed set is ag-closed.
(4) Every b'r -closed set is o g—closed.
(5) Every b’ -closed set is go-closed and pre-closed.
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(6) Every b'r -closed set is sg- closed and B-closed.
(7) Every b'r -closed set is gs- closed and gp- closed.

Definition 2.6. A subset 4 of Xis called b7 -open if and only if 4 is bt -closed, where A° is complement of 4.
The family of all 57 - open subsets of X is denoted by B*TO(X)

From Proposition 2.2 and Remark 2.5 we have the following result.
Theorem 2.7. (1) Every open set is b'r- open.
(2) Every b'r- open set is gsg- open set.
(3) Every b'r - open set is g- open and ®- open.
(4) Every bt - open set is gs- open, sg-open, - open and gsp- open.

(5) Every b'r - open set is ga- open, pre- open and og- open.

3. Characterizations and Properties of b 7 - Closed and b 7 - Open Sets.

First we prove that the union of two b7 - closed sets is b 7 - closed.
Theorem 3.1. If 4 and B are b7 -closed subsets of X then 4 UBis b7 -closed in X. Proof. Let 4 UBCUandU
be any b7 - open set. Then A € U, B € U. Hence cl(4) € U and cl(B) € U. But cl(4U B) = ci(4) U cl(B) € U.
Hence AU Bis b7 —closed. o

Theorem 3.2. (1) Ifaset A is b'r- closed, then c/(4) — A contains no non empty closed set (2) If a set 4 is b'r-
closed if and only if c/(4) — 4 contains no non empty b7 - closed set

Proof. (1)Let F be a closed subset of c/(4) — A . Then 4 € F*. Since 4 is b7 - closed then cl(A)E F°. Hence F&
(cl(A))°. We have F € cl(A)N(cl(4))°= ¢ and hence F is empty. Similarly, we prove (2). ]

Remark 3.3. The converse of Theorem 3.2 need not be true as the following example shows.

Example 3.4. Let X= {a, b, ¢} witht={X ¢, {a},{b, c}}.If A= {a, b} then
cl(4) —A=X- {a, b} = {c} does not contain non empty closed.

Theorem 3.5. If Ais b 7 - closed in Xand 4 € B Ccl(4) then Bis b'7 - closed in X.

Proof. Let B S U, W}lere Uis b7 - open set. Since AS B, so cl(4) S U. But BC cl(4), so cl(B) S cl(A)). Hence
cl(B) € U. Thus Bisb 7 - closed in X. o

Theorem 3.6. Let A CYC Xand Ais b 7 - closed in X, then A is b'7 - closed relative to Y.

Proof. Let A € YNG and G is b7 -open in X. Then 4 € G and hence c/(4) € G Then Y Ncl(4) €Y N G. Thus 4 is
b1 -closed relative to Y. o

Theorem 3.7. In a topological space X, BTO(X) = F if and only if every subset of X is a b 7 - closed, where
B10O(X)is the collection of all H7 - open sets in X and F is the set of closed sets in X.

Proof: If BI;O(X) =F. Let 4 is a subset of X such that AC U where UE BTO(X), then ci(4) € cl(U) = U.
Hence Ais b 7 - closed in X.

Conversely, if every subset of Xisa b7 - closed. Let U € B7(X). Then U S Uand Uis b'7 -closed in X, hence
94



Mathematical Theory and Modeling WWwWw.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) L ai
Vol.3, No.4,2013 ST

cl(U) S U. Thus cl(U) = U. Therefore B7O(X) S F. Now, if SE F. Then 5 is open and hence it is b7 -open.
Therefore S° € BTO(X) € F and hence S € F “. Therefore B71O(X) = F. o

Theorem 3.8. If 4isb7 - open and b7 - closed in X, then 4 is closed in X.

Proof. Since A is b7 - open and b’z - closed in X then, cl(4) € A and hence 4 is closed in X.
O

Theorem 3.9. For each xE€ X either {x} is 7 - closed or {x}°is b7 - closed in X.

Proof. If {x} is not H7 - closed in X, t*hen {x}%is not H7 - open and the only b7 -open set containing {x}°and its
closure is the space X. Hence{x}®is b 7 - closed in X. ]

Definition 3.10. The intersection of all 57 - open subsets of X containing A is called the b7 - kernel of A and is
denoted by b7 - ker(A4).

Lellis et al. [13] defined sg- ker(4) to be the intersection of all sg-open subsets of ~ containing A.
Remark 3.11. It is clear that b7 -ker(4) Csg- ker(A).

Theorem. 3.12. A subset 4 of Xis b'7 - closed if and only if c/(4) € bT - ker(A).

Proof. Let A bea b 7 - closed in X. Let x € ¢ I(4). Ifx & bT- ker (4) then there is a bT -open set U containing 4,
such that x & U. Since U is a b7 - open set containing 4, we have cl(4) C U, hence x& cl (4), which is a
contradiction.

Conversely, let cl(4) € b7 - ker(4). If Uis any b7 - open set containing 4, then
cl(4) S bt - ker(4) € U. Therefore A isb 7 - closed. o

Jankovic and Reilly[12] pointed out that every singleton {x} of a space X is either nowhere dense or preopen. This
provides another decomposition appeared in [5], namely X = X; U X where X, = {x € X:{x} is no where dense}
and X, = {x € X: {x} is preopen}. ]

Analogous to Proposition 4.1 in [13], we have the following.
Proposition 3.13. For any subset 4 of X, X; N cl(4) € bT - ker(4).
Proof. Let x € X, Ncl(A). If x & b7 - ker(A). Then there is a b7 - open set U containing A such that x € U. Then U°
is b7 - closed containing x. Since xEcl(4), so cl{x}Scl(4), we have int(cl({x}))< int(cl(4)). Since XE X,, so {x} C
int(cl({x}), hence int(cl({x}) # ¢. Alsox€Ecl(4), so ANint(cl({x})# ¢. Thus there is y € A Nint(cl({x}) and hence
y € A NU° . This is a contradiction. o

Since b7 -ker(4) C sg- ker(4),by Remark 3.11. we have the following results which is Proposition 4.1 of [13].
Corollary 3. 15. For any subset A of X, X;Ncl(A) € sg - ker(4).

Theorem 3.16. A subset A of X is b7 - closed, if and only if X;Ncl(4) € A.
Proof. Suppose that A is b'r -closed, and x € X; N cl(A). Then x €X, and

x € cl(4). Since x € X, int(cl({x}) = p. Therefore {x} is semi-closed. Hence int(cl({x}) & {x}. Since every semi-
closed set is gs-closed, hence b7 - closed [9]. So {x} is b7 -closed. If x & 4 and U= X— {x}, then Uis a b7 - open
set containing 4 and so cl(4) € U, since x€ c/(4). So xEU, which is a contradiction.

Conversely, let X; Ncl(4) € A.Then X, Ncl(A) C bT - ker(4), since A S b7 - ker(4). Now cl(4)=XNcl(d) = (X,
UX;) Nel(d) = (X, Ncl(4)) U (XN cl(4)). By hypothesis, X; Ncl(4)S bT —ker(4), and by Proposition 3.13, X, N
cl(4) € bt —ker(4).Then cl(4) € bt —ker(4). Hence by Theorem 3.12, A is b7 -closed. o
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Since every bt - closed set is gsg- closed, we have the following result which is a part of Theorem 4.9 in [15].
Corollary 3.17. If X;N cl(A) € A, then A is gsg- closed.

Theorem 3.18. Arbitrary intersection of b 7 -closed sets is b7 - closed.

Proof. Let F = {4i: i € A} be a family of b'7 -closed sets and let A= N;eq A;. Since A € A; for each i, X; Ncl(4) ©
X;Ncl(A;) for each i. By Theorem 3.16 for each b’z -closed set A;, we have X; N cl(4,)€ A, for each i. So X; N cl(4;)
C A for each i. Hence X; Ncl(A) ©X; Ncl(4;) € A for each i € A. That is X; N cl(4) € A. Hence by Theorem 3.16,
Ais b'7 -closed. o

From Theorem 3.1, we have,
Corollary 3.19. If A and B are b 7 -open sets then AN Bis b 7 -open.
From Theorem 3. 18, we have the following,

Corollary 3.20. Arbitrary union of '7 - open sets is b 7 - open.

From Corollary 3.19, Corollary 3.20 and Proposition 2.2(1), we have,
Corollary 3.21. The class of B*TO(X) forms a topology on X finer than T.
Theorem 3.22. AsetAis b'T -open if and only if F € int(4), where F is b7 -closed and F € 4.

Proof. Let F Sint(4) where F is bt -closed and FE*A. Then A°C F° where F° is *bT-open. Since F Sint(4). So
cl(A° ) © (F° ). Thus A°is b 7 - closed. Hence 4 is b 7 -open. Conversely, if A is b 7 - open, FE€ A and Fis b7-
closed. Then F*is b7 - open and A° € F°. Therefore c/(4°) € F°. Hence FC int(A). a

Theorem 3.23. If A S B € X where 4 is b 7 - open relative to B and Bis b7 - open in X, then 4 is b 7 - open in X.

Proof. Let Fbe a b7 - closed set in X and let F be a subset of 4. Then F = F N Bis b7 - closed in B. But A ish 7 -
open relative to B. Therefore F'C intz(A). Since

intg (4) is an open set relative to B. We have F © G N B € A, for some open set G in X. Since B is b:l' - open in X,
We have F € int(B) S B. Therefore F Sint(B)NG S BNG € A. Hence FC int(4). Therefore A is b 7 -open in X.
O

Theorem 3.24. If int(B)S B ©A and A is b T -open in X, then B is b'7 -open in X.

Proof. Suppose that int(A)*EB CAandAis b’ -open in X then 4° € B © ¢l (4A°) and since A° is b’z -closed in
X, by Theorem 3.6, Bis b 7 -open in X. o

Lemma 3. 25. The product of two b7 - open sets is b7 - open.

Proof. Let Ae B1O(X), Be BtO(Y) and W = AxB < X xY . Let F < W be a closed set in X x Y, then
there exist two closed sets F{ € A, F, € Bandso, F; c bint(4), F,  bint(B). Since F{ xF, € Ax B and
FxF, cbmt(A)xbint(B)=bint(Ax B) : Therefore AxBeBtO(XxY,tx0)

O

Theorem 3.26. Let (X,T) and (¥, o) be topological spaces, B be a subset of (¥,T),
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If X xBis b'r - closed in the product space (X x ¥, 7x &) , then Bis b7 - closedin (Y, o).

Proof. Let M be D7 - open subset of ¥ such that BC M. By Lemma 3.25, X x M is b7 - open. Since X x B'is
b'r-closedand X x B < X xM o cl(X xB)=X xcl(B) € X xM . Therefore, c/(B) = M . Hence B
is b'7-closedin (Y, o). o

4. Applications.

In this section, we introduce a new space namely, 7;) - Its relations with some known spaces are discussed and
some characterizations are provided. Further we make use of b7 - closed sets to obtain new characterizations of
normal spaces.

Let us recall the following concepts.

Definition 4.1. A topological space X is called a

(1) Ty2- space [16] if every g- closed set is closed.

(2) T,, - space [22] if every w- closed set is closed.

(3) Ty- space [6] if every gs- closed set is closed.

(4) T~ space [13] if every gsg- closed set is closed.

Definition 4.2. A space Xis called a 7;*1 -space if every b7 - closed set is closed.
From Definitions 4.1, 4.2, Proposition 2.2 and Proposition 2.5, we can easily prove that:

Proposition 4.3.

(1) Every Ty~ spaceisa T,. - space.

(2) Every T, -spaceisa T . -space.

(3) Every T, - spaceisa T}. - space.

(4) Every Ty, - space is a 1;*1 - space.

Remark 4.4.The converse of parts, 1, 2, 3 of Proposition 4.3 is not true in general as shown in the following
examples.

Example 4.5. Let X = {q, b, ¢} with 1= {X, ¢, {a},{b, c}}. The family of generalized closed sets = P(X) = The
family of all w- closed sets = The family of all generalized semi- closed sets and BT C (X)= X o {a}.{b
c}}.Then X isa 7;) _ - space but it is not a T »- space, not a T,, — space and not a Ty- space.

Question. Is there a Tb*r - space which is not Tg,?

Theorem 4.6. For a space X the following are equivalent.

(DX 9isa T}, - space.

(2) Every singleton of X is either A7 - closed or open.

Proof. (1) = (2) Let x € X. Suppose that the set {x} is not a H7 - closed set in

X. Then the only b7 - open set containing {x}° is the space X itself and so {x}° is b'7 -closed in X. By assumption
{x}* is closed in X or equivalently {x} is open.

(2) =>({)LetAbea b7 -closed subset of X and let x € cl(A). By assumption

{x} is either 7 - closed or open.

case(1): Suppose {x} is b7 -closed. If x&4 then cl(4) — A contains a non-empty

b7 - closed set {x} which is a contradiction to Theorem 3.2. Therefore x€ A.

case(2): Suppose {x} is open. Since x € cl(4), {x}NA F ¢ and therefore c/(4) = A4 or equivalently 4 is a closed
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Finally, we make use of b7 - closed sets to obtain further characterizations and preservation theorems of normal
spaces.

Theorem 4.7. The following are equivalent for a space X:
(1) X is normal.

(2) For any disjoint closed sets 4 and B, there exist disjoint b'r- open sets U, V'such that A < U and
BcV.

(3) For any closed set F and any open set G containing F, there exists a b'r- open set U

of Xsuchthat FcU ccl(U)cG.
Proof. (1) =>(2): This is obvious since every open is b7 - open.
2) :>(3) Let F be closed and G be open set containing F. Then F and G° are disjoint closed sets. There exist
disjoint 'z - open sets U and ¥ such that ¥ — U and G° V.
Since G° closed, hence b7 - closed. So (int(V))' =G . Since UMV =¢ , so UNint(V)=¢ . Thus
U c (int(V)). Therefore F cU ccl(U)cG.

(3) = (1): Let 4 and B be disjoint closed sets of X. Hence A < B and B® is open. So, by (3), there is a b'r- open
set U of Xsuch that A c U < cl(U) < B°. We have B < (cI(U))* . Since 4 closed , hence b7 - closed and
Acint(U) .PutG=int(U) and W=(cl(U))". Hence G(1W =¢ . Thus we find two disjoint open sets G
and W containing A and B respectively. Therefore X is normal. O

Definition 4.8. A function f*:(X,7) — (Y, ) is said to be almost closed (resp. almost b't - closed) if for each
regular closed set F of X, f(F) is closed (resp. b7 - closed).

Itis clear that: closed = almost closed = almost b7 - closed.

Theorem 4.9. A surjection f :(X,7) > (Y, O') is almost b7 - closed if and only if for each subset H of Y and
each regular open set U of X containing (/) there exists a b 7 - open set V of Y such that H <V and

fcu.

Proof. Suppose that f is almost bz - closed. Let H be a subset of ¥ and U € RO(X)containing f~'(H). Put
V =(f(U))",then Visa b’z - open setof Ysuchthat H CVand f~' (V) U .

Conversely, let  be any regular closed set of X.Then f'(f(F)")< F and F© € RO(X) . Hence there exists a
b'r - open set ¥ of Y such that f(F)" <V

and f ' (V) F* . Thus VS < f(F)and F < (V). Hence f(F)=V and f(F)

is b7 - closed in Y. Therefore fis almost b7 - closed. O

Theorem 4.10. If /' :(X,7) — (Y, 0) is a continuous almost b 7 - closed surjection and X is a normal space, then
Y is normal.

Proof. Let A and B be any disjoint closed sets of Y. Then f~ (A) and f7'(B) are disjoint closed sets of X. Since
X is normal, there exist disjoint open sets U and V such that f~ "(A)cU andf "(BycV . Let G= int(cl(U)) and
H= int(cl(V)), then G and H are disjoint regular open sets of X such that £7(4) < Gand f7'(B) < H . Hence,
by Theorem 4.9, there exist b7 - open sets Land W suchthat AC L, B W, f (L) c G

and f~ (W) C H . And L and W are disjoint, since G and H are disjoint. Therefore Y is normal, by Theorem 4.7.
O

The following result is immediate consequence of Theorem 4.2.
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Corollary 4.11. [14] If f:(X,7) > (Y,0) is a continuous almost closed surjection and X is a normal space, then
Y is normal.

5. Conclusion.

The class of generalized closed sets is one of the significant notions which used in general topology and fuzzy
topology spaces. The class of b 7 - open sets forms a topology finer than t. This type of closed sets can be used to
derive new separation axioms, new forms of continuity and new decompositions of continuity.
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