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Abstract

In this paper, we create a new set of topological space namely "Gem-Set" and immersed it with a new
separation axioms in topological space and investigate the relationship between them
Keywords: "Gem-Set", separation axioms.

1. Introduction and Preliminaries.

The idea of "Gem-Set" is defined as: for a topological space (X,T) , and AcX, we defined A™ with
respect to space (X,T) as follows: A”*={y € X : G N A ¢ |, ,for every G € T(y)} where T(y) ={G € T:y € G}, I,
is an ideal on a topological space (X, T) at point x is defined by I,= {UcX : xeU},where U is non-empty set of X.

Within this paper "Gem-Set" is studied with some its properties, a set of new separation axioms in
topological spaces, namely "I"-T,-space”, "I"-T;-space”, "I'-T,-space”, "I -To-space”, "I -T;-space”,"l”-T,-space"
and the axioms R; ,i = 0,1,2,3 are proposed by using the idea of "Gem-Set", the relationship between them is
studied. Also two mappings " I"- map " and" I”"- map " are defined to carry properties of "Gem-Set" from a space to
other space.

Throughout this paper, spaces means topological spaces on which no separation axioms are assumed
unless otherwise mentioned. Let A be a subset of a space X. The closure and the interior of A are denoted by cl(A)
and int(A), respectively.

Definition 1.1.
A topological space( X,T) is called
e R, -space[1,2,4]if and only if for each open set G and x € G implies cl({x}) c G.
e R; —space[1,2,4]if and only if for each two distinct point x, y of X with cl({x})#cl({y}), then there exist
disjoint open sets U,V such that cl({x}) c U and cl({y}) c V
e Rj-space [2]if it is property regular space.
e  Rs-space [3]if and only if (X, T) is a normal and R;-space.

Remark 1.2[3]

Each separation axiom is defined as the conjunction of two weaker axiom :T- space =Ry;-space and T,;
space =R,;-space and To-space , k=1,2,3,4
Remark 1.3[3]

Every R;—space is an R;;-space i =0,1,2,3.

2. ""Gem-Set" in Topological Space

Definition 2.1

For a topological space (X, T), xeX, Y X, we define an ideal "I, with respect to subspace (Y, Ty) as
follows: "I, = {G cY:x €( X-G)}..
Remark 2.2

For a topological space (X, T) ,Y< X, for each G =@. Then YI,={G cY:x €( X-G) ,for each xeY}={G
cY:x €(Y-G) for each xeY}.
Proposition 2.3

For a topological space (X, T) , Yc X, for each G #&. Then Y1,={G <Y: x €( X-G) = {G NY: for
each@d=Ge I, },
Definition 2.4
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For a topological space (X, T) , Yc X, and AcCY, we defined vA™ with respect to subspace (Y, Ty) as
follows: for Ac Y, yA*={y € Y:G N A ¢ |, for every G € Ty(y)} where Ty(y) ={G € Ty : y € G}.
Note 2.5
For a topological space (X,T) contains singleton point (say x),then 1,=&.
Proposition 2.6
Let (X, T) be a topological space, and let A, B be subsets of X, xeX. Then
0=
X™=X , whenever 1,=.
A c B implies A" c B™.
For another ideal 1,2 1,0n X, AY c A™
If xeX. Then xeA if and only if xe A™
If xeAthen (A™) ™= A™,
If xeA,yeB such that x#y, then A~ BY=0.
If x,yeX such that x#y, then ye{x}® implies xe{x}” and ye {y} ™
A™U B™ =(AUB) ™~
(ANB) *cA™NB™.
A*c cl(A).
Proof : Straight forward .
Proposition 2.7
Let a topological space (X, T) then for open set V, VNA™=VN(VNA)™ c (VNA)™ for any xeX.
Proof: Straight forward
Definition 2.8 Let (X,T) be a topological space and A =X .We define “pr(A), as following: “pr(A)= A*UA for

each xeX.
Theorem 2.9 Let E and F be such sets of (X, T), xeX. Then
o Tpr(9)=9
e pr(X) =X
e IfE < F, then pr(E) < “pr(F).
e pr(EUF) = ™pr(E) LU “pr(F).
o "pr(ERF) < pr(E) N pr(F).
Proof Straight forward.
Proposition 2.10

Let (X,T) be a topological space and A c X. If A is a closed set ,then “pr(A)=A™=A=cl(A) ,for each
xeA.

Definition 2.11
A subset A of a topological space (X,T) is called prefected set if A™ < A, for each xeX.
Definition 2.12

A subset A of a topological space (X,T) is called coprefected set if A® is a prefected set.

Lemma 2.13
Let (X,T) be a topological space ,then every a closed set is prefected set

Proof
Let A be a subset closed of X, then cl(A)=A .But A™cl(A), for each xe X [By proposition 2.6],s0 that
A™ccl(A)=A ,thus A™ cA for each xe X .Hence A is prefected set.
3.1-T;, I"-T;,i=0,1,2 and R; i=0,1,2and 3
Definition 3.1.
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A topological space( X,T) is called
e I"-T,-space if and only if if for each pair of distinct points x, y of X, there exist non-empty subsets A,B of X
such that yg A™ or xgB™.
e I"-T,-space if and only if if for each pair of distinct points x, y of X, there exist non-empty subsets A,B of X
such that ye A™and xzB™.
e I"-T,-space if and only if for each pair of distinct points x,y of X, there exist subsets A,B of X such that
A™~ BY=@, with yg A™ and xgB".
e 1”-T,-space if and only if if for each pair of distinct points x, y of X, there exists non-empty subset A of X
such that yg A™or xg A™.
e I”-Ty-space if and only if if for each pair of distinct points x, y of X, there exists non-empty subset A of X
such that ye A and xg A”.
e I”-T,-space if and only if for each pair of distinct points x,y of X, there exists subset A of X such that A™~
AY=g, with yg A™ and xg A",
Definition 3.2
If (X,T) is a topological space and Y=X , we say that Y is an |"-T-subspace(1”-T;-subspace) of X iff for
each pair of distinct points y*,y? of X, there exist non-empty subsets A,B of Y such that y?¢ A”* or (and) y'¢B™?.
Definition 3.3
Let (X,T) be a topological space ,for each xe X, a non-empty subset A of X, is called a strongly set if and
only if (A™ is open setand xeA).
Definition 3.4
A topological space (X, T) is said to be a strongly-T-space (briefly s-T,-space )if and only if ,for each
non-empty subset A of X is a strongly set.
Theorem 3.5
For a topological space (X, T) ,then the following properties hold:
Every T, space is a I"-To—space.
Every T, space isa |"-T,—space.
Every T, space isa | -T,—space.
Every Ty spaceisal -To-space.
Every T, spaceisal -T,—space.
. Every T, spaceisal” -T,—space.
Proof:(1)

oo wNE

Let x,y€ X such that x#y and let (X,T) is To—space. Then there exist an open set U such that, x € U \y
¢U or there exist an open set V such that, y € V, xeV and so , Un{y}=Cel, or Vr{x}=Jel,. Put A=
{x},B={y}.It is follows that x¢B™ or ye A™ . Hence let (X, T) be a I"-To—space.

Proof:(2)

Let x,y€ X such that x#y and let (X, T) is T,—space. Then there exist an open set U such that, x e U \y ¢U,
and there exist an open set V such that, y € V, xgV and so , Un{y}=Del, and Vn{x}=Del. Put A={x},B={y}.It
is follows that xgBYand yz A™. Hence let (X, T) be a I"-T,—space.

Proof:(3)

Let (X, T) be T, space. Then for each x # y € X there exist open sets U,V such that x € U, and y €
V and UnV=@. But U”~V"= [ Proposition 3.1.10 ]. Put A=U,B=V . It is follows that there exist subsets A,B of
X such that A ~B™Y=@, with yg A™ and xgB™. Thus(X,T) is I"-T—space.
Proof:(4) By the same proof of part(1) .
Proof:(5) Assume that (X,T) is an T,—space and let X,y€ X such that x£y. By assumption, Then there exist an open
set U such that, x € U,y ¢U, and there exist an open set V such that, y € V, xgV. So that Un{y}=Ze I, and
Vo{y}={y}el, . Put A={y} and so xgA”and yg A™ Hence (X,T)is|"-T,—space.
Proof:(6) By the same way of proof of part(3).
Remark 3.6

The converse of theorem need not be true as seen from the following examples.

Example 3.7

Let (X,T) be a topological space such that X={x,y,z}T={0,X,{y,z}.{x.z}.{z}} and L={0,{y}.{z}{y.z}}
1, ={0.{x3{x.2},{z}}.Set A={x}. A™={x}, so that ye A™ . Hence (X,T) is an I'-T,- space(l” -To- space), but not T
space.
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Example 3.8

Let (X,T) be a topological space such that X={x,y,z} T={@,X,{y,z}.{X,z2},{z}}, and ,={@.{v}.{z}{y.z}},
L,={0,{x}, {x.2} {z}}Set A={x} B={y},A”={x}, and B” ={y} ,s0 that y¢ A™ and x¢B™. Hence (X,T) is an I"-T,-
space(l -T3- space), but not T,—space.

Example 3.9

Let (X,T) be a topological space such that X={x,y,z} T= {0.X {y.z} {xz} {z}}, and
L={0 Ly} A2Hy. 23} 1,={0.03, {xz} {z}} Set A={x}.B={y},A”={x}, and A” ={y} ,s0 that A*~B™=@. Hence
(X,T)isan I -T,- space(l -T,- space), but not T,—space.

Remark 3.10
The converse of theorem 3.5, need not be true. But it is true generally, if (X,T) is a s-T|-space
Theorem 3.11

If (X,T)is an I"-T, -space and Y < X, then Y is I"-T, —subspace

Proof

Let (X,T)is anI"-T, -space and Y is a subspace of X. Let y* and y® be two distinct points of Y. Since Y
< X and y', y? are distinct points of X. Again, since X is an I"-T, -space, there exist non-empty subset A,B of X such
that y’¢B™ or y* ¢ A% Suppose, y' ¢ A, so that there exists an T-open set U such that, y* € U, UnAcl,,. Put
U'=UNY is Ty.open and A=ANY, so that U’ containing y* and UnA'c UnAel,, . It is follows that y'e A™2.So by
definition, we have that Y is | -T,—subspace
Theorem 3.12

If (X,T) is an I’-T;-space and Y < X, then Y is I’-T, —subspace
Proof

Let (X,T)is an I’-T, -space and Y is a subspace of X. Let y* and y? be two distinct points of Y. Since Y
< X and y*, y? are distinct points of X. Again, since X is an I"-T; -space, there exist a subset A,B of X such that
y’¢BY and y'eA™? so that there exist an T-open set U such that, y* € U, UnAe*l,, and there exist an T-open set
V such that, y* € V, VnBel,;. Put U=UNY and V'=VNY are Ty.open, A=ANY, B=BNY ,so that U'containing
y"V containing y?thus UnAcUnAelpand VAB'c VB elyy It is follows that y?¢B™! and y' ¢ A™.So by
definition, we have that Y is | -T,—subspace
Theorem 3.13

A topological space (X, T) is an Rq-space if and only if for each xeX and U open set such that x € U, then
cl({x3 ™)< U
Proof

Let xeX and U open set such that x € U. By assumption ,then cl({x})cU. But {x}*c cl({x}) [By
Proposition 2.8].Therefore cl({x} ) ccl(cl({x})) implies cl({x} *)ccl({x}).Thus cl{x}™) < U.
Conversely, to prove (X, T) is Ro-space, let U € T and x € U.Since, {x}<{x}™. Then cl({x})ccl({x} )< U. Thus
cl({x}) cU. Therefore (X,T) is Ry_space.
Theorem 3.14

A topological space(X,T) is Ry _space if and only if , for each x,ye€ X and A€ X, such that x#y and

cl({x})#cl({y}) ,then ,there exist disjoint open sets U,V such that cl({x} *)cU and cl({y} *)cV.
Proof

Let x,ye X and A€ X, with x#£y, and cl({x})#cl({y}). By assumption ,then there exist disjoint open sets
U,V such that cl({x}) cU and cl{y}) <V. But {x} "< cl({x}) and {y} *< cl({y}) [By Proposition 2.8].Therefore
cl({x3 ) <cl(cl({x})) and cl{y}™) < cl (cl ( {y})) .This implies cI{x} ™)< cl({x}) and cl({y}™ < cl{y}).Thus
cl({x3™)c Uand cl({y} ™) < V.
Conversely ,let x,y€ X such that x£y and cl({x})#cl({y}).By assumption , then there exist disjoint open sets U,V
such that cl({x}™)cU and cl({y} *)cV. Now ,since, {x}={x}* and{y}={y}™. Then ,cl({x}) < cl{x}™) < U and
cl({y}) ccl{y} ™) < V. Thus cl({x}) cU and cl({y}) cV. Therefore (X,T) is R, _space.
Theorem 3.15

A s-T-space (X, T) is regular space iff for each F closed set and x & F, then {x} *~F Y =@.
Proof

Let F be closed set and x ¢ F,thus yeF, so that{x} *~F Y=&[ Proposition 2.6].
Conversely, let F be closed set and x ¢ F and yeF implies{x} *~F”Y =@. Since (X,T) is a s-T,-space and by
definition 3.1, we get that {x},F are a strongly sets, so {x} ™, F™* an open subsets of X , with xe {x} *and Fc F”.
Thus (X, T) is regular space.
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Theorem 3.16
A s-T -space (X, T) is normal space iff for each disjoint closed sets F , H, then F *nH*=@.
Proof
By the same way of proof of above theorem.
Theorem 3.17
For a topological space (X, T) ,then the following properties hold:
1. (X,T)is I'-Tyspace iff I “-To-space.
2. Every I'-T-spaceisa | -T,—space.
3. Every I'-T,—spaceisa | -T,—space.
Proof :Straight forward.
Remark 3.18
The converse of part(2),(3) ,need not be true as seen from the following examples.
Example 3.19
Let (X,T) be a topological space such that X={x,y,z} , T={0,X{z}}, and L,={0.{y}{y.z2}{z}},
ly={8,{x}.{x.2} {z3}.Set A={z} ,B={x,y} then A”={T}, AV={}BY ={x,y},that means ygA™ and xgA" but
yeA™and xeB™. Hence(X,T) is an I"-T, —space but not I"-T, -space
Example 3.20
Let (X,T) be a topological space such that X={xyy,zw} T={0,X{Xy}{xy,z}.{z}},and
DAY G AW YR owk X, Y W} {W y3hh={0.{}{z} {w}.{x.z}, {X wi{zw}h{xzw}}Set A= {yz} ,
B {a,c} then AV= {xyw} and A”=B"={z,w} ,s0 that yg A” and xg A™. But A” N B~ .Hence (X, T)isan |-
T,- space, but not I -T,—space.
Theorem 3.21
A s-Ti-space (X, T) is a T;-space if and only if it is R;_,-space and I*-Tj-space, i=1,234,=012
Proof
By theorem 3.1, remark 3.10 and remark 1.2.
Theorem 3.22
A s-Ti-space (X, T) is a T;-space if and only if it is R;_,-space and I**-Tj-space, i=1,234,)=012

Proof
By theorem 3.1, theorem 3.17, remark 3.10 and remark 1.2.
4.1"-map and I”"- map
Definition 4.1
. A mapping f: (X,T) — (Y,o0) is called I"- map .If and only if, for every subset A of X, xeX, f(A™) =(f
(A)"¥.
Definition 4.2
e )A mapping f: (X,T) — (Y,o) is called I”"- map. If and only if, for every subset A of Y,yeY, f}(A™) =(f
-1 *f-1
(A) Y
Theorem 4.3
If f: (X, T)—> (Y,o) is one-one 1"~ map of an I"-To—space X onto a space Y, then Y is an I"-To—space.
Proof

Let(X,T) be I"-To-space and f: X—Y be onto , one-one and I"- map. We want to prove that Y is |I"-To—
space. Let y* and y? be two distinct points of Y. Since f is one-one and onto, there exists distinct points Xy, x, of X
such that f(x,)= y' and f(x,) = y.Since (X,T) is I’-To—space, there exist non-empty subsets A,B of X such that
X2 A™ or x; ¢B™2 so that f(x,)e(F(A™) =(fF(A)™ or f(x,)e(f(B™?) =(f(B))™ Thus y*e(f(A)) P> and
yre (f(B)) @72 Therefore we get that Y is I"-T,—space.

Theorem 4.4

If f: (X,T)— (Y,0) isone-one 1"~ map of an I’-T,—space X onto a space Y, then Y is an I"-T,—space.
Proof

By the same way of proof of above theorem.
Theorem 4.5

If f: (X, T)—> (Y,0) is |- map injection of a space X into |"-To—space Y, then X is an I"-To—space.
Proof
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Let (Y,o) be I"-To—space and f: X—Y be I""-map injection. We want to prove that X is I"-To—space. Let x*
and x? be two distinct points of X. Since f is injection, then f(x')=f(x?). Since (Y,o) is I"-To—space, there exist non-
empty subsets C,D of Y such that f(x")eC™? or f(x*)gD ™ so that f(f(x"))ef (C™?) =(f* (C))™ or
YF(x®) e FH(D ) =(FY(D)) ) This implies x*¢(F*(C))™ or x*¢(fY(D))™ . Therefore we get that X is I"-To—
space.

Theorem 4.6

If f: (X, T)—> (Y,0) is |- map injection of a space X into |"-T,—space Y, then X is an I"-T,—space.
Proof

By the same way of proof of above theorem.

Theorem 4.7

If f: (X, T)— (Y,0) is one-one ,1"- map of an I"-T,—space X onto a space Y, then Y is an I"-T,—space.
Proof

Let (X, T) be I"-T,—space and f: X—Y be, one-one onto I"- map. We want to prove that f(X) = Y is I"-T—
space. Let y*and y? be two distinct points of Y. Since f is onto |- map, there exists distinct points x;, X, of X such
that f(x)) = y* and f(x,) = y*Since (X,T) is I"-T,—space, there exist non-empty subsets A,B of X such that
A™MAB™= with xe¢A™ and xB”™ But f is onto I-map, so that f(A™)f(B™?)=f(A) "™V
Nf(B) TI=f(A) V' ~(B) Y=, with f(xp)e(f(A)) ™ and f(x,)&(f(B) )™ Thus there exist non-empty subsets
f(A),f(B) of Y such that f(A)™Y* ~f(B)Y*=@, with y?>e(f(A))** and y* ¢ (f(B)) 2. Therefore by definition we get that
Y is I"-T,—space.
Theorem 4.8

If f: (X, T)—> (Y,o) is |- map injection of a space X into I"-T,—space Y, then X is an I"-T,—space.
Proof

Let (Y,o) be I"-T,—space and f: X—Y be |- map continuous injection. We want to prove that X is I"-T,—
space. Let x* and x* be two distinct points of X. Since f is injection, then f(x")=f(x?).Since (Y,o) is I"-T,—space, there
exist non-empty subsets C,D of Y such such C" ~D" =g with f(x,) & (f(C)) ™™ and f(x;) ¢ (f(D) ) 2.
But f is 1"~ map injection, so that (F(C))" *~(f}(D))" *? = £1(C D)~ £1(D)=f1(C ) AD )= F1({T})=0
.Thus there exist non-empty subsets £*(C), f}(C) of X such that (f*(C)) ™~ (F}(D))"*", with x*¢(f*(C))™ and
x'e(FY(D))™ = ,for each x* and x? be two distinct points of X. Therefore by definition we get that X is I"-T,—space.
Corollary 4.9

If f: (X, T)> (Y,0) is I”"- map injection of a s-T,-space X into I"-T,—space Y, then X is To—space.
Corollary 4.10

If f: (X, T)> (Y,0) is |- map injection of a s-T,-space X into I"-T,—space Y, then X is an T;—space.
Theorem 4.11

If f: (X,T)> (Y,o0) is continuous, injection function of a space X into T,—space Y, then X is an I"-T;—

space.
Proof

Let (Y,o) be T,—space and f: X—Y be continuous, injection function. We want to prove that X is I"-T;—
space. Let x" and x? be two distinct points of X. Since f is injection, then f(x")=f(x?).Since (Y,s) is T,—space, then
there exist VV; and V, € Ty such that f(x!) € V,, f(x?) € V, andV,;NV,=.This implies x*ef *(V,) and x?ef *(V,). So
that 1(Vy) N {x*}=Tely, and (Vo) {x'}=T el .Put A={x’}, B={x'}.It is follows that x'¢A™? and x*zA™".
Therefore by definition we get that X is I"-T,—space.
Corollary 4.12

If f: (X, T)— (Y,0) is injection function of a space X into T—space Y, then X is an I"-T—space.

Proof Itis clear [Since every I"-T,—space is | "-T,—space].
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