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Introduction.

Let u. be the class of analytic and € -valent meromorphic functions defined on

© ={zeC:0< |z| < 1}.
fz)=2z"¢+ as_z°"¢,(eeN={1,2,...1) (D
SZ 5

For function f € u, givenby (1) and g € u, defined by

4@ =77+ ) bs 25 (e EN=(12,..]) @)
S=1
the hadamard product of fand g defined by
(F+a)@) =27+ ) as_cbs o2 3
S=1

Let DY4f denote the linear derivative operator of Ruschwey typ [9][6],

§ € u, defined by:

—&

VD) = @, > e (2€ @) @

The (4) can be written by binomial coefficients
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€ — _
DEf(2) =z7¢ + Zg_l( 5 )as—ez’f, t> e (5)
The class of functions lh with h(0) = 1, is, which are convex univalent and analytic in ©
={zeC|z|] < 1}.

Recently some authors studied differential subordination of meromorphic functions of different
subclasses [1],[2],[3].[4] and [5]

Definition (1): If satisfies the subordination condition the function § € . is said to be in the
class ug(t,s:h):

a+et oa (et ¢ u e
ey’ D) e ? T (V@)
< h(z). 6)

Wheret € C,h € V.
It is necessary to put the restrictions on the operator ®%* such that

®£'£G1 *fy) = (Di'gfl) *fp =f1 % (Di'gfz)' @)

if f1.f, € us(t,s:h), we get the convolution results of the class of multivalent analytic functions
nué‘(tl S: ]hl)

Lemma 1[8]: let g be analytic and convex univalent in © and Let I be analytic in ©

with ¢,(0) = h(0). If

4(2) + 7 (@) < h(2), ®

Where Re 9t = 0 and 9 # 0, then

3(2) <h7(2) = Mz™™ f ZLfm-l h(L)dL < h(z).
0

And h™(z) is the best dominant of (7).
Lemma (2)[10]: let f(z) < 8(2)(z € ©) and g(z) < 9(z) (z € ©) if the function @(z)
and 9(z) are convex in ©. Then (f* g)(z) < (@ *9)(2) (z € ©).

Theorem (1): If the function f € p.(t, S:Th), then

243 (D (2))
e+ 1)(e+2)

q(z) = < h(2), )

and if t > 0,then g(z) < h™(z), where

(e+3)

—(e+3) %2 (e43) 1
h™(z) = z t f Lt h(L)dL < h(z) (z € ©),
0

h™(z) is the best dominant of subordination ¢(z) < h™(z) (z € ©)
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and h™(z) is convex univalent in ©
Proof. When t=0, trivial.

Ift>0,letfe u.(4,8:h),then

a+v oa (ot ¢ e (e
e s (@) e (V@)
< h(z2).
By (6) and (9)
q(z) + e _It_ 3 zq'(z) < h(z) (z € U). (10)

During Lemma (1) in (10) withm = @ and t> 0, we give

(e+3)

—(e+3) [Z (e+3) 1
g(z) <h™(2) = z t fL t "h(L)dL < h(z)
0

Where g, is given by (9).
Theorem (2): ue(t;,S:h), € ue(t,, S:h)if 0 <t, < t;.
Proof. Let f € u.(t;,S5: ).

1+ty) . ) t, . .
werern” N0) terne et (09)

_ t, Z£+3 (Bisf(z))

- [1_E e+ DE+2) T

t, [ (1+ty) t,

E g(e+1)(e+2) 273 (:Di'sf(z)) + e+ 1D(e+2)(e+3) 2+ (bi’gf(z)) ] an

. . t .
since hisa convex setand 0 < t_2 < 1. (11) can write as follows:
1

[ (1+ty) t,

&+ t,e et te
Gernern” OI) ey (V) ]

- [1 — Z—j] 41(2) + %%2(2) = 0(2),

Where g4(2), g,(2z) < h(z), by using definition of convex set and by Theorem (1), since
f€ u(ty,8: ), we get 0(z) < h(z), then f € u.(t,, S: ).

Theorem (3): Let ¢ defined by

0= OS2 [ (Fele) >,

and let the function f € u,
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[1 y] - (95%(2)) + = (:Di'gf(Z)) < h(z) (12)
el ee+DE+2) T+ DE+D(E+3)
Then the function ¢ € u.(0,5:h™) Where
— (ce—€)(e+3) rz (oe—¢)(e+3)
ho(z) = ZE 8 f L v h(L)dL < h(). (13)
0
Proof. Define
)
= 14
() e+ D(Ee+2)° (14)
then D is analytic in ©,9(0) = 1 and
D@ g, * (D9() as)
c+3) T e+ DE+D(ETI)

Making use of (12), (14) and (15) and by

(ce—e)f(z)=0a(e+3)d"""(2)+ 2z " (2),
then

v ZE+3 (Diecl)(z)) yzs+4- (bigf(Z))
12 e+ DE+2) et DE+2)E+3)

rrr e "

y zP+3 (3)5‘8(1)(2)) % oz&+3 (fDi’gcl)(z)) zE+4 (fbi’scb(z))
- [ el e+ D(E+2) T (oe—o)| e(e+D(e+2) + e(e+D(e+2)(e+3)

)4

=9() + (ce—¢e)(e+3)

z9'(2)

=9(z) +

e = e);(e 3 z9'(2) < h(2).

where h™(2) is given by (13) then 9(z) < h™(z), and ¢ € u, (0,S:h™).
Theorem (4): Let D¢ satisfy the condition (7) in definition (1) If
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1+t

9(z) = (1+1t)

T O R ) @)
t

(DR ) @)

T 2+ 2)2(c +3)°

() ()

e o[
h(z) = (D +£7)(@) €M, (t, 5. (1 + a1Z> . (1 + a22)>’ 17

e2(e+1)%(e +2)° 1+ Bz \1+ B,z
and
SE+3 (@E‘ff(z))m 1+ a2\ (1+ayz
ee+1D(e+2) = ((1 + Blz) * (1 + ﬁzz))' (18)
Proof. Si
roof. Since X e d ) b
h € be (t' 1 +ﬂ1Z> and f € pe (t' 1 +[>’zz)'
Then
1+t cos (ot ¢ (ot
e(e+1)(e+ Z)Z ’ (iD* Jfl(Z)) + e+ D(e+2)(e+ 3)2 * (:D* Jcl(Z))
< (1 + alz> 19
1+ pyz)’
and
1+t oa (et ¢ el
e+ 1)(e+ Z)Z ’ (b* JfZ(Z)) + ele+D(e+2)(e+ 3)Z * (:D* JCZ(Z))
- (1 + azz> 0
14 Byz)

By Theorem (1), (19) and (20), we give
23 (D@) Atz
e+ 1D(e+2) = (1 + ﬁlz)'

and

A (Di’gfz(z)) 1+ a,z
ee+1D(e+2)(e+3) (1 + ﬁzz>'

By (7), (19) and (20) and Lemma (2), we have
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1+t
e+ D(e+2)

— (1+t) &+ t,e (1+t) te o L
St DE+D) 3<®* [52(5+1)2<e+2)223(®* 6 f27) @)

Z€+3(®§’€D(Z))m + Z£+4(®£‘£D(Z)),,,,

e(e+1D(e+2)(+3)

N t Z4(:Dt'8(]f rrrs *f ””)(Z))
e2(e+ 1)%(e + 2)%(e + 3)? * ML 2

+ t £+4 th’E (1+t) 3(®t,e . ,,,)
CiDE e .\ |[Per el BTG 2)@)

+ t Z4(®t'8(_f rrrr *_‘F ””)(Z))
e2(e + 1)%(e + 2)%(e + 3)? + U1 2

(59 (59)

Then

5 e ‘s (1 + alz) (1 + azz>
) *
He\ b\ T4 pz) "\ T+ poz) )

and

he ‘s (1 + alz> (1 + 0.’22)
; *
He| bros 1+ Bz 1+ B2/ )
The proof of (16) and (17) is complete, by same method we obtain

1+0)
e(e+1D(e+2)

t &+ t.e
ele+1D(e+2)(e+3) ze (b* ]}n(z))

(59 E52)

2543(D5h(2)) +

Where T is given by (17). The proof of (18) we get by (21) and Theorem (1).
Theorem 5: let A € p, and f € u.(t,S:h) and

Re {z°A(2)} 2 5. (22)
Then (f* A) € u.(t,S:h)

Proof. If f € M.(t,S:Th) given by (1) and A € u, we have

(1+¢0) i (b ¢ et (et
S K G ROIO) B s oy T A R UEDIO)

23


http://www.iiste.org/

Mathematical Theory and Modeling

www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM iy
Vol.9, No.2, 2019 ||$TE
(1 + t) £ &£+3 t,e
- S(S + 1)(8 + 2) [Z dq'(z) * (Z (Q* G(Z)) )]
¢
£ &+4 te
T D+ DE+3) [Z A + (Z (2t¢=) )]
={z°A()} * ¥ (2) (23)
_  (+p +3 te t +4 (L€
v (2)= e(e+1)(e+2) 2" (CD* J((Z)) + e(e+1)(e+2)(e+3) z° (D* JC(Z))
The function z®A(z) has the Herglotz representation [7], by (22).
de(x)
z8A(2) = f (z € ©) (24)
lx|=11— X2

The probability measure ( & ) defined on the unit circle |x| = 1, and

f de(x) = 1.
|x|=1

Because h is convex univalent in ©.
By (21) and (24) give now

A+0  rsfoe . .
wrnern’ (PEO0) ey (AN O )

= ix1=1 Y(xz)de(z) < h(2).
Then (f* A)€ u(t,S: ).

Corollary: Suppose f € u.(t,S:h) be given by (1) and let

R 1+§: J S >1
e k+5 VA 2.
S=1

Then

6‘ z
bes @) =33 f LEFS-(L)dL (6 > —¢),
0

and &g s(f) € p(t,S:h).

Proof. Let f € u.(t,S:Th) be defined in (1). Then

)

s (7 <
Cl)s’gﬁf L£+6_1f(L)dL = Z_g + Z s+ 5 as_sz‘s‘g
0 s=1
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o0 0
- S—¢ —£ 4 S—¢
=(z7%+ ) as_.z x| z78 + as_¢Z =({fxd)*xz, (25)
S+6
s=1 s=1
where

and ¢ € M. We give

£ — N 8 S 1
Re{z¢d(2)} = Re (1+;$+8 z )> > (26)

Thus ¢, s(f) € u.(t,S:h), by (25) (26) and theorem (5).

References

[1] Abdul Rahman S. J. Applications on differential subordination involving linear operator. Basrah
Journal of Science (A)2016;34(2),85-93.

[2] Aisha H, Adolf B, Jeyaraman M.P. Certain third order differential subordination results of
meromorphic multivalent functions, Asia Pacific Journal of Mathematics. 2015 ;2 (2). 76-87.

[3] Aouf M.K, Mostafay A.O. Meromorphic subordination results for p-valent functions
associated with convolution, Hacettepe Journal of Mathematics and Statistics .2015; (4) (2): 255 —
260.

[4]_Atshan W.G, Mohammed T. K. Some Interesting Properties of a Subclass of Meromorphic
Univalent Functions Defined by Hadamard Product, (2014); 9 (3): 1184-1188, Google Scholar.

[5] Atshan W.G, Najah A. On a new class of meromorphic multivalent functions defined by
fractional differ — integral operator, Gournal of kufa for mathematics and computer.2018;5:12-20.

[6] Maria A.ACU, Approximatian by certain positive linear operators. 2016; Habilitation thesis.
[7] Meiyan, C, LinliuJ, A family of meromorphic functions involving generalized mittag —Leffler
function, journal of mathmatical inequalities (2018); 12(4): 943-951. (Communicated by H. M.

Srivastava).

[8] Miller S. S. and Mocanu P. T., Differetial subordinations and univalent functions, 7ichigan Math.
J. 1981;28: 157-171.

[9] Raina R. K. and Srivastava H. M, Inclusion and neighborhood properties of some analytic and
multivalnt functions, J. Inegel. Pure Appl. Math., 2006; 7(1):A5,1-6.

25


http://www.iiste.org/
http://scholar.google.com/scholar_lookup?hl=en&publication_year=2014&pages=1184-1188&issue=3&author=W.+G.+Atshanauthor=T.+K.+Mohammed

Mathematical Theory and Modeling WwWw.iiste.org
JLIEN |

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) DOI: 10.7176/MTM .I.
Vol.9, No.2, 2019 Ils E

[10] Ruscheweyh S, stankiewicz J. Subordination under convex univalent functions, Bull. Polish
Acad. Sci. Math; (1981); 33:499-502.

26


http://www.iiste.org/

