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2. Introduction and Preliminaries: The famous result in the field of fixed point theory is given by
Banach which is known as Banach contraction principle. It says that if X is a complete metric space
then every contraction has a fixed point. Many authors worked to extend this principle.The cone
metricspace introduced for common fixed point theorem in weakly compatible maps with implicit
relations by A. Aliouche V. Popa [8] and further M.S. Khan and Imdad M[14] proves the Fixed and
coincidence points in Banach and 2-Banach spaces.

Let Q be a subset of X and X is a real Banach space, then Q is called a cone If Q satisfies the
following axioms:

()Q is closed, nonempty and Q= 0

(iiyax + by € Q for all x,y € Q and non negative real number a, b

(i) @ n (=Q) = {0}

Here we define a partial ordering <on X with respectto Qby y —x € Q, given a cone Q c X

If y —x € intQ,i.e.x << y,denoted by ||.||the norm on X, the cone Q is called normal
Ifthere is a number k > 0 such that for all x,y € X

0 < x < y implies that||x|| <r|yl| [1]

Therefore the least number r satisfying the particular equation [1] is called the normal constant of Q.

Hence in this the author proves that there is no normal cone with normal constant M< 1 and for each
r> 1, there are cone with normal constant M>r.
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The cone Q is called regular if every increasing sequence which is bounded above is convergent, that
is if {x, }n=115 @ sequence suchthat x; < x, < -+ ........... < y forsome y € X,

Then there is x € X lim,_,||x, — x|| = 0. The cone Q is regular Iff every decreasing sequence which
is bounded from below is convergent.

Definition:2. 1 Let X be anon empty set and X is a real Banach space, T is a mapping from X into
itself such that, T satisfying following conditions,

Q) Txy)= 0, forallx,y € X
(i) T(x,y)=0ifandonlyifx =y
@ity T y) =T, %)

(iv) TX,Y)<T(x,z)+T(zy)

Then T is called a cone metric on X and (X, T) is called cone metric space.

Definition: 2.2 Let E and M be two mapping of a cone metric space (X, T) then it is said to be
compatible if, 7lim T(EMx,, MEx,) = 0, whenever {x,,}is a sequence in X such that

lim Ex,, = v and lim Mx,, = v for some v € X.
n—-oo

n—-oo

Let E and M be two self mapping of a cone metric space (X, T) then it is said to be weakly compatible,
If they commute at coincidence point , that is E x = M x implies that

EMx = MEXx for x € X.

Altering distance function for self-mapping on a metric space established by M.S. Khan in 1984
and it can be expanded by M. Swalesh, S. Sessa that they introduced a control function which they
called as altering distance function in the research of fixed point theory. The author Mier- Keeler type
(g,8)- contractive condition to study of fixed point by using a control function with extended

contractive conditions.

Definition 2.3 A function ¢: R, — R, := [0, 400) is called an altering distance function if

the following properties are satisfied.

(p) V() =0=t=0.

(¢2) Y is monotonically non decreasing.

(@3) Y is continuous.

By & wedenotes the set of all altering distance function.

Using those control functions the author extend the Banach contraction principle by taking

Y = Id, (the identity mapping), in the inequality contraction [2.4.1]of the following theorem.
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Theorem2.4 Let (M, d)be a complete metric space,letp € Y and let Q: M - M
be a mapping which satisfies the following inequality

P[d(Qx Q)] < apld(x,y)] [2.4.1]

forallx,y € M and for some 0 < a < 1.Then,shas a unique fixed point vy € M

and moreover for each x € M, lim Q"x = v,.
n—->oo

Fixed point theorems involving the notion of altering distance functions has been widely
studied, On the other hand, in 1975, B.K. Das and S. Gupta [1] proves the following result.

Theorem 2.5Let (M, d)be a metric space and let Q: M — M be a given mapping
such that,
() d(@x,Qy) < ad(x,y) + B m(x,y) [2.5.1]

forallx,y e M,a >0, >0,a+ p < 1where

d?(x,Qx)+d(x,Qy) d(y,0x)+d?(y,Qy)
1+d(x,Qx)d(y,QYy) ] [2.5.2]

mmw=[
forallx,y € M.
(i) for some x, € M, the sequence of iterates (Q™x,)has a subsequence (Q™*x,)

Withlim_,. Q™*x, = v, .Then v, is the unique fixed point of Q.

Definition2.7Let (M, d) be a metric space for a self-mapping Q with a nonempty fixed point
set E(Q). Then Q is said to satisfy the property P If E(Q) = E(Q") for each ne N.

Lemma 2.8.Let (M, d) be a metric space. Let {y,,} be a sequence in M such that

limy, L0 AV, Y1) =0 2.8.1

If {y,} is not a Cauchy sequence in M, then there exist an g, > 0 and sequence of integers
positive (m(k)) and (n(k)) with

(m(k))> (n(k)) > k, such that,
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d (y(m(k))'Y(n(k))) = &, d (y(m(k))—l'y(n(k))) < &, and

L Jim d (Ymao)-1 Yaooye) = o
ii. limd (}I(m(k))'y(n(k))) ~ %o

k—oo

i Jim d (¥(mgo)-1¥(n0)) = 0

Remark 2.9.From Lemma 2.8 is easy to get

Jim d (y (m(k))+1'y(n(k))+1) = &

3.Main Result

Theorem:3.1 Let (X, d )be a complete cone metric space and Q a normal cone with normal constant r.
Y € V. Suppose that the mapping S from X into itself satisfies the condition

PYd(Sx, Sy) < ayd(x,y) + by [d(x, Sx) + d(y, Sy)] + cd[d(x, Sy) + d(y, Sx)]
[d(x,Sx) + d(y, Sy)] d*(x,5x) + d(x, Sy)d(y, Sx) + d*(y, Sy)
1+ d(x,Sy)d(y,Sx) A 1+ d(x,Sx) + d(y,Sy)

For all x, ye Xand a,b,c,f = 0suchthat0<a+b+e+c+ f <1.Then S has unique fixed
point in X.

Proof: for any arbitrary x, in X, we have to choose x,,x, € X such that

Sxo = x,and Sx; = x,

Also, in general we can define a sequence of elements in X such that
Xon+1 = SXon and Xopyz = SXony4q

Now, g d (xX2p41.%2n+2) = P d(Sx2n, SX2n41)

From(1)

U d(Sx20, Sx2n41) < a Wd(Xon, Xont1) + DY [d(x2p, Sx2p) + d(Xon 41, SX2n41)]

+C¢[d(x2n: Sx2n+1) + d(x2n+1' SxZn)]
tey I[d(xZn’SXZn) + d(X2n41, SX2n41)]
1+ d(xZn' SxZn)d(x2n+1' SxZn)
d?(Xzn, Sxzn) + d(Xzn, SX20)d (Xzns1, SX2n) + d* (Xons1, SXop41)
1+ d(xZn: SxZn) + d(x2n+1:5x2n+1)

o
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U d(X2n41, X2n41) S a Yd(Xon, Xont1) + D W[d(Xan, Xon+1) + d(Xan41, X2n42)]

+eld(xon, X2n42) + d(Xons1, Xon+1)]
d(Xan, Xont1) + d(Xon+1, Xon+2)
+ ey
1+ d(xX2n, Xon+1)d(X2n4+1, X2n4+1)
dZ(XZm Xon+1) T d(Xon, Xon41)AXon i1, X2n41) + d? (x2n+1»x2n+2)l
1+ d(xan, Xon41) + d(X2n41, X2n42)

“rv |

U d(X2n41, X2n41) S a Yd(Xon, Xont1) + (b + )P [d(Xap, Xon+1) + d(X2n41, Xon42)]

dz(xan Xon+1) T d? (X2n+1) X2n+2)
1+ d(xzn, Xon41) + d(X2n41, X2n42)

+eb[d(xon, Xon42)] + fU [

< aPd(Xon X2n+1) + (b + )W [d(Xan, Xon+1) + d(X2nt1, X2n42)]
+Weld(on X2n+2)] + fU [d(Xon, X2n11) + d(X2ns1, Xons2)]
< aPd(xzn, Xane1) + (b + €) Wld(X2n, X2n11)] + b[d (Xzns1, X2n+2)]
+ePld(an, Xone2)] + fU [d(on Xon1)] + fUA (X2n11, X2n42)]

Wd(x2n41, X2n41)
<(a+(b+e)+ HPd(xap, xons1) + (b +e) + ¢+ HUd(Xon41, X2n+2)

(1—=(b+e)—c— HPdxzns1, X2n42) < (@+ (b +e) + HUd(xzn, X2n41)

(a+b+e)+f)
Xons2) <
1-(0b+e)—c—f)

Yd(Xan+1, Wd (X, Xon+1)

Similarly we can show that

(a+b+e)+f)
Wd (xan, Xan+1) < 1-(b+e)—c—f)

Wd (x2n-1,X21)

In general we can write,

(a+b+e)+f) an+l
. (a+(b+e)+f) 1
On taking |15 522 05] = K

Yd (Xon+1, Xonsz) < K2 Qd (g, x4)

For n< m, we have

Wd (Xon, X2m) < Wd(Xop, Xon+1) + Wd(Xani1, Xong2) + 0 v vn s + Wd(Xam-1, X2m)
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lIJd(XZn, me) S (KTL + K‘I’l+1 + K‘I’l+2 + ®°° sau sns wus Km)l.p d(xO, xl)

n
Yd(X2n, X2m) < 1—K Y d(xo, x1)

n

1-K

Ylld (ezn, x2m) |l < r Y |[d(xp, x1)|| asn — oo

T{iglgotlllld(xm Xom)|[ =0
Hence {x, }is a Cauchy sequence which converges to v in X.
Hence (X, d) is a complete cone metric space. Then x,, » vasn — oo, Sx,, > vasn — oo,

Therefore v is a fixed point of S in X.

Uniqueness:- Let us suppose that there is another fixed point of S, i.e. w in X which is
distinct from v, then

Sw=wand Sv=v
Yd (v, w) = Yd(Sv,Sw)
From (1)
Yd(Sv,Sw) < ayd(v,w) + by [d(v,Sv) + d(w, Sw)] + cy[d (v, Sw) + d(w, Sv)]

[d(v,Sv) + d(w, Sw)]
1+d(w,Sw)d(w,Sv)

d?(v,Sv) + d(v, Sw) d(w, Sv) + d?(w, Sw)
1+d(w,Sv) +d(w,Sw)

||

PYd(Sv,Sw) < (a + 2c + fHvd(v,w)

This is a contradiction. Thus v is a unique fixed point of S in X.

Theorem: 3.2 Let (X, d) be a complete cone metric space and Q a normal cone with normal
constant r. y € ¥ . Suppose that the mapping S and P be the mapping from X into itself
satisfies the condition

Yd(Sx, Py) < ayd(x,y) + by [d(x,Sx) + d(y, Py)] + c¥[d(x, Py) + d(y, Sx)]
d(x,Sx) + d(y, Py)
+ [1 + dd(x, Py)d(y,Sx))
d?(x,Sx) + d(x, Py)d(y, Sx) + d*(y, Py)
1+ d(x,Sx) +d(y,Py)

+ro|

For all x, ye Xand a,b,c,f = 0suchthat0 <a+b+c+e+f <1.Then S and P has
unique fixed point in X.
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Proof: for any x, € X we have
Sxo=x, and Px; =x,
In general we can define a sequence of elements of X, such that

Xon+1 = SXap and Xapip = PXopyq

Now, Wd (Xzn+1 »X2n+2 ) = Wd(Sx2p , PXon4q )

From (1)

Wd(Sxan , PXoni1 ) < aWd(Xan, Xone1) + bULd (xon, Sx2p) + Wd(X2p 41, PXons1)]

A(x2n,5%2n)+d(X2n+1,PX2n+1)
+cy|d(xy,, Px +d(x Sx +e [
llJ[ ( 2 2n+1) ( n+l Zn)] Lp 1+d(X2n,PX2n41),d(X2n4+1,5%2n)

Y d?(X2n, Sxon) + d(Xap, PXani1), d(Xons1, SX2n) + d*(X2n41, Px2n+1)l

1+ d(xzn, Sx2n) + d(X2n41, PXons1)

Wd(Xzn41 Xon+2 ) < aPd(Xap, Xone1) + (b + )W[d(Xon, Xan41) + d(X2nt1, Xan42)]

+ePld(xon, Xont2) + d(Xoni1, X2n+1)]

Y

dz(xZn: Xon+1) T d(Xan, Xon+2), d(Xan41, Xon41) + d? (X2n+1, x2n+2)l
1+ d(x2n X2n41) + d(X2n41, X2n42)

Vd(Xan41 »Xon+2 ) < aP d(Xan, Xont1) + (b + e)U[d(Xzn, Xan+1) + d(Xan41, Xon+2)]

d?(Xam, Xon+1) +d* (Xont1, X2nt2)
1+ d(xzn, Xan41) + d(X2n11, X2n42)

+eld(xzn, X2ne2)] + fU

< a d(Xgn X2n+1) + (b + €)bld (X2n, Xon41) + d(X2n11, X2n42)]
+ePld (Xzn, Xan42)] + Uf1d(on X2n+1) + d(Xzni1, Xans2)]
< ay d(xan X2n+1) + (b + €) + HHU[d(xan Xo2n+1) + d(X2n41, X2n42)]
+ePld(xan, Xon+1) + d(X2nt1, X2ne2)] + fULA (20, Xon41) + d(Xans1, Xons2)]
<(a+(b+e)+c+ HUdgm xaner) + (b +e) + ¢+ HPd(Xnr1, X2n42)
(1—=(b+e)—c—HYdans1  Xonsz ) S (@t (b +e) +c+ U d(xzn, X2n41)

Therefore by using triangle inequality, we get
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(a+b+e)+c+f)
L|Jd(xZn+1 » Xon+2 ) < (1 _ (b+€) —C—f)

L|Jd (xZn: x2n+1)

Similarly we can show that

(a+(b+e)+c+f)
A1-Mb+e)—c—f)

Wd(Xan , X2n41 ) < 4" d(X2n—-1,X2n)

In general we can write

2n+1

(a+(b+e)+c+f) wd (o x1)

A-((®+e)—c—f)

Yd(Xzn41 ) Xonsz ) < |

(a+(bte)+c+f) | _
(1-(p+e)—c-H1

Yd(Xon+1 > Xonez ) < K2 Yd (g, x4)

On taking ¢

For n < m, we have

Wd(xn » Xom ) S Yd(Xap , Xon41 ) T WA (Xontq1 s Xont2 )+ +Pd(Xpm—q , X2m )

Yd(Xpn , Xom ) < (K™ + K™ 4+ K12 4 + K™ d(xg, x1)

n

K
Yd(xzn , Xom ) < 1K W (xo, x1)
n

1—

Wlld(xzn » xom )l < W [ld(xo, x1)l

As limy,_,c, Ylld(x2n , X2m Il = 0

In this way lim,, o, Wd(X2p41 »X2n42 ) = 0

Hence {x,, }is a cauchy sequence which converges to v € X.
Hence (X, d) is complete cone metric space

Thusx, » v asn - o

Sx5, = v and Px,,,1 = v asn — oo then v is fixed point of S and P in X, since SP = PS
this gives

v=Pv=PSv=SPv=Sv=v

Uniqueness: Now Let w be another fixed point of S and P in X which is distinct from w, then
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Pv=vand Pw =walsoSv=vand Sw =w
wd(v,w) = Yd(Sv, Pw)

From (2

Yd(Sv,Pw) < ay d(w,w) + by [d(v,Sv) + d(w, PW)] + cP[d (v, Pw) + d(w, Sv)]

d(v,Sv) + d(w, Pw)
1+ d(v, Pw), d(w,Sv)
d?(v,Sv) + d(v, Pw), d(w, Sv) + d?(w, Pw)
1+d(w,Sv) +d(w,Pw)

+eL|J[

+rv |

Yd(Sv,Pw) < (a + 2¢c) Yyd(v,w) + f d(v,w)

Yd(Sv, Pw) < (a+2c+ fHvd(v,w)
This gives contradiction
Hence v is unique fixed point of S and P in X.

Theorem: 3.3 Let (X, d) be a complete cone metric space and Q a normal cone with normal constant
r. y € W . Suppose that the mapping S, P and T be the mapping from X into itself satisfies the
condition

Yd(SPx,TPy) < ayd(x,y) + by [d(x, SPx) + d(y, TPy)] + c¥[d(x, TPy) + d(y, SPx)]
d(x,SPx) + d(y, TPy)
1+ d(x,TPy),d(y, SPx)
d*(x, SPx) + d(x, TPy),d(y, SPx) + d*(y, TPy)
1+ d(x,SPx) + d(y, TPy)

o

Forallx,ye Xand a,b,c,f =2 0suchthat0 <a+b+c+e+ f <1.ThenS, Pand T has unique
fixed point in X.furthermore either SP = PS or TP = PT then it have unique common fixed point in X.

Proof: Here we choosex, x, € X, for any arbitrary element x, in X such that
SPxy = x; and TPx; = x,
In general we can define a sequence of elements of X, such that
Xon+1 = SPXon and Xapiz = TPXonyq
Now, Wd(xzn+1, Xon+2) = WAd(SPxyy, TPX2n41)

From (3) Wd(SPx2n, TPXxzns1) < aW[d(xzn *zn11)]

+b\y [d(xzp, SPxn) + d(Xan41, TPxp41)]
+ e [d(x2p, TPX3n41) + d(X2n41, SPX2p )]
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+e¢[ (X2n, SPx2n) +d(Xan41, TPXan41)
1+ d(Qxon, TPxong1 ), d(Xan41, SPX2n )
d?(Xgn, SPXap ) + d(X2n, TPX2p41 ), d(X2n41, SPXon ) +d? (X2n41, TPX2p41 )
14 d(xz2n, SPx2n) + d(xzn41, TPXon41)

+ fi

Wd(x2p41, X2n12) < aP [d(x2n, Xoni1 )] + DU [d (X2, X2n11) + d(Xops 1, Xon42) ]

+ e [d(xon, X2n42) + A(X2n41, X241 )]

\IJ d(xznXan+1)+HdXont1.X2n+2)
1+d(xznX2n+2),d(X2n+1.X2n+1)

d?(Xom, Xon+1 ) + d(X2n Xan12), (X 2ne1, Xone1 ) +d* (Xons1, Xon42)
1+ d(xzn, Xon+1) + d(X2ne1, Xon+2)

+f

< al.lJ [d(XZn' Xon+1 )] + (b + e) qj[d(xZn' x2n+1) + d(x2n+1rx2n+2)]

d?(Xam, Xon+1 ) +d* (X241, Xon42)
14+ d(x2n, Xon+1) + d(X2n41, Xon+2)

+ qu [d(XZn'x2n+2)] + fl-p

< aP [d(xz2n Xan41 )] + (b + W [d(X2n Xon41) + d(Xons1, Xans2)]
+ P [d(xan, Xan+1) + d(ons1, Xone2) ] + F W[d(on, Xont1) + d(ane1, X2n+2)]
S(a+(b+e)+c+ ) Pdxzn, xane1) + (b +e) + ¢+ HY d(Xnt1, X2n+2)
(1= +e)—c—HPdOoni1Xone2) <@+ (b +e)+c+ HPdn Xone1)
By using triangle inequality we get,

(@a+(+e)+c+f)
Wd(xzp41) Xon42) < (I—(b+te)—c—f)

lIJd(xZn: X2n+1 )

As similarly we can show that,

+b+c+
lde(xZn' x2n+1) < Ecll —ph— Z _ ;;

Y d(x2n—1'x2n)

In general we can write,

(a+ (b +e)b+c+ !
(1-(b+e)—c—f)

P d(xg,x1)

Yd(xpn11, X2n42) <

(a+(b+e)+c+f)

On taking [(1_(b+6)_c_f)

|- x.

Wd(Xzn11, X2n42) < K2 W (x, %1 )
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For n < m, we have

Wd(x2n Xom) < W d(X2n Xop41) + Wd(X2ni1, Xona2 )+ + Wd(xgm_1, X2 )
< (K" + K™M1 4 K™2 4+ 4+ K™) Yd(xg,x1)
n
= 1—-K Yd(xg,x1)

n

YlldCezp, x2) |l < ry ||d(xg, x4 )|

1-K
As limy, oY [|d(x2n, X2m)1l = 0
In this way lim,, o, Wd(X2541,%2042) = 0
Hence {x,,}is a Cauchy sequence which converges to v € X.
Therefore (X, d) is complete cone metric space Thus x,, > v asn — oo
SPx,, v and TPx,,,1 2V asn— o
~ vis fixed point of S and T in X, Since ST = TS this gives,

v=Tv=TSv=STv=Sv=v
vis common fixed point of Sand T.
Uniqueness : Let w be another fixed point of S and T in X distinct from v, Then we have,
Tv=v and Tw=walsoSv =vand Sw=w
Yd(v,w) = Pd(Sv, Tw)
From (3)

PYd(Sv, Tw) < aPd(v,w) + b [d(v, Sv) + d(w, Sw)] + c [d(v, Tw) + d(w, Sv)]

[ d(v,Sv)+d(w,Sw)
ll) 1+d (v, Tw),d(w,Sv)

d?(v,Sv) + d(v, Tw), d(w, Sv) + d?(w,Sw)
1+d(v,Sv) +d(w,Sw) ]

oo |

PYd(Sv, Tw) < ald(v,w) + (b + &)Y [d(v, Sv) + d(w, Sw)] + e [d(v, Tw) + d(w, Sv)]

d?(v,Sv) + d(v,Tw), d(w, Sv) + d?(w, SW)]

T [ 1+ d(v, Sv) + d(w, sw)

PYd(Sv, Tw) < (a+ 2c + f) Yd(v,w)

This is a contradiction. So v is uniqgue common fixed point of Sand T in X.
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Theorem: 3.4Let (X, d) be a complete cone metric space and Q a normal cone with normal constant r.
Y € W . Suppose that the mapping E, F, S and P be the mapping from X into itself satisfies the
condition

(i EX)c P(X), FX)cSX)
(i) [E, S] and [F, P] are weakly compatible.
(iii)  SorPis continuous
(iv)  Wd(Ex, Fy) < ayd(Sx, Py) + by [d(Sx, Ex) + d(Py, Fy)]
+cy [d(Sx,Fy) +d(Py,Ex)] +
rey| d(Sx,Ex) + d(Py,Fy)
1+ d(Sx, Fy) d(Py,Ex)
d?(Sx,Ex) + d(Sx, Fy) d(Py,Ex) + d?(Py, Fy)
1+ d(Sx,Ex) + d(Py,Fy)

+H |

For all x, ye Xand a,b,c,f =2 0suchthat0<a+b+c+e+f <1Then E, F, S and P have
unique fixed point in X.

Proof: Let us define a sequence{x,} and {y,}in X, such that
Exzn = PXant1 = Yon @Nd FXzp41 = SXopi2 = Yone1 V=012, .. ...

NOW, lljd(yn' y2n+1) = Lpd(ExZn' Fx2n+1)

From (iv) Wd(Exyp, Fxgni1) < a d(Sxon, PXopy1) + bW [d(Sxgp, Expy) + d(Pxopy1, FXoniq)]

d(Sxy,, Exy,) + d(Px ,Fx
+ P [d(Sx2n, FXany1) + A(PXany1, Exopn)] + e (Szn an) (Ptzniy Ftamea) ]

1+ d(Sx2p, Fxan41), d(PXapny1, EXxpy)

d?(Sxan, Exyn) + d(Sxzn, Fxans1), d(PXapni1, EXgn) + d*(PXpyq, Fx2n+1)]

+
A 1+ d(Sxzn, Exzn) + d(PX2n41, FXopni1)

L|Jd(yn' y2n+1) sa lIJd(yZn—l’yZn) +b ‘p[d(ym—rym) + d(yZn’ y2n+1)]

d(V2n-1,Y2n) + AW2n, Yon+1)

1+ dan-1,Y2n+1) AWan, Yan)

d*Van-1,Y2n) + AW2n-1,Y2n+1) AW2n, Yon) + dz(y2n1y2n+1)]
1+dWan-1,Y2n) + dV2n Yans1)

+ P [dan—1,Y2n+1) + dV2n, Yan)] + e

+fu
‘bd(yn' y2n+1) <(at+b+e)y d(yZn—l’yZn) +(b+te) llj[d(yzw y2n+1)]
+ cp [d(yZn—l'y2n+1)]
+U [dYan-1,Y2n) + AV2n Yon+1)]
<@+ b+e)+Hvdym—1,Y2n) + (b +e)+c+ HU[AdV2n Yons1)]

A—=M+e)—c—NHY AW Yons)] <@+ b +e)+ )V dVan-1,Y2n)

89


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lLi‘!
Vol.8, No.8, 2018 IIS E

(a+(+e)+f)
lIJ[d(yZn’ y2n+1)] = (1 _ (b + e) —c— f)l Lp d(yZn—l’yZn)

Similarly, in general we have

(a+b+e)+f) "
LIJ[d(-’yZn' y2n+1)] = l(l _ (b + e) —c— f) l|J d(yO’yl)
On taking [%] = K and n < m,we have
lIj[d(yzn’ y2n+1)] SE KT A+ KM d(yo'y1)
n
<7—x Vdbor)
n

Wlla(z van)ll < a0y, )

1-K
Aslimy o U [|d(y2n, Y2m)Il = 0

Hence {y,} is a Cauchy sequence which converges to v € X, by the continuity of S and P. Also the
sequence {x,} is also convergent sequence which converges to v € X, Hence (X, d) is complete cone
metric space and v is a fixed point of E, F, Sand P.

Since {E, S} and {F, P} are weakly compatible implies that v is common fixed point of E, F, S and P.
Uniqueness: Let us assume that,w is another fixed point of E, F, S and P in X distinct from v, then
Ev=v and Ew=w alsoFv =v and Fw =w
Yd(v,w) = Pd(Ev, Fw)
From (4) Yd(Ev, Fw) < ayr d(Sv, Pw) + by [d(Sv, Ev) + d(Pw, Fw)]

+cy [d(Sv, Fw) + d(Pw, Ev)]

d(Sv,Ev) + d(Pw, Fw)
1+ d(Sv, Fw) d(Pw,Ev)

d?(Sv, Ev) + d(Sv, Fw) d(Pw, Ev) + d?(Pw, FW)]

e [ 1+ d(Sv, Ev) + d(Pw, Fw)

Yd(Ev, Fw) < (a+ 2c)P d(v,w), this is a contraction.

Hence v is unique point of E, F, Sand P in X.
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