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Abstract

The study of maps which act on a finite set of objects is of special importance in modern algebra. The main
objective of this paper is to compare between the structures of groups that yield from the definition of composite
functions in group theory (permutation groups) and those in calculus.

In calculus there no detailed study for groups, but we took the definition of composite functions as a binary

operation to define a group. This study can be considered as an essential model for isomorphic groups.

1. Introduction
Definition 1:

To define maps of Sets: Let f: G — G be a map of G into itself such that G: &, n, &, 9, ... be a finite or infinite set
of objects, then f is a rule whereby to each £eG there is assigned a unique object neG, called the image of &
under f. We can write ) = f(§). Two maps f and g are equal if and only if f(§) = g(§) VEeG. The composite of f
and g is the map f.g defined by f.g(&) = g(f(€¢)) which means that f.g is obtained by letting f be followed by g.
Thus if f(§) = n, then f.g(€) = g(n). But the definition in calculus is:  f,g(&) = f(g(&)) [5], [6]-

Now let f, g and h be three maps of G into itself. We can show that the composition of these maps always
obeys the associative law. Let £€G and put f(&) =n, g(n) = ¢, h(¢) = .
Then
f(9.0)(€) = g.h(f(€)) = g.h(n) = h(g(m)) =h(C) =<
and (f.9).h(&) = (9(f(8)).h = (g(m)).h = h(g(n)) = h(¢) = .

Since & was an arbitrary element of G, it follows that

f.(g.h) = (f.9).h (1)
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Similarly: fo(goh) = (fog)oh 2

The study of maps which act on a finite set G of objects is of especial importance. For simplicity the objects
of G are often denoted by the integers 1, 2, 3,..., n [1], [4].
Definition 2: A map of G ( of order n) onto itself is called a permutation of degree n.

It is explicitly described by the symbol:

1 2...j..n
= 3)
a4 a2...aj ..dp
Where a; = 7j is the image of j under 7. Thus the second row in (3) is a rearrangement of the integers 1, 2, ..., n.
From elementary algebra it is known that there are n! such rearrangements. Hence there n! permutations of

degree n. The complete set of permutations will be denoted by s,. In fact the different rearrangements of the

columns in (3) give the same permutations for example;

1234) (2143 (4321

2314) (3241) (4132

If we have another permutation p such that

1 2 ..n a; a,..a
p: = n (4)
b, b, ...b, c, C,...C,
1 2..n
Then from (3) and (4), 7P = [2], [7].
¢ Cp...Cp

Definition3: Let G and G’ be two (finite or infinite) groups, where the identity elements of G and G’ are denoted
by e and ¢’ respectively. Suppose there exists a one-to-one correspondenced: G— G’ between the elements of G
and G', that is to each x in G there is a unique image y in G’ and to each image y in G’ there is a unique element x
in G. In other words the elements G and G’ have been paired off in such a way that each element of G and G’
occurs in precisely one pair. Then we say G and G’ are isomorphic [3].

Examplel: Let z range over the extended z-plane, that is over all complex numbers and the point at infinity. The
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following six maps transform the extended z-plane into itself and therefore constitute an associative system

under composition.

1 z-1 1
f.oz>z,f,;2>>— ,faiz>—-, fpiz>=,fc:251-12,
1 2 1-7 3 7 4 7 5
N 1, ;-1
f6.z—>m,e.g.z(f4of3):f3(f4)=fg(z)z =1-2=fs.
z
The complete multiplication table of the system is as follows:
Tl f, fu fy f5 fg
f, | f, f, f, £ f; f,
fo | f5 f, f, fg f, fs
fo | f, fo f5 f, f5 f,
fs | fs 4, fo Ty f1 fy
fo | fo fs 4 f3 o 1

Table 1: Multiplication of Composite Functions in z-plane.

If Z:{fl, f2 , f3 , f4 , f5 , f6},then the system ( X , ,, ) satisfied all the group postulates:

(1) Closed ( 11') Associative ( 111') There exists an identity element (f,)

(1V') The inverse element exists for every element as:

f;

f,

f3

s

fs

fs

f;

f3

f,

s

fs

fs

We can note that, table 1 is not symmetric about the main diagonal, then the system ( X , , ) represents (non

Abelian) group [3].
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2. Results and Discussion

Now the following examples for investigating the composition of permutation groups according to the

definitions in  group theory (modern algebra) and the definitions in calculus correspondingly.

12 12
Example 2: Let S = {1, 2} and S, = { 4 , A} such that: /'LO = 12 ) /11 = 21 . Then

multiplication tables are:

o /10 ﬂl
Ao A A
R G

(i) Table 2: Multiplication Table of (S, , ®) in group theory.

The system (S, , ) satisfied all the group postulates, then represents permutation Abelian group.

° Ao A
Ao o A
A M A

(ii) Table 3: Multiplication Table of (S, , 0) in calculus.
The system (S, , 0) satisfied all the group postulates , then represents the same permutation Abelian group.

Example 3: Let S ={1, 2, 3} and S = {4g, A1, 42, A3, A4, A5} Such that:
/1_123 _123/1_123 (123
°=l123)"%l132) 2213 231)

123 123
24: ,/15: .
312 321
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Then multiplication tables are:

* o M A A A ks
Ao o 4 b A3 b4 s
A M Ao s A A Aa
A2 A A A A A A
A3 A3 s A A A A
Ay Ay b A Ao A3 A
s s A3 A N A A

(i) Table 3: Multiplication Table of (S;, ® ) in group theory.

The system (S; , o ) satisfied all the group postulates, then represents (non Abelian) group of center A

(commutative elements).

° Ao 4 A Az A4 s

7o Jo A Ao s Au Js
M M A A A A A3
A» Ao A3 A M A Ay
3 A b As b A 4
s PR T R T N X
s s Ay A b A Ao

(ii) Table 4: Multiplication Table of (Ss, 0 ) by the definition in calculus.

The system (S3 , 0 ) satisfied all the group postulates, then represents different (non Abelian) group of center A,.

Example 4: Let S = {1, 2, 3, 4} and S, = {4y, A1, A2, Aa, Au, s, A6, A7, As, Ao, Aror a1, Aa2, Aaze Aaay Aus, Aser Aary s,

llg, 120, lgl, 122, 123} such that:

z-—1234 %_1234
0711234)"" (1243
1234 1234
14: ,15: ,ﬂ«e
1423 1432
%_1234 29_1234
l2314)7° 2341

112_

Mo

1234
@324
1234
(2134

1234
2413
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(1234 (1234 (1234 (1234

M”’3124’%“'3142’%”_3214’&V'3241

o

7

(1234 1234 1234 1234
%“‘3412’ 3421”118 4123”119 4132

A (1234 ) (1234 . (1234 ; (1234
0704213)"" 4231)"72 (4312)"2 (4a321])

For example (by definition in group theory) As. A;7 =41, , but A5, 417 = Ay5 (by definition in calculus).
Obviously the systems (S, ® ) and (S4, 0) are also represent two different (non Abelian) groups of centers Ay

with respect to group theory and calculus definitions.

3. Conclusion
We can conclude our discussion in three cases:
(a) For S; there is no rearrangement.
(b) For S, the both definitions of composition in group theory and in calculus yielded the same Abelian groups of
order two.
(c) Lastly, S, wheren> 2, the definitions of composition in group theory and in calculus, yielded different non

Abelian groups but are isomorphic groups.
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