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Abstract:

In this paper, we must utilize the ideas of Na-open and Nsa-open sets to characterize some new types of
weakly nano open functions such as; No-open functions, Na*-open functions, No**-open functions, Nsa.-open
functions, Nsa*-open functions and Nso**-open functions. Also, we must explain the relationships between
these types of weakly nano open functions and the concepts of nano open functions. Furthermore, we must prove
some theorems, properties and remarks.
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1. Introduction

M. Lellis Thivagar and C. Richard [1,3] introduce nano topological space on a subset C of a universe
which is characterized with respect to lower and upper approximations of C. He studied about the weak forms of
nano open sets. Qays Hatem Imran [4,5] introduced the idea of Nsoa-open sets in nano topological spaces and
also introduced new types of weakly nano continuity. The aim of this paper is to introduce new types of weakly
nano open functions such as; No-open functions, Na*-open functions, Na**-open functions, Nsa-open
functions, Nsa*-open functions and Nso**-open functions. Also, we must explain the relationships between
these types of weakly nano open functions and the concepts of hano open functions. Furthermore, we must prove
some theorems, properties and remarks.

2. Preliminaries

Throughout this paper, (U, tx(C)), (V,a2(D)) and (W, px(E)) (or frugally U,V and W) always mean
nano topological spaces on which no separation axioms are assumed unless otherwise mentioned. For a set M in
a nano topological space (U, T (C)), Ncl(M), Nint(M) and M€ = U — M denote the nano closure of M, the
nano interior of M and the nano complement of M respectively.

Definition 2.1: A subset M of a nano topological space (U, t¢(C)) is said to be:

1) A nano a-open set (briefly No-open set) [3] if M € Nint(Ncl(Nint(M))). The family of all Na-open sets
of U is denoted by a1 (C).

2) A nano semi-o-open set (briefly Nsa-open set) [4] if there exists a No-open set S in U such that § € M <
Ncl(S) or equivalently if M < Ncl(Nint(Ncl(Nint(M)))). The family of all Nso-open sets of U is
denoted by satz(C).

Remark 2.2:[4] In a nano topological space (U, t¢(C)), the following statements hold and the reverse of each
statement is not true:

1) Every N-open set is a Na-open and Nso.-open.

2) Every Na-open set is a Nso.-open.

Example 2.3: Let U = {py, pz,p3, P4} With U/R = {{p,}, {3}, {P2,p4}} and C = {py,p.}. Then 12(C) =
{b, {p1} {P2, P4}, {P1, D2, D4}, U} is @ nano topological space. The family of all No-open sets of U is: atz(C) =

{&, {01}, (P2, D4}, {P1, P2, P4}, U The family of all Nso-open sets of u is:
satg(C) = atgx(C)U{{p1, p3}, {P2, P3, Da}}-

Theorem 2.4:[4] For any subset M of a nano topological space (U, 1x(C)), M € atx(C) iff there exists a N-
open set P such that P € M < Nint(Ncl(P)).

Definition 2.5: Let #: (U, 72(C)) — (V, 0x(D)) be a function, then ¢ is said to be:
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1) Nano open (briefly N-open) [2] iff for each M N-open set in U, then £(M) is a N-open set in V.
2) Nano a-open (briefly No-open) [6] iff for each M’ N-open set in U, then £(M) is a No-open set in V.

Theorem 2.6:[2] A function ¢: (U, 2(C)) — (V, 0x(D)) is N-open iff £(Nint(M)) S Nint(£(M)), for every
M S U.

Definition 2.7:[2] Let ¢: (U, 7x(C)) — (V, 0x(D)) be a function, then ¢ is said to be nano continuous (briefly
N-continuous) iff for each M N-open set in V, then £-1(M) is a N-open set in U.

Theorem 2.8:[2] A function ¢: (U, 72(C)) — (V, 0x(D)) is N-continuous iff £(Ncl(M)) S Ncl(£(M)), for
every M € U.

3. Weakly Nano Open Functions

Definition 3.1: Let #: (U, 72(C)) — (V, 0x(D)) be a function, then ¢ is said to be:
1) Nano a*-open (briefly Na*-open) iff for each M No-open set in U, then £(M) is a No-open setin V.
2) Nano a**-open (briefly No**-open) iff for each M’ Na-open set in U, then £(M) is a N-open setin V.

Definition 3.2: Let #: (U, t2(C)) — (V, 0x(D)) be a function, then ¢ is said to be:

1) Nano semi-a-open (briefly Nso-open) iff for each M N-open set in U, then £(M) is a Nsa-open set in V.

2) Nano semi-a*-open (briefly Nsa*-open) iff for each M Nsa-open set in U, then £(M) is a Nsa-open set in
V.

3) Nano semi-a**-open (briefly Nsa**-open) iff for each M’ Nsa-open set in U, then £(M) is a N-open set in
V.

Theorem 3.3:
1) Every N-open function is a Na-open, so it is Nsa-open, but the reverse is not true in general.
2) Every Na-open function is a Nsa-open, but the reverse is not true in general.

Proof:

1) Let £: (U t2(€)) — (V,0%(D)) be a N-open function and M be a N-open set in U. Then £(M) is a N-open
set in V. Since any N-open set is Na-open (Nsa-open), £(M) is a Na-open (Nsa-open) set in V. Hence ¢ is a
Na-open (Nsa-open) function.

2) Let ¢: (U, t2(C)) — (V,0%(D)) be a Na-open function and M be a N-open set in U. Then £(M) is a Now-

open set in V. Since any Na-open set is Nso-open, £(M) is a Nsa-open set in V. Hence £ is a Nsa-open
function.

Example  3.4: Let U={1234} with U/R={{2},{4},{13}} and c¢={12}. Then
2(C) = {¢,{3},{1,3},{1,2,3}, U} is a nano topological space. The family of all Na-open (Nsa.-open) sets of U
is: atx(C) = satx(C) = t2(C)U{{2,3},{3,4},{1,3,4},{2,3,4}}. Define a function ¢: (U, 72(C)) — (U, 72(C))
as€(1) =1,4(2) =4,¢(3) =3 and £(4) = 2. Then £ is a Na-open, so it is Nsa-open but not N-open function.

Example 3.5: Let U = {py, pz, 3, P4} With U/R = {{p,}, {3}, {P2,ps}} and C = {py,p.}. Then 12(C) =
{9, {p1}, {p2, 4}, {P1, P2, P4}, U} is @ nano topological space.

Let V = {41,492, 43, 4} with V/R = {a2}{94}. {91, 43}} and D = {q1,q2}. Then
ox(D) = {$,{42}, {91, 43}, {91, 42, g5}, V} is a nano topological space.

Define a function £: (U, 7 (€)) — (V,0%(D)) as £(p;1) = £(p,) = q2,£(ps) = €(ps) = qu. Then £ is a Nsa-
open function but it is not Na-open function.

Remark 3.6: The concepts of N-open function and No*-open function are independent, as the following
examples show:

Example 3.7: In example (3.4), the function ¢ is a Na*-open but it is not N-open.

Example 3.8: Let U = {py,pz, 3, pa} With U/R = {{p1}, {pa}, {p2,p3}} and C = {py, ps}. Then 1x(C) =
{¢,{p1, 4}, U} is a nano topological space.
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Let V ={q1,92, 93, 4} with V/R = {91}, {93}, {92, 443} and D = {q1,q2}- Then
ox(D) = {$, {91}, {42, 44}, {91, 42, 44}, V} is a nano topological space.

Define a function ¢: (U, 7z(C)) — (V,0x(D)) as £(p,) = q1,£(p1) = q2,£(p3) = q5 and £(p,) = q,. Then £
is a N-open function but it is not No*-open.

Proposition 3.9:
1) 1f £: (U, 12(€)) — (V, 0% (D)) is a N-open, N-continuous function, then ¢ is a No:*-open function.
2) £: (U t2(C)) — (V,02(D)) is a No*-open function iff £: (U, atz(C)) — (V, aox (D)) is a N-open.

Proof:

1) Let £: (U t2(€)) — (V,0%(D)) is a N-open, N-continuous function. To prove ¢ is a Na*-open function.
Let M € at¢(C), then there exists a N-open set ' such that ' € M € Nint(Ncl(V)) (by theorem (2.4)).
Hence ¢(W) € £(M) < £(Nint(Ncl(NV))) but £(Nint(Ncl(N))) € Nint(¢(Ncl(N))) (since £ is a N-
open function).

Then £(W) € £(M) € £(Nint(Ncl(IN))))) € Nint(£(Ncl(N))).

But Nint(#(Ncl(N))) € Nint(Ncl(£(NV))) (since ¢ is a N-continuous function). Therefore we get (V) €
£(M) € Nint(Ncl(¢(IV))). But (V) is a N-open set in V (since £ is a N-open function). Hence £(M) €
oz (D) (by theorem (2.4)). Thus is a No*-open function.

2) The proof of a part (2) is easily.

Remark 3.10: Every Na*-open function is a Na-open and Nsa-open but the reverse is not true in general as the
following example show:

Example 3.11: Let U = {py, p2, p3, pa} With U/R = {{p1}, {p}, {ps}, {ps}} and C = {p1, pa}.
Then 14 (C) = {¢, {p1, p4}, U} is a nano topological space.

Let — V=1{q1,92959,  with  V/R={{a:}{g:}.{qr,q.}} and  D={qq}  Then
0z (D) = {¢,{43}.{q1, 44}, {491, 43, 94}, V} is a nano topological space.

Define a function ¢: (U, 72(C)) — (V,0x(D)) as £(p;) = q1, £(P2) = 42, £(p3) = q3 and £(p,) = q,. Then ¢
is a Na-open function and Nsa.-open function but not Na*-open.

Remark 3.12: The concepts of N-open function and Nsa*-open function are independent, for examples:
Example 3.13: In example (3.5), the function ¢ is a Nsa*-open but it is not N-open.

Example 3.14: Let U = {py, pz, p3, P4} With U/R = {{p,}, {p3}, {P2,p+}} and C = {p,, p4}. Then 12(C) =
{9, {p2, p.}, U} is a nano topological space.

Let V =1{q1, 92,93, q4} with V/R = {q1}. {95}, {92, 943} and D = {q1,92}- Then
0z (D) = {¢,{91}, {92, 44}, {91, 92, 94}, V} is a nano topological space.

Define a function ¢: (U, 72(C)) — (V,0x(D)) as 4(p1) = q4,£(p2) = g1, £(p3) = q, and £(p,) = q,. Then ¢
is a N-open function but it is not Nsa*-open.

Proposition 3.15: A function ¢:(U,1x(C)) — (V,02(D)) is a Nsa*-open iff ¢:(U, sarz(C))—
(V,saoz(D)) is a N-open function.

Proof: Obvious.

Remark 3.16: The concepts of Na*-open function and Nso*-open function are independent as the following
examples show:

Example 3.17: In example (3.11), the function £ is a Nsa*-open but it is not Na*-open.

Example 3.18: Let U = {py, pz, 3, pa} With U/R = {{p1}, {ps}, {p2, pa}} and C = {py,p,}. Then 72(C) =
{¢, {1}, {P2, P4}, {P1, P2, P4}, U} is @ nano topological space.

Let V ={q1, 92,93, q4} with V/R = {q1}. {95}, {92, 943} and D = {q1, 92} Then
0z (D) = {¢, {91}, {92, 44}, {91, 92, 94}, V} is a nano topological space.
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Define a function €: (U, 72 (C)) — (V,0x(D)) as €(p1) = 41,£(02) = G2, £(p3) = q; and £(p,) = q,. Then £
is a No*-open function but it is not Nsa*-open.

Theorem 3.19: If a function ¢: (U, 7 (C)) — (V, 0 (D)) is Na*-open and N-continuous, then it is Nso*-open.

Proof: Let : (U, 72(C)) — (V, 0x(D)) be a Na*-open and N-continuous function. Let M be a Nsa-open set in
U. Then there exists a Na-open set say § such that § € M < Ncl(S). Therefore £(§) € £(M) € £(Ncl(S)) <
Ncl(£(S8)) (since £ is a N-continuous), but £(S) € atz(C) (since £ is a Na*-open function). Hence #(S) <
L(M) S Ncl(#(S)). Thus, £(M) € satx(C). Therefore, € is a Nsa*-open function.

Remark 3.20: The following diagram explains the relationship between weakly nano open functions.

Nsa**-open function

Y
Na**-open function

£ is a N-continuous

( ) N-open function

v
Na-open function

A

A4
Nsa-open function

A

£ is a N-continuous v v

Nsa*-open function

Na*-open function

©
t , i

Diagram (3.1)

Theorem 3.21: Let £;: (U, 72(C)) — (V,02(D)) and £,: (V, 0x(D)) — (W, px(E)) be two functions, then:

1) If ¢, is N-open function and ¢, is No-open function, then ¢, o £1: (U, 72(€)) — (W, pr(E)) is a Na-open
function.

2) If £, is No-open function and ¢, is No*-open function, then £, o £:: (U, 7(€)) — (W, pr(E)) is a Na-
open function.

3) If £, and ¢, are No*-open functions, then £, o £1: (U, 72 (€)) — (W, pr(£)) is a Na*-open function.

4) If £, and ¢, are Nso*-open functions, then £, o £,: (U, 72 (€)) — (W, pr(€)) is a Nsa*-open function.

5) If £, and £, are No**-open functions, then £, o £;: (U, t2(€)) — (W, pz(E)) is a No**-open function.

6) If £, and £, are Nso**-open functions, then £, o ;: (U, 7 (€)) — (W, px(€)) is a Nso**-open function.

7) If £, is Na**-open function and ¢, is Na*-open function, then €, o £;: (U, 72(C)) — (W, px(€)) is a No*-
open function.

8) If £, is Na-open function and ¢, is No**-open function, then £, o £1: (U, 12(€)) — (W, pr(E)) is a N-
open function.
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9) If ¢, is Na**-open function and ¢, is No-open function, then ¢, o ¢;: (U, 72(C)) — (W, pz(€)) is a No*-

open function.

10)If ¢, is Na**-open function and ¢, is N-open function, then £, o £: (U, t2(C)) — (W, px(€)) is a Na**-

open function.

Proof:

1)

2)

3)

4)

5)

6)

7)

8)

9)

Let M be a N-open set in U. Since ¢, is a N-open function, £, (M) is a N-open set in V. Since ¢, is a No-
open function, £, o £,(M) = £,(£,(M)) is a Na-open set in W. Thus, £, o £1: (U, 72(€)) — (W, pr(E))
is a Na-open function.

Let M be a N-open set in U. Since ¢, is a No-open function, £, (M) is a Na-open set in V. Since ¢, is a
No*-open function, €, £,(M) = £,(¢,(M)) is a Na-open set in W. Thus, ¢, ¢1: (U, 12(C)) —
(W, pz(€)) is a Na-open function.

Let M be a Na-open set in U. Since #; is a Na*-open function, £, (M) is a Na-open set in V. Since ¢, is a
No*-open function, €, o £1(M) = £,(£,(M)) is a No-open set in W. Thus, £, 0 ¢1:(U 12(C)) —
(W, px(€)) is a No*-open function.

Let M be a Nsa-open set in U. Since ¢, is a Nsa*-open function, £, (M) is a Nsa-open set in V. Since ¢, is
a Nsa*-open function, £, o £; (M) = £,(£,(M)) is a Nsa-open set in W. Thus, £, o £1: (U, 12(C)) —
(W, px(€)) is a Nsa*-open function.

Let M be a Na-open set in U. Since £, is a Na**-open function, £, (M) is a N-open set in V. Since any N-
open set is No-open, ¢,(M) is a Na-open set in V. Since ¢, is a Na**-open function, £, o £;(M) =
£,(£,(M)) is a N-open set in W. Thus, £, o £1: (U, 12(€)) — (W, pz(£)) is a Na**-open function.

Let M be a Nsa-open set in U. Since ¢, is a Nsa**-open function, £, (M) is a N-open set in V. Since any N-
open set is Nso-open, £, (M) is a Nsa-open set in V. Since £, is a Nsa**-open function, £, o £;(M) =
£,(£,(M)) is a N-open set in W. Thus, £, o £;: (U, 72(€)) — (W, px(E)) is a Nsa**-open function.

Let M be a No-open set in U. Since ¢, is a Na**-open function, £, (M) is a N-open set in V. Since any N-
open set is Na-open, £,(M) is a Na-open set in V. Since £, is a Na*-open function, £, ¢ £;(M) =
£,(£,(M)) is a Na-open set in W. Thus, £, o £3: (U, 72(C)) — (W, px(E)) is a No*-open function.

Let M be a N-open set in U. Since ¢, is a Na-open function, £, (M) is a Na-open set in V. Since ¢, is a
No**-open function, €, ¢ £, (M) = £,(£,(M)) is a N-open set in W. Thus, #,0¢;:(U,12(C)) —
(W, pz(€)) is a N-open function.

Let M be a Na-open set in U. Since ¢, is a Na**-open function, £, (M) is a N-open set in V. Since £, is a
No-open function, #, o #;(M) = £,(¢,(M)) is a No-open set in W. Thus, &,0¢;:(U 12(C)) —
(W, pz(€)) is a No*-open function.

10)Let M be a Na-open set in U. Since ¢, is a Na**-open function, £, (M) is a N-open set in V. Since ¥, is a

N-open function, ¢, 0 #;(M) = £,(£,(M)) is a N-open set in W. Thus, £, ¢::(U12(C)) —
(W, pz(€)) is a No**-open function.

4. Conclusion

We must utilize the ideas of No-open and Nso-open sets to characterize some new types of weakly nano

open functions such as; No-open, Na*-open, No**-open, Nsa-open, Nsa*-open and Nso**-open functions. The
No-open and Nsoi-open sets can be used to derive some nano compactness, and nano connectedness.

References

[1]
2]

[3]
[4]

[5]
[6]

M. Lellis Thivagar and C. Richard, "Note on nano topological spaces", Communicated.

M. Lellis Thivagar and C. Richard, "On nano continuity”, Mathematical Theory and Modeling, 3(7)
(2013), 32-37.

M. Lellis Thivagar and C. Richard, "On nano forms of weakly open sets", International Journal of
Mathematics and Statistics Invention, 1(1) (2013), 31-37.

Qays Hatem Imran, "On nano semi alpha open sets", Communicated.

Qays Hatem Imran, "On new types of weakly nano continuity", Communicated.

R. T. Nachiyar and K. Bhuvaneswari, "Nano generalized a-continuous and nano a-generalized
continuous functions in nano topological spaces”, International Journal of Engineering Trends and
Technology, 14(2) (2014), 79-83.

31


http://www.iiste.org/

