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Abstract

Many mathematical models are contributed to give rise to of linear and nonlinear integral equations. In this paper,
we study the performance of recently developed technique homotopy perturbation method by implement on
various types of linear and non-linear fuzzy Volterra integral equations of second kind, mixed fuzzy volterra
fredholm integral equation and singular fuzzy integral equations. Obtained results show that technique is reliable,
efficient and easy to use through recursive relations that involve integrals. Moreover, these particular examples
show the reliability and the performance of proposed modifications.
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1. Introduction

Integral equation plays a vital role with in many disciplines of sciences, engineering and mathematics. Using of
integral equations with exact parameter within many modeling physical problems is not quite easy or better to
say impossible in real problems. To overcome this difficulty one of the most recent approach is to use fuzzy
concept. Basic concept of fuzzy was first introduced by professor Zadeh in 1965 after his publication on fuzzy
set theory [1, 2]. Thus in 1978 Dubois and Prade introduced the concept of arithmetic operations on fuzzy
numbers or can say they presented the fuzzy calculus [3, 4], then as well as time pass many different fields of
mathematics use this concept of fuzzy set theory and introduced fuzzy functions, relations, groups, subgroups etc.
Recently twenty years ago in Japan a person name M. Sugeno introduced the concept of fuzzy integrals [5, 6],
then it’s becoming a research oriented topic. Hence mathematicians preferred to use fuzzy integral equation
instead of using deterministic models of integral equations. Homotopy perturbation method is a coupling of
perturbation method and homotopy technique was firstly introduced by He JH in 1999 [7, 8], then it was farther
developed by him [9, 10]. This method successively proved accurate and fastly convergent. HPM is one of the
most reliable and affective method to find the solution of linear and non-linear fuzzy integral equations. In this
paper we shall discuss the analysis of HPM for fuzzy integral equation and concluded their advantage in
application form on linear and non-linear problems of fuzzy integral equations.

2. Preliminaries
Let’s introduced the notation needed in this paper. The bar under or over symbols denoted the fuzzy functions.

Fuzzy number u(a )is basically the parametric representation of pair of functions (;t(a), g(a)) ,0<a<1
which satisfied the following properties [11]:

u(a) Is bounded monotonically increasing function or can say is a bounded left continuous non-decreasing
function over [0, 1].
g(a ) Is bounded monotonically decreasing function or can say is a bounded left continuous non-increasing
function over [0, 1].

L_t(a)S u(@)0<a<l.
If 171(0()= g(a), 0 < a < 1then it’s becomes Crisp number.

3. Definition: Fuzzy Integral Equation
An integral equation

u(x, @) = f(x,a)+ A j:(‘:: k(x, Hu(t, @)dt M)

is called fuzzy integral equation of second kind. Where u(x, &)and f (x,@) are fuzzy functions, x is the
fuzzy parameter whose value lies between [0,1] ie. 0<a <1, A is constant parameter, k(X,?)is known
function of two variables x and t called kernel of fuzzy integral equation, a(x)and b(x) are limits of fuzzy

integral equation, if both of limits @(x)and b(X) are constant, then integral equation is known as fredholm
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fuzzy integral equation, if one of limit can say @(X)is constant and one of limit say H(X)is variable then

equation is called fuzzy volterra integral equation.
The parametric representation of Eq. (1) is as follows,

u(x,a) = f(x,a)+ 2 I:((:))k(x, £yu(t, @)dt

u(x,@) = f(x,@)+ 4] k(v 0u(t,

For0<a <1 - B

Where u(x, ) = (u(x, a),u(x,a)), f(x,a)=(f(x,), f(x,))and
{k(x, Hu(t,a) =k(x,Hu(t,a) k(x,t)>0

k(x,Ou(t, @) = k(x,Ou(t,a)  k(x,£)>0

4. Analysis of HPM to Fuzzy Integral Equations
To solve Eq. (1) by HPM 1* we construct following homotopy,

H(v. p.a) = (1= plir.a) —u, () pl v(v. )= f(ra) = [ k(xov(eads | =0

H, p,a) = (1 - p)v(x, ) —uo(x,a) ]+ p[\_/(x, @) - f(x,a) — jj((:: k(x, (s, a)dt} ~0
@)

Thus the initial approximation is taken a

uy(v,0) = f(5,)
uo(x,) = f(x,a)

Substituting Eq. (3) in Eq. (2) reduces to

v(x,a) = f(va)+ p[k(x0v(e,a)di

3

) _ o @
Vna) = f(xa)+ p f((x))k(x, £y(t, a)dt

The solution of Eq. (2) is assumed as

v(x,a)=Y p'v,(x,a)
- )

;(x,a) = ip[\_/i (x,@)

Where (v, vi) are unknown to determined.
Now by putting Eq. (5) in Eq. (4) and by comparing coefficient like power of p we get
The following iterations

0. ‘_)O(x’a) = /_’(x,a)
P vo(x, @) = f(x,@)
v(xa)= [ k(s

6)

- b(x) — @)
vi(x, @)= Lm k(x,t)vo(t, a)dt
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b(x)
vo(xe) = kG0, a)dr
2 . a(x
Py o . (®)
va(x, ) = j o, kot
a(x

and so on...
Thus the solution of FIE-2 is given as

u(x,a) =limv(x,a) =Y v,(x,q)

p—1 pary
Y ©)
u(x,a) =limv(x,a) =Y. v(x,q)
p—l =0
5. Numerical Examples
Example 5.1 Consider the fuzzy volterra integral equation of 2™ kind
X
u(x,@) = f(x,@)+ A sinhxu (x,@)d: (10)

Where

A=1L0<x<1,0<¢<x, 0<a<], k(x,t)=sinhx and f(x,a)z(]_”(x,a),j_‘(x,a)) ie.

f(x,a)=((coshx +1—cosh® x)(a” + &), (cosh x +1—cosh’ x)(4 — &’ — @))
To solve Eq. (10) by homotopy perturbation method we construct following homotopy,

H(v, p,a) =v(x,a)—(coshx +1—cosh® x)(a’ + a) — pLX sinh xv(t,a)dt =0

_ _ . _ (11)
H(®, p,a)=v(x,a)—(coshx +1—cosh’ x)(4—a’ —a)— pJ.O sinh xv(t,a)dt =0
Assume the solution of Eq. (11) can be assume as power series in p
v(x,a)=)Y p'vi(x,a)
o (12)
v(x,@) = p'vi(x,a)
i=0
Utilizing Eq. (12) in Eq. (11) and by comparing coefficients like power of p we get
o |Yo(x,a)= f(x,a) =(coshx+1- cosh” x)(a” + &)
p 9 _ (13)
vo(x,a) = f(x,a) = (coshx +1—cosh® x)(4— o’ — &)
v(x,a) = _Tl (a® + a)sinh x(sinh 2x — 4sinh x — 2x)
Py 0 (14)
vi(x,a) = 7(4 —a’ — a)sinh x(sinh 2x — 4 sinh x — 2x)
- 1 2 . 2 . 3 . .
v,(x,a)= e (a” + a)sinh x(g sinh” x — 2x cosh x + 2sinh x — sinh 2x + 2x)
2,
p (15)

\_/2()6,0():_71(4—0!3 —a)sinhx(%sinh3 x — 2x cosh x + 2 sinh x — sinh 2x + 2x)
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As we know the solution is given as

u(r,a) =Y v,(xa)

- (16)
u(x,a) = Z v.(x,0a)
i=0
Thus by utilizing above iterative results the series solution is given as
. . I . | I . .
u(x,a) = (a* + a)(cosh x —sinh” x + sinh” x — Exsmhx + Exsmhx - Zsmhxsmh 2x+...)
1 1 1 (4
u(x,a) = (4 — o’ —a)(cosh x —sinh® x + sinh? x—Exsinhx +Exsinhx —Zsinhxsinh2x+ )
And the exact solution is given as
u(x,a) = coshx(a’ + a)
— . (18)
u(x,o) = coshx(4—a’ — )
: - Exact
4k —-Approximate
1k
G' ol i M i 1 i i i L i i i 1 L i 1 i " " i)
00 02 04 06 08 10
Fig.1. Plot of approximate and exact solution
Example 5.2 Consider fuzzy fredholm integral equation of 2™ kind
1
u(x,a) = f(x,a)+ J’O xtu(t, a)dt (19)

Where
0<x,t<1,0<5a<], k(x,t)=xt and f(x,x)= (Z(x,a),?(x,a)) ie.

f(x,a)= (% xa,%x(?) -Q))

To solve Eq. (19) by HPM 1* we construct homotopy as follows,
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2 1
H(v, p,a) = v(x, @) = S xer = pxtv(x, a)ds =0
’ (20)
— — ) -
HWv,p,a)=v(x,a)- 3 xa - p'[) xtv(x,o)dt =0
The solution of Eq. (20) can be assumed as power series in p
v(x,a) =Y p'v.(x,a)
0 @1)
v(x,a)= Y p'vi(x,a)
i=0
Now by putting Eq. (21) in Eq. (20) and by comparing coefficients like power of p we get
2
‘_}O(xa 0!) = f(x’a) = EXOC
0. -
Py B ) (22)
vo(x,) = f(x,a) = gx(?) -Q)
2
vi(x,a)= 9 xa
Py ) (23)
vi(x,a) = §x(3 -a)
2
v,(na) = xa
Pty 5 (24)
va(x,a)=—x(3-0)
27
2
vi(x,a) = 31 xa
Py 5 (25)
vi(x,a)=—x(3—-a)
81
And so on...
As we know the solution is given as
u(x,a) =, v,(x,0)
1:30 (26)
u(x,a) = Z v,(x,a)
i=0
Thus by utilizing above iterative results the series form solution is given as
2 2 2 2
u(x,o) = —xa+6xa+ﬁxa+axa+...
(27)

- 2 2 2 2
,a)==x(3-a)+=x(3-a)+—=x(3-a)+=x(3-0a) +..
ux,0)=2x3-0a)+5x(3-a)+ a3 -a)+ 2 x(3-a)

And the exact form solution is given as
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u(x,a) =xa
- ) (28)
u(x,a)=xGB-a)
010 F® T — — e -

---Exact
---Approximate

008 |

L=

L=J

o
T

002

L o e N VR e R - W
0.0 02 04 0.6 08 10
Fig.2. Plot of approximate and exact solution
Example 5.3 Consider the mixed fuzzy volterra fredholm integral equation of 2™ kind

u(x,a) = f(x,a)+ J: E ru(t,o)dtdr (29)
Where

0<t< %,0 <r<x,0<x<L,0<a<, k(x,r,t)=r and f(x,a)= (J_’(x,a),j_’(x,a')) ie.
f(x,a)= ((sinx—%xz)(()(2 +1),(sin x —%xz)(3—053 -a))
To solve Eq. (29) by HPM 1* we construct homotopy as follows,

H(v, p,a) = v(x,a)—(sinx— %xz N +1)-p jox j(f rv(t,a)dtdr = 0

(30)
- - | CE-
Hv,p,a)=v(x,0)—(sinx — Exz Y3-a’ —a)- pjo 'Lz r(t,a)dtdr =0
The solution of Eq. (30) can be assumed as a power series in p
v(x,a)=Y p'v.(x,a)
i=0 31)

v(x,a) = ipi\_/i(x,a)

By putting Eq. (31) in Eq. (30) and by comparing coefficients like power of p we get

vo(x,@) = f(x,0) = (sinx—%xZ)(a2 +1)
P B 1 (32)
w(x,oc):f(x,oc):(sinx—ExZ)(3—oc3 -a)
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1 n
v (x,a) = (Exz —%xz)(w2 +1)
1
P R (33)
- T 2 3
vi(x,a)=(=x"-—x)3-a’ -a)
2 96
71'3 71'6
vy (x,0)=(—x" - x*)(a +1)
2, 96 4608
P’ X . (34)
- T . T 2 3
va(x,a)=(—x" — x)3-a -a)
96 4608
and so on...
As we know the solution is given as
u(x,@)=) v(x.a)
iO:OO (35)
u(x,a)= Z v.(x,0)
i=0
By utilizing the above iterative results the series from solution is given as
. 1 n’ n’ r°
u(x,0)=(a’ +D(sinx ——x> +—x* - —x*+—x" - x*+..)
2 2 96 96 4608 36)
- . 1 1 n’ z’ i
u(x,0)=B-a’ —a)(sinx——x" +—x" - —x" +—x" - x*+..)
2 2 96 96 4608
And the exact form solution is given as
u(x,a) =sinx(a’ +1)
- . 3 (37)
u(x,a)=snx(3-a’ —a)
02 T T T T ¥ T T T T T T T T T T
-—Exact
--—-Approximate
Ol 4
_O : [ 1 i i i L i i i L i i i 1 i i i 1 i i i 1
0.0 02 04 0.6 08 10
Fig.3.Plot of approximate and exact solution
Example 5.4 Consider the singular fuzzy integral equation of 2™ kind
*u(t, o)
fra)=[ ===t (39)
O NJx—t

Where

16
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A=1,0<x<1,,0<t<x,05a<], k(x,t):\/l_t and f(x,a):(f(x,a),?(x,a)) ie.
x— J
f(x,a)=(xa,x(2-a))

Equivalent to

fa) = J~ u(x a) J-x u(t, a) u(x ) r

(39)

u(t, a) — u(x, Q)

fx,a)= 2\/;u(x, o)+ jo t dt (40)
P

f(x,a) u(t,o) —u(x, o)
NN “

To solve Eq. (41) by HPM 1% we construct homotopy as follows,

ox

u(x,a) =

v(t,a) —v(x, Q)

H(‘_}apaa):‘_}(xaa)_ dt:()
2 2\/_ '[ Jx—t @
- - 2 -a)x v(t,a) - v(x, )
Hv,p,a)=v(x,a)— dt=0
P (%) 2 2J_ ! Jx—1
Assume the solution of Eq. (42) can be written as power series in p
v(x,a) =Y p'v,(x,a)
- 43)
v(x,a) = p'vi(x,a)
i=0
Utilizing Eq. (43) in Eq. (42) and by comparing coefficients like power of p we get
(@)=
0
p- (44)
2-a)Wx
vo(x,a) =
2
N X T
14 (xa CZ) = ( - _)
1, 2 4
p: (45)
S = 2 a)ﬁ(l a2
1(x, )= -
2 4
N X T
v,(x,) = (1- Z)z
P oearls (46)
a)Nx T,
v (x,a)= 1-—
2 (x,a) 5 ( 4)
and so on...
As we know the solution is given as
u(x,a) =Y v(x,a)
- (47)

0

;(x, a)= Z \Ti(x, a)

i=0
Thus by utilizing above iterative results the series from solution is given as

17
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a\/_
u(x,a) =
(48)
- 2—a)Wx
u(x,oo-( DL+ (1-T) -2+
And the exact solution is given as
2Jx
u(x,a) = —a
(49)
- 2\/5
ux,a)=—QR2-a)
T
-8'-. ' T T T T
- ]
1ok ..‘.-.‘ Exact ]
5 - .-. <
T ni
osl - T ey ]
L - .
ﬁ-~~
0.6 e :‘- ’.:
‘- -
- ‘.“.v at :
a-'.“.
02 T e ]
pd'.‘..
ooleess ]
0.0 02 04 0.6 0.8 1.0
Fig.4. Plot of approximate and exact solution
Example 5.5 Consider the non-linear fuzzy volterra integral equation of 2™ kind
u(x,a) = f(x,a)— onuz (¢,0)dt (50)
Where
A=1L0<x<1L,0<t<x,05a <, k(x,t)=1 and f(x,a0)=(f(x,a), f(x,2)) i.e.
f(x,a)=(a,(1-a))
To solve Eq. (50) by HPM 1% we construct homotopy as follows,
X
H(v, p,a)=v(x,a)—a+p| v (,a)di=
(51)
_ — x =2
HW, p,a)=v(x,a)—(1—a) +ij Vv (t,a)dt =0
Assume the solution of Eq. (51) can be written as power series in p
v(x,a) = p'v(x,a)
=0 (52)

;(x, a) = ipi\_/i(x, @)

Now by putting Eq. (52) in Eq. (51) and by comparing coefficients like power of p we get

18
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(33)

vo(x,a)=a
vo(x,a)=(1-a)

L {yl(x, ) =-a'x 6

vi(x,a)=—(1—a)’x

(55)

, {\_zz(x, a)=a’x’

v(x,a)=1-a)’x?

(56)

, () =-a'x’
vi(x,a) = —(1—a)* x°

and soon ...
As we know the solution is given as

o0
u(x,a) = v,(x,)
i=0
‘ (57)
—_— © —_—
u(x,a)= . v(x,a)
i=0
By utilizing the above iterative results the series form solution is given as
2 2 4
{g(x,a)=a—a x+a’x’—a'x’ + ..

ux,a)=(1-a)-(1-a)’x+(1-a)’x’ —(1—a)*x* +...

And the exact form solution is given as

(58

(39

T T T T T T T T T
T T T

--- Exact

---Approximate

0.0 02 04 06 0.8 10
Fig.5. Plot of approximate and exact solution
Example 5.6 Consider the non-linear fuzzy fredholm integral equation of 2™ kind

_ 't
u(x,a) = f(x,a)+ jo (et (60)
Where
A=1,0<xt<1,0<a<]l, k(x,t)= % and f(x,a)= (]_"(x,a),]_‘(x,a)) ie.
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_a 76-36a-a’
Sna) = (@ =7 (—— —)%)

To solve Eq. (60) by HPM 1* we construct homotopy as follows,

H(v, p,a) = v(x,a)— (a——) —pjo —v “(t,a)dt =0

(61)
- - 76— 360 — o’ 1 Xt -2
Hv,p,a)=v(x,a) - (————)x — —v (t,a)dt =0
(v, p @) =v(x,0) = (—— =)= p[ <V (1)
The solution of Eq. (61) can be assumed as power series in p
v(x,a) = p'v,(x,a)
- (62)
v(x,a) =) p'vi(x,a)
i=0
Utilizing Eq. (62) in Eq. (61) and by comparing coefficients like power of p we get
2
v (%, @) = (& = <)
0. 40
P : (63)
vo(x, @) = (W) ¥
e 40
P
;X
v, (x,a -——) —
1. ! )=(a 40" 40
JZ (64)
v(xa) (76 36a—a’ % x
1 40 40
X, o——:-
2 vane)=( 40) 800
p (65)
” (x.q) _(76—36a—a 5 X
e 40 800
and so on...
Thus we know the solution is given as
u(x,@) = vi(x,a)
0 (66)
u(x,0) =y v,(x,q)
i=0
Thus by utilizing above iterative results the series form solution is given as
2 2 2
u(x, @) = (@—“x+(@=2) T (a- 2y o
40 40" 40 40" 800 67)

_ _ 2 _ 2 _ 2
u(x,a):(76 36—« )x+(76 360 — 21_,_(76 36—« ) X .
40 40 40 40 800

And the exact form solution is given as
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u(x,a) = ax
— . (68)
ux,a)=2—-a)x
lo _~.~. T T T T ]
i "lh,.“. Exact
os| H“"*-. '-
3 .~..h 4
. T, Z
08| e TS0 1
e . ]
,.=I-
3 .‘-. 4
04t -t . b
n-". - 1
o: " - - " 1
OO:P‘.-..I. P [ i P |:
0.0 02 04 0.6 0.8 1.0
Fig.6. Plot of approximate and exact solution
Example 5.7 Consider the non-linear singular fuzzy integral equation 2™ kind
u (t a)
Sxa) = [ ===t (69)
Where
1 - .
A=1L0<x<1,0<¢t<x,05a<, k(x,t)= e and f(x,a)=(f(x,a), f(x,Q)) i.e.
x—t -
2048 22048 =
fra)=(G—(a" +2a)’x?, (6 3a°)’x?)
3003
Consider the transformation
w(x, @) =u’ (x,a)
(70)
u(x, o) =3/w(x, )
Carries equation (69) into
w(t a)
S(xa) = j
Equivalent to
w(x Q) *w(t, o) — w(x, a)
flx,a)= j —di + j
x—t
X, x W(tf,x w(x, o
w(x,a) = f( ) _[ () —w( )dt (71)
24x 2\/_ Vx—t
To solve Eq. (71) by HPM first we construct convex homotopy as follows,
2048 (a’ +2a “v(t,o)—v(x,a
H(v, p.a)) = v(x,0) — 205 (¢ Y [[uLe) 2oy g
3003 24/x 2J_ Jx—1 o)
- - 2048 (6-3a’ vit,a)—v(x,x
H(v, p,a) = v(x,a)— ¢ ) [ vt —vxa) ,
3003°  24x 2J_ Jx—1

Assume the solution of Eq. (72) an be written as power series in p
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vna) = pivi(x.a)

o (73)
v(x,a) =3 plvi(x,a)
i=0
Now by putting Eq. (73) in Eq. (72) and by comparing coefficients like power of p we get
vo(x,0) = %( 24 2a)’x°
0. 3003
P 1024 "
a)=——(06—-3x
vo(x, @) = 3003 ( )’ x
v (@) = S22 (g 4 2a) (1 - L)
P 3003 3003 (7%)
’ 1024 1024
a)=——(6—-3« 1—
vine) = 3003 A=3003)
( 1024 1024 ,
v, (x,) =——— +2a) (1— X
p2,4_2( ) 3003( ¢ 3003)
- 1024 3v,, 1024, ¢ (76)
va(x,a) = ——(6 -3« l-——)"x
2060 =503 ¢ (173003
As we know the solution is given as
w(x,a) = v,(x,a)
0 (77)
wix,a)=>. v,(x,a)
i=0
Thus by utilizing the above iterative results the series form solution is given as
1024 1024 1024 1024 1024
w(x 0!)——( 20)x" + ——(a’ +20)’ (1-—)x" + ——(a’ +2a)’ (1-———)’x" +
3003 3003 3003 3003 (78)
1024 l 024 1024 1024 1024 ,
w(x,a) =——(6-3« 6-3a —(6-3a’) (1- x°+
( )= 3003( @) ( @)l 3003) 3003( @) 3003)
And the exact form solution is given as
w(x,a) = (a’ +2a)’ x°
_ (79)
w(x,a) =(6—3a’) x°
Now by doing back substitution from Eq. (78) the exact solution is given as
(80)

u(x,a) =3wx,a)=(a’ +2a)x’
u(x,a) =3/wix,a) =(6—-3a’)x>
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Fig.7. Plot of approximate and exact solution

6. Conclusion

In this paper we successfully implemented the homotopy perturbation method for finding the analytical solution
of some linear and non-linear fuzzy integral equations. This technique proved really reliable and affective from
achieved results. It gives fast convergence because by utilized less number of iterations we get approximate as
well as exact solution.
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