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Abstract

We find unique common random fixed point of two random operators in closed
subset of a separable Hilbert space by considering a sequence of measurable
functions satisfying Theorem 1.1 and Theorem 1.2.
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Definition 1.1: A function f: Q X C — C is Said to be random operator, if
F(,X): Q- Cismeasurable forall x € C.

Definition 1.2: A function f: Q X C — C is Said to be measurable, if
f'(BNnC) e Zfor every Borel subset B of H.

Definition 1.3: A function f: Q X C — C is Said to be continuous, if

For fixed e Q,f(t,.): C— C is Continuous.

Definition 1.4: A measurable function g: Q — C is Said to be random fixed
point of the random operator f: Q x C — C, is Continuous.

Main Result

Theorem 1.1: Let C be a non empty subset of Hilbert Space H. Let R and S be
continuous random operations defined on C such that for e Q

T (£):C— C satisfying the condition :
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| Rx — Sy I2< a max [l x — y 2, (I x — Rx I+l y — Sy I12},5

Il x—y 12+l x — Sy I+l x — Rx ||?
1+l x—y Il x =Sy Illl x — Rx I

{Ilx =Sy I>+1l y — Rx II%, ]

1
ForOSaSEand.

Then the sequence {g,,} converges to the uniqgue common random fixed point of
Rand S.

Proof: Let {g,} be a sequence of function defined as :

Ion+1(E) =R (’f» gm(f)) y Gon+2(8) = S(E, 92n+1(f)),
Forée Qandn=0,1,23......
I 92n+1(8) = 92n () 1= 11 R(&, 92 (§)) — S(§, G2n-1(E) II?

< amax [ [ an(f) - an—l(f) "2’{ I an(g) -
R(&, 920 (&) I+l g2n-1(&) = S(&, g2n-1(8) 1%},

21 G2n(8) = S(& Gan-1(8) 12+ Gon_1(E) — R(E, 920 (©) 23,

||92n(f)—92n—1(f)||2+||92n(5)—5(‘f'92n—1(f)||2+||92n(s;)—R(f;92n(s;)||2]
1+01g2n (&) —g2an-1(EMG2n(E)—S(&,.92n-1(EG2n(E)—R(§,.g2n (I

=a max [l g2n,(&) = Gan-1() 1%, {1l g2n (&) — G2n+1(E) II?

1
I Gan—1(E) — g2n(§) ”2};5{" 92n(&) = G20 (©) 117},
{I 92n-1() = Gan+1(E) 173,

1920 (&)= G2n—1 N2 +192n(E)—g2n(ONP+1g2n () —gan+1(E)I
1+01g2n (&) —g2n—1(EMG2n(E)—g2n(MNG2n(E)—g2n+1(E)I

=a max [l g2,(&) = g2n—1(&) 1%, {1l g2n(&) — Gon+1() I

1
I G2n-1(&) — G20 (&) "2}'5{” Ian-1(&) — Gan+1(&) 13,

I g2n (&) — gan-1($) 12+l 92n(€) — Gz2n+1(§) 1°}]
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=a max [l g2n,(&) = Gan-1(E) 1%, {1l g2n (&) = Gz2n+1(E) II?
+Il 9211—1(5) - an(f) "2}'

1
E{” I2n-1(&) — g2n (&) + g2 (&) — g2n+1($) 123,

Il g2n. (&) — gan-1(8) 12+l 92n (&) — Gz2n+1(§) 1°}]

=a max [l g2n,(&) = gan-1(E) 1%, {1l g2n(&) = G2n+1(E) I
+ g2n-1(8) — G20 (&) 117},

~{2 1 gon-1(8) = 92n(®) + 2 I 20 (&) = Gzns1(§) N2=Il G2n_1 (&) —
920 (&) = G20 (&) + Gan+1(&) 1PH{Il 920, (&) — Gan-1(&) II?

1 920(8) = G2n+1 () I17}]

sx+y 1P+l x—y 12=2 11 x 17+2 | y I1?) (By parallelogram)
< afll 920 (&) = G2n+1(8) 1P+ gon-1(&) — 92,.(E) I

“ Gone1(€) — G20 (6) 1< % Il 92n-1(&) — g2n(E) 112

Similarly, Il g,,(&) — g2n-1(§) IP< ﬁ I 92n—2(&) = G2n—1(E) II?

Hence, Proceeding in the same manner , we get

9 () = Gr2 () 1P =1 g01() = ga(§) IP

Since 0 < — < 1, therefore {g,,(§)} be a Cauchy sequence and hence
{g,} converges in H.

Asn — ,g,($) = g($)

Since C is closed and g: C — C be a function.

For all &€ Q.
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I1g(&) = 5(&9() 17=1 g(&) = Gan+1(E) + G2n+1(E) — S(&, 9()) II?
=2l g(&) = Gan+1(8) 12+2ll gons1 () — S(€,9(O)) I1%-
19(&) = gzn+1(8) = gans1(§) + S(£, () II?

<21 9(&) = Gons1(E) 124 2 1| gons1(©) — S(&,9(O)) 112
=21l g(&) = Gan+1 ) 12+ 2 1 R(E, g20(©)) — S(£, (D)) I1?
=21l g(&) = Gons1 (&) 1124 2a max [l gon(€) — g (&) I%,
{1 920 (&) = R(E, 920(E) 12411 g(&) — S(£,9(D) 173,
21 G20 (&) = S g(©) IP+1 g(§) — R(E, g2 (©) 17},

I g2 () — g(&) 741l G20 (&) = S(&,9(E)) 12+l g2 (§) — R(&, g2n () I
1+1 g20(8) — 9(&) M g2,.(8) = S(&,9() M G20, (&) — R(E, g2n(E)

=21l g(§) = Gan+1(€) 12+ 2amax [Il (&) — g (&) I1%
I 920(&) = Gon+1(&) 1P+l g(§) — S(S(»g(f)) 12}
L1 g20(8) = S(£,9(9) 1741 g(§) = Gans1(©) 17},

1920 (E)=g (N2 +1921n(E)—S(E,9 (N2 +1g2n (E)—gan+1(E)II?
1+192n.(E)=g (Ol g2n(E)=S(£,9(EO)MNG2n(E)—gan+1 (I

Making n — oo, we have

1 g(&) —S(&,9(®) I1P< 2a 1l (&) — S(¢,9(O) I1?

Since OSas%,sovg‘eQ

]

]

We say that S(§,9(8)) = g(&)
Similarly, we can prove that R(¢, g(¢)) = g(é).

Again, if f: Q x C — C is a continuous random operation on a non empty subset
C of a separated Hilbert space H, then for any measurable function F: Q — C,
the function F (&, g(€)) = g(&) is also measurable .
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Therefore the sequence of measurable function {g,,} converges to measurable
function with R(€, g(€)) = g(&) =S(¢&, g(&)) which shows that g: Q - C is
common random fixed point of R and S.

Uniqueness: Let h: Q — € be another common random fixed point of R and
S. Then:

< amax[ll g(&) —h(&) 141 g(&) — R(&, g(©)) I?

+1 h(§) = S(£,h(©)) 173{ Il g(€) — S(&,h(D) I7+1 h(§) — R(£, 9(D)) 1%}

||g(€)—h($)||2+||g(f)—5(€,h(€))||2+||g(€)—R(f,g(f))u2]
' 1+1g(®)-h(OIg®)-S(Eh®))IgE)—R(EgO)I

=amax [l g(§) —h(&) I%, 1 g(§) —h(&) 13,2 1l g(§) —h(é) I1?]
=2all g(&) —h() II?

Which is a contradiction because :

a <

N R

This shows that:
9(&) = h($)
Hence R and S have a unigue common random fixed Point.

Theorem 1.2: Let C be a non-empty subset of Hilbert space H. Let R and S be
continuous random operations defined on C such that for

§eQ,T (§):.C- C satisfying the condition.

I Rx =Sy I>=a llx —y I°+ B {ll x — Rx I°+Il y — Sy I°}+

Slx =Sy P+l y — Rx 123+

{nx—ynz+||x—Sy||2+||x—Rx||2} ] {||x—Rx||2+||y—Sy||2+||x—Sy||2}
1+lx=ylllx—=Syllllx—RxI| 2~ 1+lly—Rxlllly—-Syllx—Syll
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+ {le—RxIIZ+IIy—RxII2+IIy—SyIIIIx—SyII}
1+lx—Rx|llIx—=Syll+lly—Rxllllx—=Syll

For
a+2(ﬁ+y+6)+5(g+ 0 <1

And a,B,y,6,n1,p >0
Then {g,,} converges to the unique common random fixed point R and S.

Proof: Let {g,} be a sequence of the function defined for £ € Q0 and

92n+1(§) = R(&, g2 ()
Gan+2(§) =S(§, g2n+1(9))
I 92n41(€) = 920 () I7=11 R(§, 920(§)) = S(§, G2n-1()) II?
< a [l 920 (&) = 9an-1(8) 17+ B 1l G2 (&) — Rg2n(§) II2
1 g2n-1(8) = SGan-1(E) 17+ Il g2n(§) — Sgan-1(8) I

Il gan-1(&) = Rg2n (&) 117}

{”gzn(f)—gzn—ﬂf) 1241920 (&) =SG2n—1(ENZ+1g2n () —RG2n (E)II?
1+01g2n (&) —g2n—1(EN+1g2n(E)—Sg2n—1(EG2n(E)—Rg2n ()

Ul {Ilgm-l(é‘)—RQZn(E)llz+Ilg2n-1(s‘)—592n-1(~f)||2+Ilg2n(s‘)—5g2n-1(f)llz}+
2~ 1+lg92n-1(§)—RG2n(IG2n-1(§)—Sg2n-1(E) g2 (§)—Sg2n-1 (S

1g2n(§) ~Rgan(* +g2n—1(§) ~Rg2n (> +1g2n-1(§) =Sg2n-1 (I ||92n(§)—592n—1(f)||2}
141920 (§)=RG2n(ON+192n(§) =S g2n—-1(OI+1g2n-1(E)=RI2n (G20 (§) =S g2n-1($)I

=a | 920 (&) — Gan-1() 17+ B{Il 920 (&) — G2n+1(E) 1P+l gon-1(§) —
Ian(§) ||2}+§{" 920(&) = 92n (&) 1P+l G2n-1()G2n+1() II?

+ {||92n(f)—gzn—1(f) 12+1921 (E)=G2n (N2 +1g2n(E)—gan+1 ()12
1+192n(§)—g2n-1(EMG2n(E)—g2n(EG2n(E)—G2n+1 ()

p{

| {||92n—1(f)—92n+1(f) ||2+||92n—1(f)—92n(f)||2+||92n(f)—92n(f)||2}
2" 1+0192n-1(6)—92n+1(N+192n-1(E)—g2n (G20 (§)—g2n (I
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+ {||92n(f)—92n+1(5)||2+||92n—1(f)—92n+1(f)||2+||92n—1(f)—92n(f)||2||92n(f)—92n(f)||2}
1+192n(8) = G2n+1(EOMG2n(E)—=g2n(ON+1g2n-1(E)~g2n+1(EMNG2n(E)—g2n (I

=a Il 92n(&) = Gan-1(8) I+ B{ll 92n(&) = G2n+1(&) 1P+l gon-1(&) —
an(§) ||2}+§{" 92n-1(&) = G2n+1(E) 1P+ Il G21(&) — G2n—1(&) I?

+ 920 (&) — G2n+1(E) ||2}+g{" Ian-1(&) — Gan+1(6) 112

Il Gon-1(8) = 920 (&) 123 + p Il 920 (&) = Gan+1(&) 1P+ g2p—1(E) —
an+1(E) "2}

=@+ B+8+D 1l g2n(§) = Gon-1(&) I7+(B + 5 + p)

I 920() = Gonsr @) 1+ G+ 3+ 9) | Gon1() = Ganur () I
NOW,
I 92n1(9) = Gansr ) IP=[ gon1() = gon(®) 12T+
M 92n(®) — g2ne 1?1 (1.2.1)

By using parallelogram, we have :

I 92n-1(8) = G2n+1() 17221 g2n—1(8) — g2n(E) 17+

21 g20() = G2n+1() I° =1l [g2n-1(E) = g2 (O] [92n(E) — G2n+1 (D] I?
<21l 92n-1(§) = 920 (§) 12+ 21l 920 (§) — G2n+1(§) II?

Therefore by equation (1.2.1), we have:

I 92n+1(&) — G20 (&) IP<(a+ B+ 6 + g) I 920(8) — Gan-1(&) II*+

B+8+p) 1l g2n(€) — g2n1() 117
S+ 2+ P2 1 gan-1(8) = 92n(®) 17+ 2 11 920 (E) = G2ns1(E) 17]
Il 92n+1(&) — G2n(§) I’< K |l I2n () — gan-1(§) 112
Where:

a+B+y+8+30+2p

T 1—(B+Y+6+1+36) !
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Similarly, Il g2,(&) = 920-1(&) I* <1l 92n-1(&) — Gan-2() I

Proceeding in the same manner, we have:

I gn(f) - gn+1(€) ”2S K gn—l(f) - gn(f) ”2 , V f € Q

Therefore g,,(&) is a Cauchy sequence and hence it is convergent in the Hilbert
spaces H.

Asn — oo, g, (&) = g(&). Since Cis closed and g:C— C be a function for all
el

1g(§) — S(& g(&)) 12=11 g(&) — gan+1(E) 12+l G2n41(8) — S, g () I?
<211 9(8) = gan+1(E) 124 2 Il g2n41(§) — S, 9()) I?, By parallelogram
=21 g(&) — Gan+1(E) 12+ 2 1 R(E, g20(E) — S(&, g(©)) II2

=2 11 g(&) = Gan+1(E) 117+ 2[a@ | g2,(E) — g(&) 1%+

BUIl 920 (E) = Rg2n () 1241 g(€) = Sg(&) 123+2{ll g2 () — Sg(©) II?

+1 g(&) = Rgn () 17}

+5 {Ilgm(f)—g(f)||2+||g2n(€)—5g(€)||2+||g2n(€)—Rg2n(€)||2}
1+1g2n(E)—g()NG2n(§)—Sg(E)INg2n(E)—Rg (I

U {Ilg(f)—RQZn(f)IIZ+|Ig(€)—Sg(E)||2+||g2n(s‘)—5g(~f)ll}+

2 - 1+19(§)—Rg2n (g (§)—Sg(ENg2n(§)—-Sg (I

( 192n(§)=RG2n ()12 +1g(§)=Rg2n (I*+g(§)=Sg ()l g2n(§)—Sg (&) 1]
1+192n(§)=Rg2n (G2 (E)=Sg(I+I1g(§)—Rg2n (G2 (§)=Sg ()

=21l g(&) — Gon+1 () 12+2[a I| g2, (&) — g(&) 117+
BUl 920 (8) = Gans1(E) I2+1 g(€) = Sg(&) IPI+L{Nl g2n(§) — Sg(©) 17+

I9(&) = g2n+1() 17}

{IIan(E)—g(E)IIZ+II92n(€)—Sg(€)IIZ+Ilgm(€)—92n+1(f)llz}
141920 () =g (ENNG2n(E)=Sg(EMNG2n(E)—g2n+1(E)II?

L1 {llg(f)—gzml(f)uz+||g(€)—5g(€)||2+||g2n(€)—Sg(€)||2}
25 1419(8)—g2n+1(OIMG(E)-Sg(O)Ng2n(§)—Sg (O
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+p{||92n(f)—92n+1(f) 1Z+19(6)—gan+1() ||2+||g(f)—59(f)||2||92n(f)—59(f)||2}]
1+192n(E)—g2n+1(EMG2n(E)=Sg(N+1g(E)—g2n+1(EMG2n(E)—Sg(E)I

Making n — oo, we get

I1g(§) =S g IP< (2B +v + 28 +2n+4p) 1 g(§) — S, () I?
Since (28+y+26+2n+4p)<1

Therefore for € € Q, we say that S(¢, g(§)) = g(&).

Similarly we can prove that R(¢, g(¢)) = g(é)

Again if F:QQ - C — C is a continuous random operations on a non empty
sabset C of a separated Hilbert space H . Then for any measurable function

F:Q - C the function F(&, g(¢))= g (&) is also measurable.

Therefore the sequence of measurable function {g,, } converges to measurable
Function with R(¢, g(£))= g(&)=S(&,9(8)),

Which shows that g:Q — C is common random fixed point of R and S.

Uniqueness: Let h: Q — € be another common random fixed point of R and S.
Then:

I g(&) —h(@) 1?= R(, g(9)) — SEh(@) I
< a Il g(&) —h(®) I+ B{l g(&) — Rg(®) 1>+ h(§) — Sh(&) 11’}
41 g (&) — Sh(®) I7+1 h(§) — Rg(©) 17}

+5{ug($)—h($)u2+||g(€)—5h(€)||2+||g(€)—Rg(€)u2}+
1+1g(©)-h(®g&)-Sh(®llg(&)—Rg(&)I?

n ||h(€)—Rg(E)||2+||h(€)—Sh(E)||2+|Ig(E)—Sh(E)||2}

2{ 1+11h(&)—Rg(§)h(E)—Sh(E) g (§)—Sh(E)I

{||g(€)—Rg(<’)||2+||h(€)—Rg(€)||2+||h(€)—5h(f)u ||g(€)—5h(€)||}
P 1+1g(&)—Rg(ONg(&)—-Sh(EI+In(&E)-Rg(O)II*Ng(&)—Sh(&)I

=(a+y+25+n+p) 1 g@& —h® I’

Which is a contradiction because:
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a+y+26+n+p<1.
This shows that g(¢) = h(§)

Hence R and S have a unique common random fixed point.

Corollary: Let C be a non empty subset of Hilbert Space H. Let R and S be
continuous random operations defined on C such that for

e, T(&):C — C satisfying the condition.
Ix=Rx1?+lly—=Sy >’ < allx—y II?
For 1 <a < 2.

Then the sequence {g,,} converges to the unique common random fixed point of
Rand S.
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