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Abstract  

In this paper, we introduced some new definitions on P-compact 

topological ring and PL-compact topological ring for the compactification in 

topological space and rings, we obtain some results related to P-compact and P-

L compact topological ring. 
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Introduction  

A topological ring is a ring R which is also a topological space such that 

both the addition and the multiplication are continuous as maps  

𝑅 × 𝑅 → 𝑅 where 𝑅 × 𝑅 carries the product topology. A topological ring 

(R,∗, . ,τ) is said to be compact, if a topological space (R, τ) is compact space, 

for details see [1] . In [2] D.G. Salih gave the concept of D–cover groups and D–

compact groups. In this paper, we shall generalize this concept to topological  

rings  so we investigated the P–compact and the P-L. compact topological rings, 

in  particular case we  deal with the proper ideals of a topological rings, so we 

introduce the PI-compact and PI-L. compact topological rings, we obtain some 

good results related these concepts above. We mean throughout this paper a 

topological rings is just ring as a set with topology.  

 

2. Definitions and examples .  

Definition 1 

Let (R,∗, .,τ) be a topological ring and I be an index set, we say that 

1. The family {𝑅𝑖 ∈ 𝜏; (𝑅𝑖 ,∗, . )𝑖𝑠 𝑎 𝑝𝑟𝑜𝑝𝑒𝑟 𝑠𝑢𝑏𝑟𝑖𝑛𝑔𝑠 𝑜𝑓 (𝑅,∗ . ), ∀𝑖 ∈ 𝐼} is a P-

cover topological rings of (R,∗, . ,τ) if   𝑅 =  ⋃ 𝑅𝑖𝑖 ∈𝐼  
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Definition 2  

Let (𝑅,∗, . , 𝜏) be a topological ring we say that;  

1- (𝑅,∗, . , 𝜏) is weakly P–compact topological ring if there is a finite P– cover 

topological rings of (𝑅,∗, . , 𝜏). 

2- (𝑅,∗, . , 𝜏) is P-compact topological ring if for any P–cover topological rings 

of (𝑅,∗, . , 𝜏), there is a finite sub P–cover topological rings of (𝑅,∗, . , 𝜏). 

3- (𝑅,∗, . , 𝜏)is weakly P–L. compact topological ring if there exists a 

countable P–cover topological rings of (𝑅,∗, . , 𝜏). 

4- (𝑅,∗, . , 𝜏) is P–L. compact topological ring if for any P–cover topological 

ring of (𝑅,∗, . , 𝜏), there is a countable sub P–cover topological rings of 

(𝑅,∗, . , 𝜏).  

Definition 3 

Let (𝑅,∗, . , 𝜏)be a topological ring and (𝐻,∗, . ) be a subring of (𝑅,∗, . ). The 

topological subring (𝐻,∗, . , 𝜏𝐻) [𝜏𝐻 = 𝜏⋂𝐻] is said to be:  

P–compact topological subring (weakly P–compact topological subring, P–

L. compact topological subring, weakly P.L. compact topological subring) if 

(𝐻,∗, . , 𝜏𝐻) is  P–compact (weakly P–compact, P–L. compact and weakly P–L. 

compact) topological ring respectively.  

Definition 4  

1- Let (𝑅,∗, . , 𝜏) and (�̅�,∗̅, . ̅ , 𝜏̅) be two topological rings then,  

(i) 𝑓: (𝑅,∗, . , 𝜏) → (�̅�,∗̅, . ̅ , 𝜏̅) is a homomorphism topological rings if 

𝑓: (𝑅, 𝜏) → (�̅�, 𝜏̅) is continuous such that 𝑓(𝑥 ∗ 𝑦) = 𝑓(𝑥) ∗̅ 𝑓(𝑦) and 

𝑓(𝑥. 𝑦) = 𝑓(𝑥). ̅𝑓(𝑦) for each pair of elements 𝑥, 𝑦 ∈ 𝑅 

(ii) f : (𝑅,∗, . , 𝜏) → (�̅�,∗̅, . ̅ , 𝜏̅) is a topological isomorphism if it is topological 

homeomorphism and ring isomorphism. 

2- Suppose that ⋀ is a non-empty set and (𝑅𝜆,∗𝜆, .𝜆 , 𝜏𝜆) is a topological rings 

for each 𝜆𝜖⋀ , their product is 𝜋𝜆𝜖⋀𝑅𝜆 equipped with the usual product 
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topology 𝜏𝜋𝜆∈Λ
𝑅𝜆  and with multiplication given by (𝑥 ⊗ 𝑦) = 𝑥𝜆⨂𝑦𝜆 for 

each 𝑥𝜆, 𝑦𝜆𝜖𝑅𝜆 and 𝜆 ∈ ⋀ . 

3- If 𝑅𝜆 = 𝑅 and 𝜏𝜆 = 𝜏, ∀𝜆𝜖⋀ then we denoted that  

        𝑅⋀ = 𝜋𝜆𝜖⋀𝑅𝜆 and 𝜏⋀ = 𝜋𝜆∈Λ 𝜏𝜆  

Example 1. 

Let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and P(X) the power set of X i.e.   

𝑃(𝑋) =

{∅, 𝑋, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐},

{𝑎, 𝑏, 𝑑}, {𝑏, 𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}}  

One can show easily that 𝑅 = (𝑃(𝑋), ∆, ⋂) where (𝐴 △ 𝐵 = 𝐴⋃𝐵 − 𝐴⋂𝐵) , is a 

ring  

Let τ be the discrete topology defined on 𝑃(𝑋) and let 𝑃𝑖  , 1 ≤ 𝑖 ≤ 12 be the 

following sets :  

𝑃1 = {∅, 𝑋}  

𝑃2 = {∅, {𝑎}}  

𝑝3 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}}    

𝑃4 = {∅, {𝑎}, {𝑏}, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑐}, {𝑏, 𝑐}, {𝑎, 𝑏, 𝑐}}   

𝑃5 = {∅, {𝑑}}  

𝑃6 = {∅, {𝑑}, {𝑎}, {𝑎, 𝑑}}  

𝑃7 = {∅, {𝑑}, {𝑎}, {𝑐}, {𝑎, 𝑑}, {𝑎, 𝑐}, {𝑑, 𝑐}, {𝑎, 𝑑, 𝑐}}  

𝑃8 = {∅, {𝑐}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}}  

𝑃9 = {∅, {𝑏}, {𝑎, 𝑑}, {𝑎, 𝑏, 𝑑}}  

𝑃10 = {∅, {𝑎}, {𝑐, 𝑑}, {𝑎, 𝑐, 𝑑}}  

𝑃11 = {∅, {𝑑}, {𝑏, 𝑐}, {𝑏, 𝑐, 𝑑}}  

𝑃12 = {∅, 𝑋, {𝑎, 𝑐}, {𝑏, 𝑑}}  
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It is clear that the family {𝑃𝑖 ∈ 𝜏; (𝑃𝑖 , ∆,∩)} is a P–cover topological rings of 

(𝑃(𝑋), ∆), which has a finite sub P-cover {𝑝8, 𝑝9, 𝑝10, 𝑝11, 𝑝12} so (𝑃(𝑋), ∆ ,∩) 

is weakly P–compact in fact it is P–compact . 

Recall that se𝑒[3] , a sub ring I of the ring R is said to be a two side ideal of R if 

and only if r ∈ R and 𝑎 ∈ 𝐼 imply both 𝑟𝑎 ∈ 𝐼  and 𝑎𝑟 ∈ 𝐼.  

For rings with identity 1, it is clear that if 1 ∈ 𝐼  then 𝐼 ≡ 𝑅 , so we give the 

following modification for the preceding definitions.  

Definition 5. 

Let (𝑅,∗ , . , 𝜏) be  a topological rings and let Λ be an index we say that the 

family {𝐼𝑖 ∈ 𝜏; (𝐼𝑖 ,∗, . )} is a proper ideal of {(𝑅,∗, . ), ∀𝑖 ∈ 𝐴} ∪ {1} is PI-cover 

topological ideals of (𝑅,∗, . , 𝜏) , if 𝑅 =∪𝑖∈⋀ 𝐼𝑖 ∪ {1}  

Definition 6.  

Let (𝑅,∗, . , 𝜏) be a topological ring, we say that  

1-  (𝑅,∗, . , 𝜏) is weakly PI – compact topological ring if there exists a finite PI 

– cover topological ideals of (𝑅,∗, . , 𝜏)  

2- (𝑅,∗ , . , 𝜏)  is PI–compact topological ring if for any PI–cover topological 

ideals of (𝑅,∗, . , 𝜏) , there is a finite sub PI-cover topological ideals of 

(𝑅,∗, . , 𝜏)  

3- (𝑅,∗, . , 𝜏) is weakly PI–L. compact topological ring if ther exists a 

countable PI – cover topological of (𝑅,∗, . , 𝜏)   

4- (𝑅,∗, . , 𝜏) is PI–L. compact topological ring if for any PI- cover topological 

ideals of (𝑅,∗, . , 𝜏), there is a countable sub PI- cover topological rings of 

(𝑅,∗, . , 𝜏)  . 

Example2. 

Let 𝑅 be the ring (𝑍, +, . , 𝜏) where 𝜏  is the discrete topology defined on  𝑍. 

Note that the following:   

2𝑍 = {0, ∓2, ∓4, … }  

3𝑍 = {0, ∓3, ∓6, … }  
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4𝑍 = {0, ∓4, ∓6, … }  

5𝑍 = {0, ∓5, ∓10, … }   

6𝑍 = {0, ∓6, ∓12, … }  …….etc. 

are all proper ideals of (𝑍, +, . , 𝜏). Now it is easy to show that 𝐼 = {𝑘𝑍 /𝑘 ∈

𝑍+} ∪ {1}  is a countable PI – cover toplological ideals of (𝑍, +, . , 𝜏) , that’s 

mean 𝑍 =∪𝑘∈𝑧+ 𝐼𝑘   

Which has been a countable sub PI-cover since for example 4𝑍 ⊆ 2𝑍 and 

6𝑍 ⊆ 3𝑍, …. etc. Hence (𝑍, +, . , 𝜏) is PI–L. compact which is not PI-compact 

because the prime numbers are infinite see [4].  
 

Main results .  

It is easy to prove direct from definitions the following Lemmas  

Lemma 1.  

1. Any P –compact topological ring is weakly P–compact.  

2. Any P – compact topological ring is P–L. compact .  

Lemma 2.  

1. Any PI – compact topological ring is weakly PI–compact .  

2. Any PI – compact topological ring is PI–L. compact .  

 

Also we can prove directly by Lemma (1) , the following theorem  

Theorem 1. 

Let (R , ∗ , . , τ) be a topological ring such that R is finite set, then the 

following are equivalents : 

1. (R , ∗ , . , τ) is P–compact topological ring .  

2. (R , ∗ , . , τ) is P–L. compact topological ring .  

If we replace P–(P–L.) compact topological with PI–(PI–L.) compact 

topological ring respectively , the result is true .  

Example 3. 

Let R = Z6 = {0̅ , 1̅ , 2̅ , 3̅ , 4̅ , 5̅ } and  
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𝜏 =  { {0̅} , {0̅ , 3̅} , {0̅ , 2̅ , 4̅ } , { 1̅ , 5̅ } , { 2̅ , 3̅ , 4̅} , {0̅ , 1̅ , 3̅ , 5̅ }  , ∅ , 𝑅} 

Although (R , + , . , τ) is finite topological ring but it is not P-compact and not 

PI-compact since {0̅}, {0̅ , 3̅ } , {0̅ , 2̅ , 4̅ } are the only proper sub rings which are 

not cover (R , + , . , 𝜏̅).   

Recall that a ring (R , ∗ , .) is said to be a field provided that the set R/{0} is 

commutative group under the multiplication of R. It is known that if R is a field 

then R has no non trivial ideals see [3], so we have the following theorem .  

Theorem 2. 

Any infinite ring (not field) can be PI–compact.  

Proof. 

Suppose first (R,*,.,τ) is a ring without identity . Let I be a set (finite or 

infinite) defined 𝜏 =  {𝐴𝑖  ⊆ 𝑅 , 𝐴𝑖
𝐶   𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑒𝑡 , (𝐴𝑖  ,∗ , . ) 𝑝𝑟𝑜𝑝𝑒𝑟 𝑖𝑑𝑒𝑎𝑙 ∀𝑖  ∈

𝐼 𝑎𝑛𝑑 𝐴𝑖1
 ⊆  𝐴𝑖2

 𝑓𝑜𝑟 𝑖1  ≤  𝑖2}  ∪  {∅} .  

 

Now since any arbitrary set { na / a ∈ 𝑅 , 𝑛 ∈  𝑍+} is ideal see [3] hence Z ∈  ∅  

. Clear that (R , ∗ , . , τ)  is topological ring since .  

(1)  ∅ ∈  𝜏  and  𝑅𝑐 =  ∅  is finite i.e.  𝑅 ∈  𝜏  . 

(2)   Let 𝐴1 , 𝐴2  ∈  𝜏 , so 𝐴1
𝑐  , 𝐴2

𝑐   are finite but (𝐴1  ∩  𝐴2)𝑐 =  𝐴1
𝑐  ∪  𝐴2

𝑐  

implies (𝐴1  ∩  𝐴2)𝑐 is finite and since  (𝐴1  ∩  𝐴2,∗ , . ) is ideal see[3]  

hence 𝐴1  ∩  𝐴2  ∈  𝜏 .  

(3)  Let 𝛬 be any index and let 𝐴𝑠  ∈  𝜏  , ∀𝑠 ∈  Λ , hence  𝐴𝑠
𝑐 is finite for each 

s ∈  ⋀ which leads to ⋂ 𝐴𝑠
𝑐

𝑆∈Λ    is finite . Now since  (⋃ 𝐴𝑠𝑠∈Λ  )
𝑐

=

⋂ 𝐴𝑠
𝑐

𝑆∈Λ  , but ⋃ 𝐴𝑠𝑠∈Λ =  𝐴𝑡  , for each s  ∈  ⋀ . So  (⋃  , 𝐴𝑖𝑠∈Λ   ,∗ , . ) is 

an ideal , hence (R , ∗ , . , τ) is topological ring.  

Now let {𝐴𝜆𝜖 𝜏 , 𝜆 ∈  Λ} be any PI–cover topological rings of ( R,∗,. , τ), that is 

R = ⋃ 𝐴𝜆𝜆 ∈ ⋀    .  

Let 𝐴0 𝜖 {𝐴𝜆}𝜆 𝜖 Λ́ implies (𝐴0 ,∗ , . ) is an ideal and 𝐴0
𝑐  is finite set. Suppose that 

𝐴0
𝑐   = {𝑎1 , 𝑎2 , … … . , 𝑎𝑛} where aj ∈ R for each 1 ≤ j ≤ n, but {𝐴𝜆  ∈ 𝜏, 𝜆 ∈  Λ} is 
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PI–cover of (R,∗,.,τ) so there is 𝐴𝜆𝑗
 ∈  {𝐴𝜆  ∈  𝜏 , 𝜆 ∈  Λ} such that 𝑎𝑗  ∈  𝐴𝜆𝑗 for 

each j implies 𝐴0
𝑐  ⊆  ⋃ 𝐴𝜆𝑗

𝑛
𝑗=1 . 

Thus 𝑅 ⊆  ⋃ 𝐴𝜆𝑗

𝑛
𝑗=1 ∪ 𝐴0 (of course R = 𝐴0  ∪  𝐴0

𝑐  ) that means  there is a finite 

sub PI – cover topological rings {A0 , Aλ1 , … , Aλn} each of which is ideal , 

therefore (R , ∗ , . , 𝜏) is PI–compact topological ring . If (R , ∗ , . , τ) is a ring 

with identity we take 𝜏̀ =  𝜏 ∪ {1} and the prove is similar  

Corollary 1 .  

Any infinite ring (not field) can be a weakly PI–compact .  

For product P – compact rings we have the following two theorems .  

Theorem 3. 

 Let ( R , ∗ , . , τ) and (�̅� ,∗̅ , . ̅ , 𝜏̅ ) be two topological rings if (�̅� ,∗̅ , . ̅ , 𝜏̅ ) is 

a P–compact topological ring . Then (R × �̅� , ⨂ , ⨀, τ × 𝜏̅) is P–compact 

topological ring.  

Proof. 

Let {(𝑅 × �̅�𝑖   , ⨂ , ⨀ ) ; �̅�𝑖  ∈  𝜏̅ 𝑎𝑛𝑑 (�̅�𝑖   ,∗̅ , . ̅) 𝑟𝑖𝑛𝑔𝑠 ∀𝑖 ∈ I} be any P–

cover topological rings of R × �̅�,  i.e. R × �̅�  = ⋃ (𝑅 × �̅�𝑖  )𝑖 ∈𝐼 = 𝑅 × (⋃ �̅�𝑖𝑖 ∈𝐼 ) 

implies  �̅� =  ⋃ �̅�𝑖𝑖 ∈𝐼   , but (�̅� ,∗̅ , . ̅ , 𝜏̅ ) is P–compact topological ring so there is 

finite subset J ⊆ I  such that �̅� =  ⋃ �̅�𝑗 𝑗 ∈𝐽  ⟹ R × �̅� = R × (⋃ �̅�𝑗 𝑗 ∈𝐽 ) =

 ⋃ ( 𝑅 ×  �̅�𝑗) 𝑗 ∈𝐽   , where (𝑅 ×  �̅�𝑗  , ⨂ , ⨀) is a ring for each j ∈ J. Therefore (R 

× �̅� , ⨂ , ⨀, τ × 𝜏̅)  is P-compact topological ring.  

Theorem 4.  

Let ( R , ∗ , . , τ) and (�̅� ,∗̅ , . ̅ , 𝜏̅ ) be two P–compact topological rings then (R × 

�̅� , ⨂ , ⨀, τ × 𝜏̅) is P–compact topological ring.  

Proof.  

Let (R,∗,., τ) and (�̅� , ⨂̅ , ⨀̅ , 𝜏̅ ) be any two P–compact topological rings. 

Then there exists a P–cover topological rings {𝑅𝑎} 𝑎∈𝐴 and  {𝑅𝑏} 𝑏∈𝐵 of R and 

 �̅�  respectively (A , B any index), that’s mean  
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R × �̅� = (⋃ 𝑅𝑎𝑎∈𝐴 )  × (⋃ �̅�𝑏𝑏∈𝐵 ) =  ⋃ (𝑅𝑎  × �̅�𝑏)𝑎∈𝐴,𝑏∈𝐵  implies {𝑅𝑎  ×

�̅�𝑏 }𝑎∈𝐴,𝑏∈𝐵 is a P–cover topological rings of (R × �̅� , ⨂ , ⨀, τ × 𝜏̅).  

Let {𝑊𝑖}𝑖 ∈ Λ be any P – cover topological rings of (R × �̅� , ⨂ , ⨀, τ × 𝜏̅) then R × 

�̅� = ⋃ 𝑊𝑖𝑖 ∈ Λ  such that 𝑊𝑖 =  𝑈𝑖  ×   𝑉𝑖   , where 𝑈𝑖  ∈  𝜏 and 𝑉𝑖  ∈  𝜏̅  for each 

𝑖 ∈  Λ . But ( R , ∗ , . , τ) is P–compact ring , so there is a finite sub set 𝐽 ⊆  Λ  

such that R = ⋃ 𝑈𝑗𝑗 ∈𝐽  and (𝑈𝑗  ,∗ , . ) is a ring for each 𝑗 ∈ 𝐽 . Let 𝑈𝑗1
 ∈  {𝑈𝑗}

𝑗 ∈𝐽
 

implies {𝑈𝑗1
 ×  𝑉𝑖}

𝑖 ∈ Λ
 is a P–cover topological rings of (𝑈𝑗1

 ×  �̅� , , ⨂ , ⨀ )   

hence 𝑈𝑗1
 ×  �̅� =   ⋃ (𝑈𝑗1

 ×  𝑉𝑖)𝑖 ∈ Λ  , but  (𝑈𝑗1
 ×  �̅� , ⨂ , ⨀) is  

P–compact topological ring since (𝑈𝑗1
 ,∗ , . ) is a ring and (�̅� ,∗̅ , . ̅) is       P-

compact topological ring (theorem 3 ) so there is a finite set S ⊂ Λ such that 

{𝑈𝑗1
× 𝑉𝑠}

𝑠 ∈𝑆
 is a ring , ∀ 𝑠 ∈ 𝑆. Now 𝑈𝑗1

× �̅� = ⋃ (𝑈𝑗1
 ×  𝑉𝑠)𝑠 ∈𝑆  hence 𝑈𝑗1

× �̅�   

=𝑈𝑗1
× (𝑈𝑠 ∈𝑆 𝑉𝑠) [see5] and hence  

R × �̅� = (∪𝑗∈𝐽
 𝑈𝑗) ×  (𝑈𝑠 ∈𝑆  𝑉𝑠) = ⋃ (𝑈𝑗 ×  𝑉𝑠)𝑗∈𝐽 ,𝑠 ∈𝑆 , where  

(𝑈j × Vs , ⨂ , ⨀) are rings for each j ∈ J  , 𝑠 ∈ 𝑆 . Therefore  

(R × �̅� , ⨂ , ⨀, τ × 𝜏̅) is P–compact topological rings.  

If we replace P–compact topological ring with PI–compact in theorems 3,4 the 

result is true since the product of ideals is also ideal (for instance see [3]) .  

 

Theorem 5 . [1]  

Let {𝑅𝑖  , 𝑖 ∈ 𝐼} be a family of topological rings . Then the direct product 

𝑅 =  ∏ 𝑅𝑖𝑖 ∈𝐼  , equipped with the product topology is topological rings.  
 

From theorem 4 and theorem 5 , respectively , and by induction we can prove 

the following theorem  

Theorem 6  

The product of any finite collection of P–compact topological rings is P–

compact topological ring.  
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If we replace P–compact topological ring with P–L. compact topological ring , 

the result is true .  

Corollary 2.  

If  ( R , ∗, . , τ) is a P – compact topological ring . Then (R
n
 , ⨂ , ⨀ , τ

n
) is P – 

compact topological ring , where  

𝑅𝑛  =
𝑅 × 𝑅 × …..× 𝑅

𝑛−𝑡𝑖𝑚𝑒
 and 𝜏𝑛 =   

𝜏 × 𝜏 × …..× 𝜏

𝑛−𝑡𝑖𝑚𝑒
  

Theorem 7 .  

Let ( R , ∗ , . , τ) and (�̅� ,∗̅ , . ̅ , 𝜏̅ ) be two topological rings , and let   

f : ( R , ∗ , . , τ) → (�̅� ,∗̅ , . ̅ , 𝜏̅ ) be a homomorphism.  Then  

1. If S is a P–compact topological subring in ( R , ∗ , . , τ) , then f(S) is P–

compact topological subring in (�̅� ,∗̅ , . , 𝜏̅ ) .  

2. If T is a P – compact topological subring in (�̅� ,∗̅ , . ̅ , 𝜏̅ ) and f is an 

isomorphism  then f 
-1

(T)  is  P–compact  topological  subring  in (R , ∗ , . 

, τ).  

Proof .  

Let {�̅�𝑖}𝑖 ∈𝐼 be any P– cover topological rings of f(S) in (�̅� ,∗̅ , . ̅ , 𝜏̅ ) that is 

f(S) = ⋃ �̅�𝑖𝑖 ∈𝐼   . Now since S ⊆  𝑓−1 (𝑓(𝑆)) see [6] , implies                       S 

⊆  𝑓−1 (⋃ �̅�𝑖𝑖 ∈𝐼 ) but 𝑓−1 (⋃ �̅�𝑖𝑖 ∈𝐼 ) =  ⋃ 𝑓−1
𝑖 ∈𝐼  (�̅�𝑖) , see also [6], hence S 

⊆ ⋃ 𝑓−1
𝑖 ∈𝐼  (�̅�𝑖)  on the other hand 𝑓−1 (𝑅𝑖) for each i ∈ I is a sub ring in R for 

enstance see [3, p. 186], and since S is P-compact and f continuous hence there 

exists a finite set J ⊂ I, such that 

𝑆 =∪𝑗∈𝐽  𝑓−1 (𝑅𝑗) =  𝑓−1(∪𝑗∈𝐽  𝑅𝑗) implies 𝑓(𝑆) =  𝑓 ( 𝑓−1(∪𝑗∈𝐽  𝑅𝑗)).  But 

𝑓 ( 𝑓−1(∪𝑗∈𝐽  𝑅𝑗))   ∪𝑗∈𝐽  𝑅𝑗   see [6] , i.e. 𝑓(𝑆)  𝑈𝑗∈𝐽 𝑅𝑗.Thus 𝑓(𝑆) is P-

compact topological sub ring in (�̅�,∗̅, . ̅, 𝜏̅)  
 

2- Let {𝑅𝑖} iI be any P-cover topological rings of 𝑓−1 (𝑇) in (R , ∗ , . , τ) 

that is 𝑓−1 (𝑇) = ∪𝑗∈𝐼  𝑅𝑖 , 𝑅𝑖 τ , ∀ 𝑖 𝐼  implies T = 𝑓(∪𝑖∈𝐼  𝑅𝑖) = 𝑓(∪𝑖∈𝐼  𝑅𝑖) 

. It is clear that f (𝑅𝑖)  𝜏̅ , ∀ 𝑖 𝐼  since f is isomorphism  (definition 4), but T is 
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a P-compact topological subring of  (�̅� , ∗̅ , . ̅, τ̅) , so there is a finite subset  J  I 

such that  𝑇 =∪𝑗∈𝐽  𝑓(𝑅𝑗) where (𝑓(𝑅𝑗)  , ∗̅ , . ̅) is a ring, ∀ 𝑗 𝐽 see [ 3 , p. 186 

]. Thus T = 𝑓(∪𝑗∈𝐽  𝑅𝑗) hence 

 𝑓−1 (𝑇) =  𝑈𝑗∈𝐽 𝑅𝑗  and hence 𝑓−1 (𝑇) is P-compact topological subring of 

(R, ∗,.,τ). 

 

For PI-compact ring we have the following theorem. 

Theorem 8 

Let (R , ∗ , . , τ)  (�̅� , ∗̅ , . ̅, τ̅) be an isomorphism, then 

1. If S is a PI-compact topological ideal  in (R ,∗ ,. , τ), then f (S) is PI-

compact topological ideal in (�̅� , ∗̅ , . ̅, τ̅).    

2. If T is a PI-compact topological ideal in (�̅� , ∗̅ , . ̅, τ̅), then 𝑓−1 (𝑇) is PI-

compact topological ideal in (R, ∗ , . , τ). 

Proof.  

Let  {𝐼𝑖} i˄ be any PI-cover topological ideal of f(S) in  (�̅� , ∗̅ , . ̅, τ̅), that is 

𝑓(𝑆) =∪𝑖∈˄  𝐼𝑖 ∪ {1}, ℎ𝑒𝑛𝑐𝑒 𝑆 = 𝑓−1(∪𝑖∈˄  𝐼𝑖)  ∪ {1} ,  of course 𝑓−1(𝐼𝑖), ∀ 𝑖 

are ideals see [3].  

Also 𝑓−1(𝐼𝑖)  τ , ∀𝑖  since f is isomorphism. Now S is PI compact ideal in (R , 

∗ , . , τ), hence there exists a finite set J˄ such that  

S =∪𝑗∈𝐽  𝑓−1(𝐼𝑗) ∪ {1} implies 𝑓(𝑆) = 𝑓 (𝑓−1 ∪𝑗∈𝐽 𝐼𝑗)  ∪  𝑓{1} , hence  

𝑓(𝑆) =∪𝑗∈𝐽 𝐼𝑗 ∪ {1}, that means 𝑓(𝑆) is PI- compact ideal in (�̅� , ∗̅ , . ̅, τ̅). 

 

2. Let {𝐼𝑖}𝑖∈˄  ∪  {1} be any PI-cover topological ideal of 𝑓−1(𝑇) that is  

𝑓−1(𝑇) = (∪𝑖∈˄ 𝐼𝑖)  ∪ {1},  {𝐼𝑖 τ , ∀𝑖 ∈ ˄} implies  

 𝑇 =  𝑓(∪𝑖∈˄ 𝐼𝑖) ∪ {1} 

     = ∪𝑖∈˄ (𝑓(𝐼𝑖))  ∪  {1} 

It is clear that  𝑓 (𝐼𝑖)   τ̅ , ∀ 𝑖 ∈ ˄ since f is an isomorphism (definition 4), but 

T is PI-compact topological ideal in (�̅� , ∗̅ , . ̅, τ̅), so there is a finite subset J  ˄ 

such that  𝑇 =∪𝑗∈𝐽  𝑓(𝐼𝑗) ∪ {1} where (𝑓(𝐼𝑗) ,∗̅ , . ̅) are ideals for each jJ see 
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[3, p.198] . Now  𝑇 = 𝑓(∪𝑗∈𝐽  𝐼𝑗) ∪ {1}, hence 𝑓−1 (𝑇) =  𝑈𝑗∈𝐽 𝐼𝑗  𝑈 {1} means 

𝑓−1 (𝑇) is PI-compact topological ideal and we have done. 

The following theorem show that the P-compact is topological property. 
 

Theorem 9. 

Let (R , ∗ , . , τ) and (�̅� , ∗̅ , . ̅, τ̅) be two topological rings and  

f: (R , ∗ , . , τ)  (�̅� , ∗̅ , . ̅ , τ̅) be an isomorphism, then the following are 

equivalents: 

1- (R , ∗ , . , τ) is P-compact topological ring. 

2- (�̅� , ∗̅ , . ̅, τ̅)  is P-compact topological ring. 
 

Proof. 

() suppose that (R , ∗ , . , τ) is P-compact topological ring, let {𝑅𝑖} iI be any 

P-cover topological rings of (�̅� , ∗̅ , . ̅, τ̅) , that is �̅� =∪𝑖∈˄ �̅�𝑖 gives 

𝑅 = 𝑓−1(�̅�) = 𝑓−1 (∪𝑖∈˄ �̅�𝑖) = ∪𝑖∈˄ 𝑓−1(�̅�𝑖). But (R , ∗ , . , τ) is           P-

compact topological ring, so there is a finite subset J⋀ , such that 

𝑅 =∪𝑗∈𝐽  𝑓−1(�̅�𝑗) . Clear that ( 𝑓−1(�̅�𝑗),∗ , . ) is subring ∀ 𝑗 𝐽 , hence 𝑅 =

𝑓−1(∪𝑗∈𝐽 �̅�𝑗) implies �̅� = 𝑓(𝑅) = 𝑓 (𝑓−1(∪𝑗∈𝐽 �̅�𝑗)) = ∪𝑗∈𝐽 �̅�𝑗  

therefore (�̅� , ∗̅ , . ̅, τ̅)  is P-compact topological ring. 

(⇐) suppose that (�̅� , ∗̅ , . ̅ , τ̅) is a P-compact topological ring, let {𝑅𝑖} i˄ be 

any P-cover topological rings of (R , ∗ , . , τ), i.e.  𝑅 =∪𝑖∈˄ 𝑅𝑖.  

Clear that �̅� = 𝑓(𝑅) = 𝑓(∪𝑖∈⋀ 𝑅𝑖) =∪𝑖∈⋀ 𝑓(𝑅𝑖) where (𝑓(𝑅𝑖),∗̅ , . ̅) is a ring 

∀𝑖 ∈∧ see [3, p. 198], and since 𝑓 is isomorphism (definition 4) implies 

𝑓(𝑅𝑖) ∈ τ̅, ∀𝑖 ∈ ∧. But (�̅� , ∗̅ , . ̅, τ̅) is P-compact so there is a finite subset 𝐽 ⊆ ∧  

such that �̅� =∪𝑗∈𝐽 𝑓(𝑅𝑗). 

Now  

𝑅 = 𝑓−1(�̅�) = 𝑓−1 (∪𝑗∈𝐽 𝑓(𝑅𝑗)) = 𝑓−1 (𝑓(∪𝑗∈𝐽 𝑅𝑗)) =∪𝑗∈𝐽 𝑅𝑗 . 

Thus (R , ∗ , . , τ) is P-compact which complete the proof.  

We can prove by the similar way the following theorem. 
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Theorem 10. 

Let (R , ∗, . , τ) and (�̅� , ∗̅ , . ̅, τ̅) be two topological rings and  

f : (R , ∗ , . , τ)  (�̅� , ∗̅ , . ̅ , τ̅) be an isomorphism. Then the following are 

equivalents 

1- (R , ∗ , . , τ) is PI-compact topological ring. 

2- (�̅� , ∗̅ , . ̅, τ̅)  is PI-compact topological ring. 
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