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Abstract

In this paper, we introduced some new definitions on P-compact
topological ring and PL-compact topological ring for the compactification in
topological space and rings, we obtain some results related to P-compact and P-
L compact topological ring.
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Introduction

A topological ring is a ring R which is also a topological space such that
both the addition and the multiplication are continuous as maps

R X R — R where R X R carries the product topology. A topological ring
(R,*, . ,7) is said to be compact, if a topological space (R, 1) is compact space,
for details see [1] . In [2] D.G. Salih gave the concept of D—cover groups and D—
compact groups. In this paper, we shall generalize this concept to topological
rings so we investigated the P—compact and the P-L. compact topological rings,
in particular case we deal with the proper ideals of a topological rings, so we
introduce the Pl-compact and PI-L. compact topological rings, we obtain some
good results related these concepts above. We mean throughout this paper a

topological rings is just ring as a set with topology.

2. Definitions and examples .
Definition 1
Let (R,*, .,t) be a topological ring and | be an index set, we say that
1. The family {Ri € t; (R;,*,.)is a proper subrings of (R,x.), Vi € I} is a P-

cover topological rings of (R,*,.,t)if R = U;¢R;

111


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'—i,!
Vol.6, No.7, 2016 ||3 E
Definition 2

Let (R,*,.,7) be a topological ring we say that;
1- (R,*,.,T) is weakly P—compact topological ring if there is a finite P— cover
topological rings of (R,*,., T).
2- (R,x,., 1) Is P-compact topological ring if for any P—cover topological rings
of (R,*,.,T), there is a finite sub P—cover topological rings of (R,*, ., T).
3- (R,,.,7)is weakly P-L. compact topological ring if there exists a
countable P—cover topological rings of (R,*, ., T).
4- (R,*,.,t) is P-L. compact topological ring if for any P—cover topological
ring of (R,x,.,7), there is a countable sub P—cover topological rings of
(R,*,.,T).
Definition 3

Let (R,*,.,T)be a topological ring and (H,*,.) be a subring of (R,*,.). The
topological subring (H,*,.,ty) [ty = TNH] is said to be:

P—compact topological subring (weakly P—compact topological subring, P—
L. compact topological subring, weakly P.L. compact topological subring) if
(H,*,.,ty) is P—compact (weakly P—-compact, P-L. compact and weakly P—L.
compact) topological ring respectively.
Definition 4

1- Let (R,+,.,7) and (R,%,7,T) be two topological rings then,

(i) f:(Rx.,7) > (R*-,T) is a homomorphism topological rings if
f:(R,7) » (R,T) is continuous such that f(x xy) = f(x) * f(y) and
f(x.y) = f(x)-f(y) for each pair of elements x,y € R

(ii) f: (R*,.,7) = (R*7,7) is a topological isomorphism if it is topological
homeomorphism and ring isomorphism.

2- Suppose that A is a non-empty set and (Rj,*y,.1,T,) IS a topological rings

for each AeA , their product is m3 AR, equipped with the usual product
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topology 7., , Ry and with multiplication given by (x ® y) = x; ®y, for
each x;, y;eR;and A € A
3- If R; = R and t; = 1, VA€ then we denoted that
RN = my ARy and T = myep 15
Example 1.
Let X = {a, b, c,d} and P(X) the power set of X i.e.
P(X) =
{9, X,{a}, (b}, {c},{d},{a, b}, {a, ¢}, {a,d}, {b, c},{b,d}, {c,d},{a,b,c},
{a,b,d},{b,c,d},{a,c d}}
One can show easily that R = (P(X),A,N) where (Aa B =AUB—-ANB) , Is a
ring
Let t be the discrete topology defined on P(X) and let P;,1 <i < 12 be the
following sets :
P, ={0,X}
P, ={0,{a}}
p; = {9, {a}, (b}, {a b}
P, = {@, {a},{b},{c} {a, b} {a,c},{b,c},{a,b, c}}
Ps = {Q {d}}
Py = {0,{d},{a},{a d}}
P, = {@,{d},{a},{c},{a, d},{a,c},{d, c},{a d, c}}
Py = {(Z), {c},{a, b},{a, b, c}}
Py ={9,{b},{a,d},{a,b,d}}
Py, ={0,{a}, {c,d},{a,c, d}}
P, = {@, {d},{b,c},{b,c, d}}
P, ={0,X,{a c},{b,d}}
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It is clear that the family {P; € t; (P;,A,n)} is a P—cover topological rings of
(P(X),A), which has a finite sub P-cover {pg, py, P10, P11, P12} SO (P(X),A,N)
Is weakly P—compact in fact it is P-compact .

Recall that see[3] , a sub ring | of the ring R is said to be a two side ideal of R if
andonlyifre Randa € I implybothra € I and ar € I.

For rings with identity 1, it is clear that if 1 € I then I = R , so we give the
following modification for the preceding definitions.

Definition 5.

Let (R,*,.,T) be a topological rings and let A be an index we say that the
family {I; € 7; (I;,%,.)} is a proper ideal of {(R,*,.),Vi € A} U {1} is Pl-cover
topological ideals of (R,*,.,7) , if R =U;ep [; U {1}

Definition 6.

Let (R,*,.,7) be atopological ring, we say that

1- (R,x,., 1) is weakly Pl — compact topological ring if there exists a finite PI
— cover topological ideals of (R,*,.,T)

2- (R,*,.,7) is Pl-compact topological ring if for any Pl-cover topological
ideals of (R,x,.,7) , there is a finite sub Pl-cover topological ideals of
(R*,.,7)

3- (R,*,.,7) is weakly PI-L. compact topological ring if ther exists a
countable PI — cover topological of (R,*,.,T)

4- (R,x,.,7) is PI-L. compact topological ring if for any PI- cover topological
ideals of (R,*,.,T), there is a countable sub PI- cover topological rings of
(R,*,.,T) .

Example2.
Let R be the ring (Z, +,.,7) where t is the discrete topology defined on Z.
Note that the following:
2Z ={0,%+2,+4, ...}
3Z ={0,+3,+6, ...}
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47 ={0,+4,+6, ...}

5Z = {0, F5,F10, ...}

6Z ={0,+6,+12,..} ....... etc.

are all proper ideals of (Z,+,.,7). Now it is easy to show that I = {kZ /k €
Z*}u {1} is a countable Pl — cover toplological ideals of (Z,+,.,7) , that’s
mean Z =U,,¢,+ I}

Which has been a countable sub Pl-cover since for example 4Z € 2Z and
6Z < 3Z, .... etc. Hence (Z,+,.,1) is PI-L. compact which is not Pl-compact

because the prime numbers are infinite see [4].

Main results .

It is easy to prove direct from definitions the following Lemmas
Lemma 1.

1. Any P —compact topological ring is weakly P—compact.

2. Any P — compact topological ring is P-L. compact .
Lemma 2.

1. Any Pl — compact topological ring is weakly Pl-compact .

2. Any Pl — compact topological ring is PI-L. compact .

Also we can prove directly by Lemma (1) , the following theorem
Theorem 1.
Let (R, *, ., 1) be a topological ring such that R is finite set, then the

following are equivalents :

1. (R, *,.,1)is P-compact topological ring .

2. (R, *,.,1)is P-L. compact topological ring .
If we replace P—-(P-L.) compact topological with PI—(PlI-L.) compact
topological ring respectively , the result is true .
Example 3.
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r= {{0},{0,3},{0,2,4},{1,5},{2,3,%,{0,1,3,5} ,0,R)
Although (R, +, ., 1) is finite topological ring but it is not P-compact and not
Pl-compact since {0},{0,31},{0,2,4 } are the only proper sub rings which are
not cover (R, +, ., 7).
Recall that a ring (R, =, .) is said to be a field provided that the set R/{0} is
commutative group under the multiplication of R. It is known that if R is a field
then R has no non trivial ideals see [3], so we have the following theorem .
Theorem 2.
Any infinite ring (not field) can be Pl-compact.
Proof.

Suppose first (R,*,.,7) is a ring without identity . Let I be a set (finite or
infinite) defined = {A; SR, A¢ is finite set,(A; x,.) proper ideal V; €

Iand A;, € Ay, foriy; < i} U {0}.

Now since any arbitrary set{ na/a € R,n € Z*}isideal see [3] hence Z € ¢
. Clear that (R, *, ., 1) is topological ring since .

(1) @ € T and R = @ isfiniteie. R € T .

(2) Let A, , A, € T, so A{,AS are finite but (4, N 4,) = A U AS
implies (4; N A,)€ is finite and since (4; N A,,*,.) is ideal see[3]
hence A, N A, € 1.

(3) Let Abeanyindexand let A, € T ,V, € A, hence AS is finite for each
s € A which leads to Ngep A5 is finite . Now since (UseAAS )C =
Nsepn AS , but Ugep A = A, ,foreachs € A.So (Usep ,4; ,*,.) 1S
an ideal , hence (R, *, ., 1) is topological ring.

Now let {A,e 7,4 € A} be any Pl—cover topological rings of ( R,x,., 1), that is
R=Ujepnds .
Let Ay € {4}, 4 iImplies (4, ,*,.) is an ideal and Ag is finite set. Suppose that

A ={a;,a,,.......,a,} Where aj € R foreach 1 <j<n, but{4, € 7,4 € A}is
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Pl—cover of (R,*,.,7) so there is Ay € {A, € 7,4 € A}suchthata; € Ay; for
each j implies Aj < }1:114,1,--
ThusR < U}lzlAaj U A4, (of course R=A4, U Ag) that means there is a finite

sub PI — cover topological rings {Ao , Ay . ... Aw} each of which is ideal ,
therefore (R, *, ., 7) is Pl-compact topological ring . If (R, *, ., 1) is a ring
with identity we take T = 7 U {1} and the prove is similar

Corollary 1.

Any infinite ring (not field) can be a weakly Pl-compact .

For product P — compact rings we have the following two theorems .

Theorem 3.

Let (R, *,.,t)and (R,*¥,7,T) be two topological rings if (R ,*,7,7) is
a P—compact topological ring . Then R xR, ® , ®, T x T) is P-compact
topological ring.

Proof.

Let {(R XR; ,®,®); R, € Tand (R; ,¥,7) rings Vi €1} be any P-
cover topological rings of R xR, i.e. R ¥R =U;¢(R XR;) =R x (U; ¢ Ry)
implies R = U; ¢ R; ,but (R,%,7,T) is P-compact topological ring so there is
finite subset J € | such that R= U ;R = R xR = R x (U;¢R) =
Uje (R x R;) , where (R x R;,®,®) isaring for each j € J. Therefore (R
xR, ®,0, 1 xT) is P-compact topological ring.

Theorem 4.

Let (R, =,.,7)and (R,¥,7,7) be two P-compact topological rings then (R x
R,®,®, 1 x T)is P-compact topological ring.

Proof.

Let (R,x,., 1) and (R,®, ®,T) be any two P-compact topological rings.
Then there exists a P—cover topological rings {R,} 4c4 and {R,} ,ep Of R and

R respectively (A, B any index), that’s mean
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R % R = (UgeaRa) X (UperRp) = Ugeaper(Ra X Rp) implies {R, X
Ry, }acapep is a P—cover topological rings of (R xR, ® ,®, © x 7).

Let {W;}; c o be any P — cover topological rings of (R xR, ® ,®, t x 7) then R x
R = U;jeaW,; such that W; = U; x V; ,where U; € Tand V; € T for each
i € A.But(R, *,.,1)is P-compact ring , so there is a finite sub set ] € A
such that R=U; ¢, U; and (U; ,*,.) isaring foreach j €] . LetU; € {Uj}j o
implies {U;, X Vi}i _ , is a P—cover topological rings of (U, xR, ,®,0)
hence U, x R= U;ea(U;, x V;),but (U;, x R, ®,0)Iis

P—compact topological ring since (U;, ,*,.) is a ring and (R,*%,7) is P-
compact topological ring (theorem 3 ) so there is a finite set S ¢ A such that
{Uj, xVi}__ isaring, Vs €S.Now Uj, X R = Uses(Uj, % Vi) hence Uj, x R
=U;, X (Uses Vs) [see5] and hence

R xR = (U]-E] Uj) X (Uges V) = UjE],SES(U]- X Vs), where

(Ujx Vs, ®,0)arerings foreachje] ,s €S . Therefore

(R %R ,®,0, 1 x T) is P-compact topological rings.

If we replace P—-compact topological ring with Pl-compact in theorems 3,4 the

result is true since the product of ideals is also ideal (for instance see [3]) .

Theorem 5. [1]

Let {R;,i €1} be a family of topological rings . Then the direct product
R = [I; ¢ R; , equipped with the product topology is topological rings.

From theorem 4 and theorem 5 , respectively , and by induction we can prove
the following theorem

Theorem 6

The product of any finite collection of P—compact topological rings is P-—

compact topological ring.
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If we replace P-compact topological ring with P—-L. compact topological ring ,
the result is true .

Corollary 2.

If (R, *,.,1)isaP — compact topological ring . Then (R", ®,0,1") isP —

compact topological ring , where

Rn — RXRX,"'"XRand Tn — 1:><r><......><1:
n—time n—time
Theorem 7 .

Let (R, *,.,t)and (R,*,,T) be two topological rings , and let
f:(R,*,.,1)— (R,*,7,7) be a homomorphism. Then
1. If S is a P-compact topological subring in (R, *, ., 1), then f(S) is P—
compact topological subring in (R ,*,.,T) .
2. If T is a P — compact topological subring in (R,*¥,7,7) and f is an
isomorphism then f (T) is P—compact topological subring in (R, * , .
, T).
Proof .
Let {R;}; ¢; be any P— cover topological rings of f(S) in (R ,¥,7,7) that is
f(S) = U;; R; - Nowsince S < £~ (£(S)) see [6] , implies S
C f (Ui R) but f71 (UierR) = Uier f~1 (R , see also [6], hence S
C Ui f7Y (R;) onthe other hand £~ (R;) foreachi € lisasub ring in R for
enstance see [3, p. 186], and since S is P-compact and f continuous hence there

exists a finite set J c I, such that

S=Uje; fH(R)) = f~(Ue; Ry) implies £(S) = f(f(Use; R;)) But
f(f-l(u,-E, R,-)) C Uje, R; see [6] , ie. f(S)C U R;.Thus £(S) is P-
compact topological sub ring in (R %, 7, T)

2- Let {R;} < be any P-cover topological rings of f~2 (T) in (R, *, ., 1)

that |S f_l (T) = UjEI Ri , Rie T, Viel Imp|IeS T = f(UiEI Rl) = f(UiEI Rl)
tisclearthatf (R;) e T, Viel since fisisomorphism (definition 4), but T is
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a P-compact topological subring of (R, *,7, T), so there is a finite subset J c |
such that T =U;¢; f(R;) where (f(R;) ,%,7)isaring, Vje/ see[3, p. 186
]. Thus T = f(Uje; R;) hence

f~1(T) = Uje; Ryand hence f~' (T) is P-compact topological subring of
(R, *,.,7).

For Pl-compact ring we have the following theorem.
Theorem 8
Let(R,*,.,1) > (R, *,-,T) be an isomorphism, then
1. If Sis a Pl-compact topological ideal in (R ,x,., 1), then f (S) is PI-
compact topological ideal in (R , ¥, 7, T).
2. If T is a Pl-compact topological ideal in (R , ¥, 7, T), then f~1 (T) is PI-
compact topological ideal in (R, *, ., 7).
Proof.

Let {I;};., be any Pl-cover topological ideal of f(S) in (R, *,7, T), that is
f(S) =Uje, I; U{1},hence S = f~Y(Uje, I;) U {1}, of course f~1(l), Vi
are ideals see [3].

Also f~1(I;) e, Vi since f is isomorphism. Now S is Pl compact ideal in (R,
*, ., T), hence there exists a finite set Jca such that

S =Uje; (L) u {1} implies f(S) = f (f ' Uje; ;) U f{1}, hence

f(S) =Uje; I; U {1}, that means f(S) is PI- compact ideal in (R , ¥, 7, T).
2.Let {I;};e, U {1} be any Pl-cover topological ideal of f~1(T) that is

fUT) = (Uien I;) U {1}, {I; et,Vi € A} implies

T = f(Uie, 1) U {1}

= Uien (fUD) U {1}

It is clear that f (I;) € T, Vi € a since f is an isomorphism (definition 4), but
T is Pl-compact topological ideal in (R , *, 7, T), so there is a finite subset J c A

such that T =Uje; f(I;) U {1} where (f(I;) %,7) are ideals for each jeJ see
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[3, p.198] . Now T = f(Uje; I;) U{1}, hence f~' (T) = Uje; I; U {1} means
f~1(T) is Pl-compact topological ideal and we have done.
The following theorem show that the P-compact is topological property.
Theorem 9.
Let(R,*,.,t)and (R, *,7, T) be two topological rings and
f:(R,=,.,1 > (R,*,.,7T be an isomorphism, then the following are
equivalents:

1- (R, =, ., 1) is P-compact topological ring.

2- (R,*,-,7T) is P-compact topological ring.
Proof.
(=) suppose that (R, =, ., 1) is P-compact topological ring, let {R;};c; be any
P-cover topological rings of (R, ¥,7, T) , that is R =U;¢, R; gives
R=f"T"R)=f""UicrR) = Viea fT'(R).- But (R, =, ., 1) is P-
compact topological ring, so there is a finite subset JeA , such that
R =Uj¢; f7X(R)) . Clear that ( f~*(R;),x,.) is subring Vje] , hence R =
£ (Uje; By) implies R = F(R) = f (£ (Ujes Ry)) = Uje) R;
therefore (R, * ,7, T) is P-compact topological ring.
(<) suppose that (R , *, 7, T) is a P-compact topological ring, let {R;};., be
any P-cover topological ringsof (R, *, ., 1),1.e. R =U;¢, R;.
Clear that R = f(R) = f(Ujep R;) =Uiep f(R;) where (f(R;),*,7) is a ring
Vi €A see [3, p. 198], and since f is isomorphism (definition 4) implies
f(R)) €T, Vi EA But(R,*,7,T)is P-compact so there is a finite subset ] € A
such that R =U;¢; f(R;).
Now
R=fR) =7 (Ve (R)) = £ (f(Uje R))) =Ujes Ry
Thus (R, *, ., 1) is P-compact which complete the proof.

We can prove by the similar way the following theorem.
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Theorem 10.

Let(R,*,.,t)and (R, *,7, T) be two topological rings and
f:(R,*,.,1) = (R,*,7,7T be an isomorphism. Then the following are
equivalents

1- (R, =, ., 1)is Pl-compact topological ring.

2- (R,*,-,7T) is Pl-compact topological ring.

References

[1] Warner, S. 1993. Topological rings, department of Mathematics , Duke
university, science publisher Amsterdam North-HOLLAND.

[2] Salih, D.G., X., 2012. On D-compact groups, American journal of scientific
research, 60, pp;5-14.

[3] Burton, D.M., 1972. "Abstract and linear algebra”, Addison-Wesley
publishing company, Inc.

[4] Burton, D.m., 1980. "Elementry number theory”, Allyn and Bacon, Inc.
Boston. London. Sydney. Toronto.

[5] Schapira, P. 2010-2011. General topology, course at Paris university (V.3),
p.8, p.43.

[6] Wilder R.L., 1965. "The Foundation of Mathematics”, John Wiley sons,
INC. New York. London. Sydney.

122


http://www.iiste.org/

