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Abstract:

Let M and M' be two I'-rings , in the present paper we introduced the concepts of Jordan
triple homomorphism , generalized Jordan triple homomorphism on I'-rings and some
Lemmas .
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1- Introduction:
Let M and I" be two additive abelian groups, suppose that there is a mapping from MxI'xM
——> M (the image of (a,a,b) being denoted by aab, a, b € M and a e I'). Satisfying for all
a,b,ceManda,p er:
(i) (a+Db)ac=aac +bac
a(a+p)c=aac+apc
aa (b +c)=aab +aac
(i) (aab)pc =aa(bpc)
Then M is called a I"-ring. This definition is due to Barnes [1].
Let M be a I'-ring, then M is called 2-torsion free if 2a = 0 implies thata =0, forall a € M.
This definition is due to [2].
An additive mapping 6 of a I"-ring M into a I"-ring M" is called homomorphism if
O(aab) = 6(a)ab(b) , forall a,b € M and o e T". This definition is due to [1].
An additive mapping 6 of I'-ring M into a I'-ring M" is called Jordan homomorphism if 6(acb
+ baa) = 0(a)ab(b) + 6(b)ab(a) , for all a, b € M and a € T'. This definition is due to [3].
Let F be an additive mapping of a I'-ring M into a I'-ring M'". F is called a generalized
homomorphism if there exists a homomorphism 0 from a I'-ring M into a I"'-ring M', such that
F(aob) = F(a)aO(b), for all a, b € M and o € TI', where 6 is called the relating

homomorphism . This definition is due to [3].
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And F is called a generalized Jordan homomorphism if there exists a Jordan homomorphism 6
from a I"-ring M into a I'-ring M’, such that
F(aob + baa) = F(a)ab(b) + F(b)a 6(a), for all a, b € M and a € I', where 0 is called the

relating Jordan homomaorphism. This definition is due to [3].

2- Jordan Triple Homomorphism of I'-Rings :
Definition (2.1):

An additive mapping 6 of I"-ring M into a I"-ring M" is called Jordan triple
homomorphism if 6(acbpBa) = 6(a)ab(b)po(a) , foralla,b e Mand o, € T".
Example (2.2):

n
Let R be aring, let M = My,»(R), M' = M'1.»(R) and I :{(Oj,n € Z} then M and M' be

I'-rings. Let 6 be an additive mapping of a I'-ring M into a I'-ring M, such that 6((a b)) =
(@ 0),forall (@ b) e M we obtain 0 is a Jordan triple homomorphism

Lemma (2.3):

Let © be a Jordan triple homomorphism of a I'-ring M into a I'- ring M ', then for all a,
b,ceM,a,pelandn e N
(i) © (acbpa+apbaa)=6(a)ad(b)po(a) + 6(a)pO(b)ab(a)
(ii) © (aabBct+cabpa)=0(a)ab(b)pO(c)+ 6(c)ab(b)BO(a)
(iii) In particular, if M, M’ be two commutative I"-rings and M' is a 2-torsion free T'-ring,
then
B(aabpc) = 6(a)ab(b)Bo(c)
(iv) 8(aabac+cabaa)=0(a)ad(b)ad(c)+6(c)abd(b)ab(a)
Proof:
(i) Replace apb + bpa for b in Definition Jordan homomorphism , we get :
O(ao(apb + bpa) + (apb + bpa)aa) = 6(a)ab(apb + bpa) + 6(apb + bpa)ad(a)
= 0(a)a0(a)po(b) + 6(a)ad(b)po(a) + 6(a)BO(b)ab(a) + B(b)pO(a)ab(a) ...(1)
On the other hand
O(aol(apb + bpa)+(apb + bpa)aa)=0(acapb + acbpa + apbaa + bpaca)
=0(a)a0(a)pod(b)+6(b)p6(a)ab(a)+6(acbpPa+apbaa) ...(2)
Compare (1) and (2), we get:
O(acbpBat+apbaa)=0(a)ad(b)po(a) + 6(a)po(b)ab(a)
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(i) Replace a+c for a in Definition (2.1), we get:
0((a + c)abp(a + c)) =6(a + c)ab(b)BO(a + C)
= 0(a)a0(b)BO(a)+ 6(a)ad(b)BO(c) + B(c)ad(b)BO(a)+0(c)ad(b)BO(C) ... (1)
On the other hand
0((a + c)abp(a + c)) = 6(acbPa + acbpc + cabPa + cabfc)
=0(a)a0(b)pO(a)+6(c)ad(b)BO(c)+6(acbpc+cabpa) ...(2)
Compare (1) and (2), we get:
O(aabpctcabpa)=0(a)ad(b)po(c) + 6(c)ab(b)BO(a)

(iii) By (ii) and since M, M’ be two commutative I"-rings and M' is a 2-torsion free I'-ring ,
then
O(aabpc + acbpc) = 26(aabfc) = 6(a)ad(b)BO(C)

(iv) Replace a for B in (ii), we get:
B(acbact+cabaa)=0(a)ab(b)ad(c)+ 6(c)ab(b)ab(a)

Definition (2.4):

Let 6 be a Jordan homomorphism of a I'"-ring M into a I'"-ring M',then for all a,be
M and a € T, we define

G(a,b,a)q,p = B(acbPa) — 6(a)ab(b)BO(a).

Lemma (2.5):

If 6 be a Jordan triple homomorphism of a I"-ring M into a I"-ring M',then for all a,
becdeManda,p el
(i) G((a + b),c,d)ap = G(a,c,d)as + G(b,c,d)usp
(if) G(a.(b + ©).d)up = G(ab,d)up + G(@,c.ap
(iii) G(ab,(c+ d)ap = G@b.up + Gab g
Proof:
(i) G((a + b),c,d)ap = 6((a+ b)acpd) - 6(a + b)ab(c)BO(d)
= 0(aacpd) — 6(a)ab(c)po(d) + 6(bacpd) — 6(b)ad(c)pO(d)
= G(a,c,d)ap + G(b,c,d)o,p

(i) G(a,(b + ¢),d)o,p = O(ac(b + c)pd ) —6(a)ab(b + c)B6(d)

= 0(aabpd) — 0(a)ad(b)pO(d) + O(accpd) — 0(a)ad(c)BO(d)

= G(a,b,d)o.p + G(a,c,d)ep
(iii) G(a,b,(c+ d))ap = O(acthB(c + d)) — 6(a)ab(b)BO(C + d)
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= 0(aabpc) — 6(a)ad(b)BO(c) + O(aabpd) — 6(a)ad(b)B6(d)
=G(a,b,c)op + G(a,b,d)q.p

Proposition (2.6):

Let 6 be a Jordan homomorphism from a I'-ring M into a 2-torsion free I'"-ring M', such that
aobPa = aBboa, foralla,b e Mand a, B € I', a'ab'Ba’ = a'Bb'aa’, for all a',b' € M"and a,
B e I".Then 6 is Jordan triple homomorphism.
Proof:

Replace b by aBb + bpa in Definition of Jordan homomorphism , we get :
O(ac(apb + bpa) + (apb + bpa)aa) = 6(a)ab(apb + bpa) + 6(apb + bpa)ab(a)
= 0(a)ab(a)po(b) + 6(a)ab(b)po(a) + 6(a)pO(b)ab(a) + 6(b)BO(a)ab(a)

Since a'ab'Ba’ = a'Bb'ad’, foralla', b' € M'and a, € I, we get:

= 0(a)ab(a)po(b)+26(a)ad(b)pO(a)+0(b)BO(a)ab(a) (1)
On the other hand:
O(aa(apb + bpa) + (apb + bpa)aa) = 6(acapb + acbpa + apbaa + bfaca)
Since aobPa = abaa, forall a,b e Mand a, B € T, we get:
= 0(acapb + bpaca) + 26(acbpa)
= 0(a)ab(a)po(b) + 6(b)BO(a)ab(a) + 26(acbpa) ..(2)
Compare (1) and (2), we get:
20(aabpa) = 20(a)ab(b)pO(a).

Since M'is 2-torsion free I'-ring , we obtain that 0 is Jordan triple homomorphism.

3- Generalized Jordan Triple Homomorphism of I'-Rings :
Definition (3.1):

An additive mapping F of a I'-ring M into a I'-ring M' is called a generalized Jordan triple
homomorphism if there exists a Jordan triple homomorphism 6 from a I'-ring M into a I'-ring
M’ such that
F(aabpa) = F(a)ab(b)po(a) ,foralla,b e Manda ,B €T .

Where 0 is called the relating Jordan triple homomorphism.
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Example (3.2):

n
Let R be aring, let M = My,»(R), M'=My»(R) and I" = {(Oj,n € Z} .Then M and M" be I'-

rings.Let F be an additive mapping of a I'-ring M into a I'-ring M', such that F((a b)) =(-a
0), forall (a b) € M then there exists a homomorphism 6 from  aTI'-ring M into a I"-ring
M’ suchthat 6((a b))=(a 0),forall(a b) e M. Then F is a generalized Jordan
triple homomorphism

Lemma (3.3):

Let 6 be a generalized Jordan triple homomorphism of a I'-ring M intoa I'-ring M/,
thenforalla,b,c e M,a, B eTTandn € N
(i) F(aabpa + apbaa)=F(a)ab(b)p6(a) + F(a)po(b)ab(a)
(ii) F(aabBc+cabPa)= F(a)ab(b)po(c) + F(c)ab(b)B6(a)
(iii) In particular, if M, M' be two commutative I'-rings and M" is a 2-torsion free
I'-ring , then
F(aabpc) = F(a)ab(b)po(c)

(iv) F(aobac +cabaa)=F(a)ab(b)ad(c)+ F(c)ab(b)ab(a)

Proof:

(i) Replace apb +bpa for b in Definition generalized Jordan homomorphism , we get:
F(ao(apb + bpa) + (apb + bpa)aa) = F(a)ab(apb + bpa) + F(apb + bpa)ab(a)
= F(a)a6(a)Bo(b)) + F(a)ab(b)BO(a)) + F(a)po(b)ab(a) + F(b)BO(a)ad(a)
= F(a)ab(a)po(b) + F(a)ab(b)BO(a) + F(a)pO(b)ab(a) + F(b)B6(a)ab(d) ...(1)
On the other hand
F(ao(apb + bpa)+(apb + bpa)aa)=F(acaPb + acbpa + apboa + bBaca)
= F(a)ab(a)pob(b)+F(b)po(a)ab(a) + F(acbBatapbaa) ...(2)
Compare (1) and (2), we get:

F(aobpa+ apbaa)=F(a)ab(b)p6(a) + F(a)po(b)ab(a)
(i) Replace a+c fora in Definition (3.1) , we get:
F((a + c)abp(a + ¢)) = F(a + c)ab(b)BO(a + c)
= F(a)ab(b)po(a) + F(a)ab(b)BO(c) + F(c)ab(b)BO(a) + F(c)ab(b)BO(C) ...(1)
On the other hand
F((a + c)abB(a + ¢)) = F(aabpa + aabpc + cabpa + cabpc)
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=F(a)a0(b)BO(a)+F(c)ab(b)BO(c)+F(acbpc+ cabpa) ...(2)

Compare (1) and (2), we get:
F(aobBc+cabpa) = F(a)ab(b)BO(c) + F(c)ab(b)B6(a)

(iii) By (ii) and since M, M' be two commutative I"-rings and M’ is a 2-torsion free I'-ring
F(aabpc + aabpc) = 2F(aabpc) = F(a)ab(b)BO(c)

(iv) Replace a for B in (ii), we get:

F(aoboac + cabaa) = F(a)ab(b)ab(c) + F(c)ab(b)ab(a)

Definition (3.4):

Let F be a generalized Jordan homomorphism of a I'"-ring M into a I'-ring M',then for all
a,b e Mand a € I', we define

d (a,b,a),,s = F(aabpa) — F(a)ab(b)B6(a).

Lemma (3.5):

If F be a generalized Jordan triple homomorphism of a I'-ring M into a I"-ring M',then
foralla, bcde Mando, B el
(i) 8 ((a+b).cd)up =3 (@cd)up +5 (b.c.d)ap
(ii) 8 (a,(b + ©) )up = & (A + 5 (aC.D)ap
(iii) & (ab,(c+ d))op =8 (Ab.C)ap + 3 (a,0,d)p
Proof:
() 8 ((a+b),cd)up =F ((a+b)achd) - F(a + b)abd(c)B6(d)
= F(aacpd) — F(a)ab(c)BO(d) + F(bacpd) — F(b)ad(c)po(d)
=35 (a,c,d)q,p + & (0,¢,d)0p
(i) 8 (a,(b + ¢),d)op = F(aa(b +c)Bd) — F(a)ab(b + c)B6(d)
= F(aabpd) — F(@)ab(b)BO(d) + F(aocpd) — F(a)ab(c)po(d)
=5 (ab.d)ap + 5 (@.c.d)ap
(iii) & (a,b,(c+ d))a,p = F(aabp(c + d)) — F(a)ab(b)BO(c + d)
= F(aabpc) — F(a)ab(b)po(c) + F(aabpd) — F(a)ab(b)po(d)
=3 (a,b,C)op + 8 (a,b,d)ap
Proposition (3.6):

Let F be a generalized Jordan homomorphism from a I'-ring M into a 2-torsion free I'-

ring M', such that aobPa = ajbaa, foralla,b e Mand a, p € T,
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a'ab'Ba’ = a'Bb'aa’, for all a', b' € M' and a, B € I'"Then F is a generalized Jordan triple

homomorphism.

Proof:

Replace b by aBb + bpa in Definition of generalized Jordan homomorphism , we get:
F(ao(apb + bpa) + (apb + bpa)aa) = F(a)ab(apb + bpa) + F(apb + bpa)ab(a)
= F(a)ab(a)po(b) + F(a)ab(b)BO(a) + F(a)pO(b)ab(a) + F(b)BO(a)ab(a)

Since a'ab’Ba’ = a'Bb'aa’, forall a', b' € M'and a, B € I', we get:
=F(a)a0(a)BO(b) + 2F(a)ad(b)BO(a) + F(b)BO(a)ad(a) (D)
On the other hand:

F(ao(apb + bpa) + (apb + bpa)aa) = F(acapb + acbpa + apbaa + bpaca)
Since aobPa = apbaa, forall a,b € Mand o, B € T, we get:

= F(a)ab(a)po(b) + F(b)pO(a)ab(a) + 2F(aabpa) ..(2)
Compare (1) and (2), we get:

2F(aabpa) = 2F(a)ab(b)BO(a).

Since M' is 2-torsion free I'-ring , we get F is a generalized Jordan triple homomorphism.
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