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Abstract

This paper puts up a result regarding the generalization of the Banach contraction principle
in the Hilbert space, It consist of four rational square terms in the inequality. Further the
corollary of Koparde and Wag mode was obtained by considering vanishing values to some
constant towards the end of this result.
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1. Introduction
Ever the beginning of the research in the discipline of fixed point theory and approximation

theory was initiated by Banach in 1922 and since then many mathematicians has been
working towards the development of this area of knowledge which has been extensively
reported in the treatises of Nadler [7], Sehgal [9], kabbab [4],Wrong [13],etc. Also some
generalize-tions of Banach fixed point theorem were given by D.S.jaggi [3], Fisher [1], Khare
[5]. Gangly and Bandyopadhyay [2], Koparde and Waghmode [6], Pandhare [8], Veerapandi
and Anil Kumar [12] nvestigated the properties of fixed points of family of mappings on
complete metric spaces and in Hilbert spaces.

Motivated by the above results, the result which is found here is the refinement and sharpens
some of the gene-alizations of the result Singh. Th. Manihar [10] and Smart [11] results. The
theorem follows with the statement:

2. Theorem

Theorem 2.1

Let X be a closed subset of a Hilbert space and T: X — X be a self mapping satisfying the
following condition.

=Ty 12 [1+11ly—Ty 1?]
1+llx-yll?

I T =Ty IP<ny Ny =Ty 1P+ 1, +03 I T = Ty 1P+, |y — T II?

+ns Il x —y 12
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For each,y € X and x # y , where n; 15,13, 14, s are non-negative reals with 0 < n; + 73 +
2n4 + 415 < 1.Then T has a unique fixed point in X.

Proof: For some x, € X, we define a sequence { x,,} of iterates of T as follows
xy =Txg,x; =Txy ,x3 =Tx, _i.e xp41=Tx,,forn=0,1,23........
Next, we show that { x,,} is a Cauchy sequence in X. for this consider

I Xp41 — X 1= Txyy = Ty, II?

Then by using hypothesis, we have

I —Xn41 I3[ 1+ —1 —xp112]
1+lxp—xn—1112

Il Xn+1 — Xn ”2S N1 Il Xn—1 — Xn ||2+772 +7]3 I Xn+1 — Xn "2

4 | Xnoq = Xnar 12475 11 X = Xpg 117

<Ml Xpog = X 12412 1 2y — Xpeq 12403 | g — X 12404 | Xpmq — Xy 12475 |l
Xn — Xn—1 ”2

< Xn—1 — Xpn ”2 (771 + 7]5) + 173 I Xn — Xn+1 ”2 +13 I Xn+1 — Xn ”2+ N4 Il Xn-11Xp

— Xn"Xn+1 ”2
< Moy — 20 12 (1 1, 1)+l X0 — X001 12(m2 + 1, +1,)
n—1 n N TN, TN n n+1 Ny TNy TN,
I Xn+1 — Xn "2 (1 P 774) < I Xn—1 — Xn ”2 (771 + U + 775)

(m +n, +n.)

_ 2
(1 — N2 — Ny — T’4) : -1 T :

” Xn+1 — Xp ”2S

I 2Xpe1— X0 12 < p() Il xp_q — %, 112
Where

771+774+775
(L=n2=ny3~-mn,)

p(n) =

771+7I4+775 <1
1_772_773_774_

m+n,+tn,<1-my—n;—n,

Clearly p(n) < 1 . For all n as 0 <ny +1, +n3 + 2n, + +n5 < 1 .repeating the same
argument we find some s < 1 such that:

|l X410 — % IP< A% 1l x; — x I, where A = s2
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Letting n — o, we obtain || x,,1 — x,, lI= 0. It follows that {x,} is a Cauchy sequence in X.
there exists a point p € X such that x,, - pasn — ©.Also {x,,1} = {Tx,} is subsequence of
{x,} converges to the same limit u. Since T is continuous we obtain

T (1) =T (limgg, ) = limy o Txp=limy o, Xp 1= p

Hence u is a fixed point of T in X. Next we show that uniqueness of u : if T has another fixed
point v. u # v, Then

lu—vI*=IT, =T, I?

lu=Ty 12 [1+Iv-Tyl1?] |

<m llv—=T, I*+n, ot 1 Te =T, 1240, | v — T 12405 Il p— v 112

Which inturn, implies that

lp—vIE<nllp—viFn lv—plPns lp—vl?
Sz +nat+ms) lu—vl?

This gives a contradiction forn; +n, + 15 < 1.

Thus u is a unique fixed point T in X.

Theorem 2.2

Let X be a closed subset of a Hilbert space and T: X — X be a self mapping satisfying the
following condition.

Iy =Ty 12 [1+llx—Ty 1] ly—TylI2[1+1ly—Ty11%]
1+lx—yl? 2 1+lx—yl2

I T =Ty IP< 7y s ly =T 1P+ lx =y I

For each,y € X and x # y , where 1, 17,,13,7, are non-negative reals with 0 < n; + 7, +
213 + 14 < 1. Then T has a unique fixed point in X.

Proof: For some x, € X, we define a sequence { x,,} of iterates of T as follows
X1 =Txg,%, =Txy,x3 =Tx, _i.e xp41=Tx,,forn=10,1,23........

Next, we show that { x,,} is a Cauchy sequence in X. for this consider

” xn+1 - xn ”2:” Txn - Txn_l "2

Then by using hypothesis, we have

In—1 =Xl [1+1xn=Xns11%] | Ixp_1=Xnl2[141xp— 1 —xn 1%
T
1+lxp—Xpn_q 12 2

Xn+1 ||2+TI4 I Xn — Xpn-1 ”2

l Xn+1 — Xn ”2S N +773 I Xp—1—

1+ "xn _xn—l "2

=< M1 I Xn—1— Xn ”2+772 I Xn—1— Xn ”2+773 Il Xn—1— Xn+1 "2+774 I Xn = Xn-1 "2
< Mg = X 12 (01 471, +10) + 03 1 Xnoq +n — X=Xy 12
= n—1 n N +1n, T N3 n—-1TXn n~ Xn+1
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< N xpog — %0 1% (1 + n, +ny,+ N4) + N3 | Xppq — %, 112
Il xp41 — xn 12 (1 - 773) < M xpoq —xp 112 (771 +n,+n,+ 774)

+n, 40, +
(o ("12_:3) ") s~ 2
3

” xn+1 - xn ”2S

I Xn+1 — Xn ”2 =< p(n) I Xn-1 — Xpn "2

Where

_ (mtmy 405+ 14)

7]1+772+773+71431—773
r]1+n2+2n3+r]4S1

Clearly p(n) < 1. Forallnas 0 <ny +n, + 21, + n, < 1.repeating the same argument we
find some s < 1 such that:

|l X1 — Xp 1< A" |l x4 — X0 Il, where A = s2

Letting n — o, we obtain || x,,1 — x,, lI= 0. It follows that {x,} is a Cauchy sequence in X.
there exists a point u € X such that x,, - p asn — ©.Also {x,;1} = {Tx,} is subsequence of
{x,} converges to the same limit u. Since T is continuous we obtain

T (W) =T (limy,_y x,) = limy,_, Tx,=lim,_, X,41= U

Hence u is a fixed point of T in X. Next we show that uniqueness of u : if T has another fixed
point v. u # v, Then

lu—vI*=IT, =T, I?

lv=Tpll?[1+1lu =Ty 1]
1+llp—vli?

lv=Ty I3 [1+Ilv-Ty %] | ) 5
- v—T, II“+ -V
12 1+lu—vl2 3 I u I Ny Il u Il

=M

Which intern, implies that
lp—viIE<mlv—plPn, lp—vl?
lu—vIP< (s +n.) lp—vl?
This gives a contradiction for n; +n, < 1.
Thus u is a unique fixed point T in X.
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