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Abstract
Under random iteration scheme we study necessary conditions for convergence to a

common fixed point of two pair of JSR random operators satisfying generalized contractive
condition in the framework of symmetric spaces.
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1.Introduction and Preliminaries

Random fixed point theorems are stochastic generalization of classical fixed point
theorems. Random fixed point theory is used to obtained the solution of nonlinear random
system. Beg [1,2], Beg and Shahzad [3,5] studied the structure of common random fixed
points and random coincidence points of a pair of compatible random operator. Recently,
Beg and shahzad [4,5] had used different iteration process to obtain common random fixed
points.Recently, Some results are obtained by Mehta e.l.[6].In this paper we study necessary
conditions for convergence to a common fixed point of two pair of JSR random operator
satisfying generalized contractive conditions in Polish and symmetric spaces.

Throughout this paper (,X) denote a measurable space. A symmetric function on a
set X is non-negative real valued function d on XxX such that for all x, y € X we have
() d(x,y) =0 if and only if x=y, and

(i) d(x,y) =d(y.x)

Let d be a symmetric function on X. For ¢ >0 and x €X, B(X, €) denote the spherical
open ball centered at x and radius . A topology t(d) on X is given by U e t(d) if and only if
for each x €U, B(x, €) — U for some ¢ > 0.

Here xn—X as n— if and only if x,—X in topology t(d) Let F be a subset of X. A
mapping &:Q—X is measurable if £%(U)eY. for each open subset U of X. The mapping
T:QxF—F is a random map if and only if for each fixed xeF , the mapping T(.,xX):Q—F is
measurable. The mapping T is continuous if for each weQ , the mapping t(w,.):F—>X is
continuous. A measurable mapping &:Q—X is a random fixed point of random map
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T:QxF—F if and only if T(w,&(w))=¢(w) for each weQ.We denote the set of random
fixed point of a random map T by RF(T) and the set of all measurable mapping from Q into a
symmetric space X by M(Q,X). We denote the nth iterate T(w,T(cw,.......... ,T(w,X) of T by
Tn((,O,X).

Definition 1.1 Let X be a separable complete space i.e.X is Polish space. Random operators
S, T:X—>Xis said to be T-JSR mapping if
od(T(m,En(®),S(m,En(m))) < ad(T (o, T(EN(w)),T(0,En(®))) = 0 Yoel
where o= lim sup or lim inf and {(§n(w)} is a sequence in X such that lim
T(0,En(w)) = lim S(w,&En(w)) = &(o) .
Definition 1.2 Let X be a polish space. Random operators S, T:QxX—X are said to be
weakly T-JSR if T(w,&(®))=S(w,&(w)) for some & in M(Q2,X), then
S(o, T(w,g(@))< T (o, T(w,5(w))).
Definition 1.3 Let {xn},{yn} be two sequences in symmetric space (X,d) and x,y in X. The

space satisfy the following conditions
@  limd(xn,x) = lim d(Xn,y) =0 then x =y

n—o0 n—o0
(b)  lim d(xn,x) = lim d(Xn,yn) = 0 then lim d(yn,x) =0
N—0 N—c0 N—0o0

Definition 1.4 Let {xn}, {yn} be two sequences in metric space (X,d) and x in X. The space
X is said to satisfy condition (Hg) if
lim d(xn,x) = lim d(X,yn) = 0 then lim d(Xn,yn) =0

nN—o0 nN—o0 N—o0

Definition 1.5 Let d be a symmetric function on X. The two random mappings

S, T:QxX—X are said to satisfy property (1) if there exists a sequence {&n} in M(€2,X) such
that for some & in M(€2,X),
lim d(T(®,En(0),E(w))) = lim d(S(®,En(o),E(w))) =0 VoeQ.

N—o0 nN—o0

1. MAIN RESULTS

THEOREM 2.1: Let (X,d) be a Symmetric space that satisfy (1) and (He). Let S and T are
S- JSR random operators from QxX to X which satisfy the property (I).Moreover,
V x,yeX and weQ we have
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d(T(e,x), T(e,y)) < [max{d(S(e,x),S(w,y)),d(S(,x),T(w,x))+d(S(w,y), T(e,y)),

d(S(®,x), T(®,y))+d(S(®,y), T(®,x))}......... (2.1)
If T (0,X) < S(o,X) and one of T(w,X) or S(w,X)is a complete subspace of X for every
weQ,then T and S have unique and common random fixed point.
Proof : Since random operators S and T satisfy the property () therefore there exists a sequence {&,} in
M(€2,X) such that for some & € M(€2,X) and for every ®eQ
lim d(T(®,&,(®),E(m))) = lim d(S(®,&q(®),&(w))) = 0......... (2.2)

n—0o0 n—0o0

Then by property (He), we have lim d(T(®,&n(®)),S(®,&n(®))) =0 for every weQ.

N—o0

Now, suppose S(w,X) is a complete subspace of X for every weQ. Let &:Q—X be the limit of
the sequence of measurable mapping {S(®,én(®))} and S(w,&x(w)) in S(w,X) for every weQ and
neN. Since X is separable, therefore &, e M(Q,X).
Moreover &;(0)eS(w,X) for every eQ. Then this allows obtaining the measurable
mapping &:Q—X such that &(w) = S(o, &(®)). Now for every weQ we show that that
T(o, &(®)) =S(o, &(®)). Consider
d(T(w, &()),T(®,En(w))) < max[d(S(w, &(w)),S(w,Ex(w))).
{d(S(w, &(w)) T(w, &(w@)))+ d(S(w,&n(w)), T(w,Ex(w)))}/2,

- {d(S(@, &(w)), T(w,En(®)))+d(S(w,&n(w)),T(w, &(w)))}2]

d(T(w, &()), T(®,&n(w))) < max[d(E(w)),S(w,&n(w))),
{d(€(w)), T(o, &(®)))+d(S(®,&n(w)),T(®,En(w)))}2,

{d(€()), T(w,&n(@)))+d(S(w,En(w)), T(w, E(w)))}2]
Now by (2.2) and on taking limit we obtain
d(T(o, &) &)< dE©).T(o, E) ) )
which is contradiction therefore §(w) = T(o, &(m)) = T(®, &(®)) =S(o, &(w)).
The weak T-JSR of random mapping T and S implies that for some & in M(Q,X).

Now we show that T(o,T(®, &(®))) = T(m, &(w)) for every me Q. Consider
d(T(o, &) T(0,5(w))) < max[d(S(o, &(w)),S(w,&(w))),
{dS(0, &), T(o, &(w)))+d(S(w,5(w)), T(w.5(w))}H2,
{d(S(w, &(w)) T(w,&(w))),d(S(w,&(w)) T(w, &(w))}H2]
< max[d(T(o, &(®))S(o,T(o, &), )
{d(T(o, &o)).T(o, E))+dSoT(o, Ew).T(.T(, &o)}H2,
Ad(M(o, &w)),T(o,T(w, &w)))+d(S(o,T(0, &(w))).T(o, &w)))}2]
< max[d(T(w, é(m)),T(co,'I'_(w, &(w))), ~ ~
{d(T(o, &) T(o, E))+dT(@,T(o, &) T(oT(o, Lo))}H2
{d(T(, &(w)),T(o,T(0, &(®))+d(T(o,T(o, &w))),T(o, &(w)))}2]
< d(T(o, &w)),T(oT(o, ()] <d(T(o, &(w),T(w,5(w))) -
Which is contradictions,therefore T(o,T(®, (o)) = T(o, (o)) i.e. T(o, &(w)) is a random
fixed point of T.Again,
d(S(o,T(e, &(®))).T(e, &w))) <d(T(o,T(o, &), T(w, &(®)))
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i = d(T(, &0).T(o, &o)=0.
It implies that T(w, &(w)) is also fixed point of S. Thus T(w, &(w)) is common fixed point of S
and T. The proof is similar when T(w,X) is supposed to be complete subspace of X for every
weQ as T(o,X) < S(w,X).
Uniqueness:- Let vand v from Q to X are two common fixed point of Sand T .
Let v(ow) # v(w) then by contraction we have
d(v(@), v(®)) =d(T(w,v(w)),T(o, &(w)))
< max[d(S(w,v (®)),S(w, v(w))),
{d(S(w,v(0)), T(w,v()))+d(S(o, v(w)),T(®, v(®)))}2,
~ {dS(e,v(@)),T(o, v(»))).d(S(e, v(©)),T(e,v(v)))}2]
<d(v (0), v(w))
which contradiction, therefore v (o) = v(®) for every meQ.
Examplel:- Let Q =[0,1] and X be the sigma algebra of Lebesgue’s measurable subset of [0,1].
Let X = R with d(x,y) = axvl- 1, where a > 1 and clearly d is symmetric on R. Define random
operators S and T from QxX to X as
S(®,x) = (1-0*+2x)/3 and T(w,x) = (1-w®+3x)/4.
Also sequence of mapping &, : Q —X is defined by &, (o) = 1+(1/n) -©®
for every @eQ and n eN. Define measurable mapping &: Q — X as
£ (o) = 1-0* for every meQ.
lim d(T(,&(®)).& (@) = lima | T@N@ -c@]_1 = |im a3 _1 =0

n—o N—»c0 nN—o0

and

lim d(S(o,En()),&(w))=lim a T@EIE@L1 = |jm 5 23" _1=0
N—»00 N—00 N—00

Clearly S and T satisfy property 1.

Example2:- Let Sand T from QxX to X as S(o,x) = (1-0*2x) and T(®,x) = (1-»°-3x)/2 and
let & ()= 1-0° for every @eQ. Then

T(o, &) =-1+0"=S(o, &0)) = S(o,T(0, &) < T(0,T(o, &w))).

Thus S and T are weakly T-JSR operators.

Also in Example 1 S and T are weakly T-JSR operators and T(®, &(®)) = 1-0° is a unique
random fixed pointof Sand T.
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