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Abstract:
Let M and M' be two prime I'-rings .In the present paper we show that under certain

conditions of M, every generalized Jordan homomorphism of a I'-ring M onto a prime ~ I'-

ring M 'is either generalized homomorphism or anti - homomorphism.
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1-Introduction:
Let M and I" be two additive abelian groups, suppose that there is a mapping from  MxI'xM
—— M (the image of (a,a,b) being denoted by aab, a, b € M and a € I'). Satisfying for all
a,b,ceManda,p eI
(i) (a+Db)ac=aac +bac

a(o+p)c=aac+apc

aa (b +c)=aab +aac
(i) (aab)pc =an(bpc)
Then M is called a I'-ring. This definition is due to Barnes [1] .
A T-ring M is called a prime if aI'MI'b = (0) implies a = 0 or b = 0, where
a, b € M.This definition is due to [5].

A T-ring M is called semiprime if al'lMI'a = (0) implies a = 0, such that a € M.This
definition is due to [5] :

Let M be a 2-torsion free semiprime I-ring and suppose that a, b € M if
al'mI’b + bI'mI"a = 0 for all m € M, then al'mI'’b = bI'mI"a = 0. This definition is due to [7].

Let M be I'-ring then M is called 2-torsion free if 2a = 0 implies a = 0, for every a € M. This
definition is due to [6].

An additive mapping 6 of a I'-ring M into a I'-ring M' is called homomorphism if
0(aob) = 6(a)ab(b) , forall a,b € M and o € I" . This definition is due to [1].

An additive mapping 0 of I"-ring M into a I'-ring M" is called Jordan homomorphism if 6(aab
+ baa) = 0(a)ab(b) + 6(b)ab(a) , for all a, b € M and a € T'. This definition is due to [4].

Let F be an additive mapping of a I'-ring M into a I'-ring M'. F is called a generalized
homomorphism if there exists a homomorphism 6 from a I'-ring M into a I"-ring M', such that
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F(aob) = F(a)aO(b), for all a, b € M and o € I', where 6 is called the relating
homomorphism . This definition is due to [4].

And F is called a generalized Jordan homomorphism if there exists a Jordan homomorphism 0
from a I'-ring M into a I'-ring M', such that

F(aob + baa) = F(a)ab(b) + F(b)a 6(a), for all a, b € M and a € I', where 0 is called the
relating Jordan homomaorphism. This definition is due to [3].

A bijective additive mapping 6 from a I'-ring M onto a I'-ring M' is called an isomorphism if
O(aab) = 06(a)ab(b) , for all a, b € M and a e I'. This definition is due to [2].

A Dbijective additive mapping 6 from a I'-ring M onto a I'-ring M' is called an
anti - isomorphism if 6(aab) = 6(b)ab(a) , for all a, b € M and a € I".This definition is due
to [2].

A bijective additive mapping 6 from a I'-ring M onto a I'-ring M’ is called a Jordan
isomorphism if 6(aca) = 6(a)ab(a) , foralla € M and a € I'. This definition is due to [2].

Now, the main purpose of this paper is that every generalized Jordan isoomorphism of a
I'-ring M onto a prime I'-ring M" is either generalized isomorphism or anti isomorphism and
every generalized Jordan isomorphism from a I'-ring M onto a 2-torsion free I'-ring M'
such that acbpa = apbaa, for all a, b €¢ M and o, B € T, a'abBa’ = a'Bb'aa’, for all

a', b' € M'.Then F is a generalized Jordan triple isomorphism.

2. Generalized Jordan Isomorphism on I'- Rings
Definition (2.1):
Let F be a bijective additive mapping of aI'-ring M onto aI'-ring M' . Fiscalled a

generalized isomorphism if there exists an isomorphism 6 from a I"-ring M onto
a I'-ring M' such that
F(aab) = F(a)aO(b) , foralla,be Manda e I".

Where 0 is called the relating isomorphism .

Example(2.2):

n
Let R be aring .Let M = My,»(R), M'=My»o(R)and I' = {(Oj’ ne Z} .Then M and M'

are two I'-rings.
Let F be an additive mapping of a I'-ring M into a I"-ring M, such that
F(a b))=(-a 0),forall(a b)e M.

Then there exists an isomorphism 6 from a I'-ring M onto a I"-ring M', such that
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0((a b))=(@@ 0),forall(a b)e M.
Then F is generalized isomorphism.
Definition (2.3):
Let F be a bijective additive mapping of a I'-ring M onto a I'-ring M' . F is called

generalized Jordan isomorphism if there exists a Jordan isomorphism 6 from a I'- ring M
onto aTI-ring M'such that

F(aab + baa) = F(a)ab(b) + F(b)ab(a) , foralla,b e Mand o e I".

Where 6 is called the relating Jordan isomorphism.

Definition (2.4):

Let F be an additive mapping of a I'-ring M onto a I"-ring M'. F is called generalized
Jordan triple isomorphism if there exists a Jordan triple isomorphism 6 from a I'-ring M
onto a I'"-ring M' such that
F(aabpa) = F(a)ab(b)po(a) , foralla,b e Mand o, B € T
Where 0 is called the relating Jordan triple isomorphism.

Definition (2.5):

Let F be an additive mapping of a I"-ring M onto a I'-ring M'. F is called generalized

anti - isomorphism if there exists an anti - isomorphism from a I"-ring M onto a I"-ring M'
such that
F(aab) = F(b)ab(a), foralla,be Manda € T".

Where 6 is called the relating anti isomorphism.

Lemma (2.6):

Let F be a generalized Jordan triple isomorphism of a I'-ring M onto a I'-ring M'. Then
foralla,b,c e Manda,B el
(i) F(aobpa + apboa)=F(a)ab(b)p6(a)+F(a)Bo(b)ab(a)
(i) F(aobpc+cabpa)= F(a)ab(b)po(c) + F(c)ab(b)Bo(a)
(iii) In particular, if M, M' be two commutative I'-rings and M' is a 2-torsion free I"-ring ,
then
F(aabpc) = F(a)ab(b)po(c)
(iv) F(aobac +caboa)=F(a)ad(b)ab(c)+ F(c)ab(b)ab(a)
_Proof:
(i) Replace apb + bpa for b in Definition (2.3), we get:
F(aou(apb + bpa) + (apb + bpa)aa) = F(a)ab(apb + bpa) + F(apb + bpa)ab(a)
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= F(a)aBb(a)BO(b) + F(a)ab(b)pO(a) + F(a)po(b)ab(a) + F(b)BO(a)ab(a) ...(1)
On the other hand
F(ao(apb + bpa)+(apb + bpa)aa)=F(acaPb + acbpa + apboa + bpaca)
= F(a)ab(a)po(b)+F(b)p6(a)ab(a)+F(acbpa+aBbaa) (2)
Compare (1) and (2), we get:
F(aobpat apbaa)=F(a)ad(b)p6(a) + F(a)po(b)ab(a)

(i) Replace a+c for a in Definition (2.4), we get:

F((a + c)abp(a + c)) = F(a + c)ab(b)pO(a + c)

= F(a)aBb(b)BO(a) + F(a)ab(b)pO(c) + F(c)ab(b)BO(a) +F(c)ab(b)BO(C) ...(1)
On the other hand
F((a + c)abB(a + ¢)) = F(aabpa + aabpc + cabpa + cabpc)
=F(a)a6(b)BO(a)+F(c)ab(b)BO(c)+F(aacbpct+cabpa) .. (2
Compare (1) and (2), we get:
F(aabpc+cabpa) = F(a)ab(b)BO(c) + F(c)ab(b)B6(a)

(iii) By (ii) and since M, M' be two commutative I"-rings and M' is a 2-torsion free I"-ring
F(aabpc + aabpc) = 2F(aabpc) = F(a)ab(b)B6(c)

(iv) Replace o for B in (ii), we get:
F(aabac + cabaa)=F(a)ad(b)ab(c)+ F(c)ab(b)ab(a)

Definition (2.7):

Let F be a generalized Jordan isomorphism of a I'-ring M onto a I'"-ring M', then for all a,
b e Mand a eI, we define 8 :MxI'xsM——M' by 6(a,b), = F(aab) — F(a)a0(b).
Lemma (2.8):

If Fis a generalized Jordan isomorphism of a I'-ring M onto a I"-ring M".Then
alla,bceManda, el
(i) o(a,b)y, =—3(b,a),

(if) o(a+ b,c), =03(a,c)y + 5(b,C)q

(iii) 8(a,b + ¢),, = 3(a,b)s + 8(a,C),

() 8(ab)a + p = S(ab)s + 5(@.b)s

Proof:

(i) By Definition (2.3):
F(aob + boa) = F(a)ab(b) + F(b)ab(a)
F(aab) — F(a)ab(b) = — (F(baa) — F(b)ab(a))
3(a,b)y, =—8(b,a).
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(i) 8(a +b,c), = F((a + b)ac) — F((a + b)ab(c))
= F(aac + bac) — F(a)ad(c) — F(b)ab(c)
= F(aac) — F(a)aO(c) + F(bac) — F(b)ao(c)
=9d(a,c)q, + 8(b,C)o
(i)  d8(a,b + ¢),, = F(aa(b+c) ) — F(a)ab(b + ¢)
= F(aab + aac) — F(a)ab(b) — F(a)ao(c)
= F(aab) — F(@)ab(b) + F(aac) — F(a)ab(c)
=d(a,b), + 6(a,c),
(iv) 8(a,b)o +p = F(a(ow + B)b) — F(a)(aw + B)6(b)
= F(aab) — F(a)ab(b) + F(apb) — F(a)po(b)

= d(a,b), + 3(a,b)p
Remark (2.9):

Note that F is a generalized isomorphism of a I'-ring M onto a I'-ring M' if and only if
d(a,b),=0foralla,be Mand a € T.
Lemma (2.10):

Let F be a generalized Jordan isomorphism of a I'-ring M onto a I'-ring M".Then for

ala,bmeMandao, B el
(i) 8(a,b)pO(M)BG(b,a)u+5(b,a)uBO(M)BG(a,b)o= 0
(i) 3(a,b)q00(m)aG(b,a),+d(b,a),a6(Mm)aG(a,b),=0
(iii) 8(a,b)pab(mM)aG(b,a)s+3(b,a)sad(m)aG(a,b)s=0
Proof:
(i) Letw =aoabpmpBboatbaapmpacb
since F is a generalized Jordan isomorphism
F(w) = F(aou(bpmpb)aa + ba(apmpa)ab)
= F(@)ab(bpmpb)ad(a) + F(b)ab(apmpBa)ad(b)
= F(a)ab(b)pO(M)BO(b)ad(a) + F(b)ab(a)BO(M)BO(a)ad(b) (D)
On the other hand
F(w) = F((aab)pmp(baa) + (baa)pmp(aab))
= F(aob)pO(m)BO(baa) + F(baa)BO(m)BO(ach)
F(w) = F(aab)Bo(m)p(6(a)ad(b) + 6(b)ab(a) — O(aab)) + (- F(aab) + F(a)ab(b) +
F(b)ab(a))po(m)Bo(aab)
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= — F(aab)BO(m)B(6(aab) — 6(a)ad(b)) — F(acb)BO(M)B(6(acb) —  6(b)ab(a))
+ F(a)ab(b)BO(m)BO(ach)+F(b)ad(a)Bo(m)po(acb) ..(2)
Compare (1) and (2) , we get :
0 = -F(aab)BO(M)BG(a,b),—F(acb)po(m)BG(b,a),+
F(a)ad(b)p6(M)BO(acb)+F(b)ab(a)BO(m)p
0(aab) — F(a)ab(b)BO(M)BO(b)ad(a) — F(b)ab(a)BO(M)BO(a)ad(b)
0 = - F(aab)B6(m)BG(a,b),—F(acb)BO(M)BG(b,a).+
F(a)ab(b)BO(M)B(6(acb) — B(b)ab(a)) +
F(b)ab(a)BO(m)B(6(acb) — B(a)ab(b))
0 =—F(aab)p6(m)BG(a,b),—F(acb)BO(M)BG(b,a).+
F(a)ab(b)BO(M)BG(b,a)at F(b)ab(a)BO(m)BG(a,b).
0=— (F(aab) — F(b)a6(a))BO(M)BG(a,b)« — (F(aab) — F(a)ab(b))BO(M)BG(b,a)«
Thus, we have:
5(a,b)oBO(M)BG(b,a)ut+5(b,a).fO(M)BG(a,b)o=0
(i) Replace a by B in (i), we get (ii).
(iii) Interchanging o and B in (i), we obtain (iii).
Lemma (2.11):

Let F be a generalized Jordan isomorphism of a I'-ring M onto a 2- torsion free prime
I-ring M', thenforalla,b,me Mand a,p €T
(i) 8(a,b)BO(M)BG(b,a)e=5(b,a).FO(M)BG(a,b)e=0
(i) 3(a,b),08(m)aG(b,a),=5(b,a),a6(m)aG(a,b),=0
(iii) d(a,b)pad(M)aG(b,a)s=3(b,a)sad(m)aG(a,b)=0
Proof:
(i) By Lemma (2.10)(i)
6(a,b)oBO(M)BG(b,a)et+5(b,a)afO(M)BG(a,b)o=0
And since by Lemma ( Let M be a 2-torsion free semiprime I'-ring and suppose that a, b
e Mif aI'mI'b + bI'mI'a =0 forallm € M, thenal’'mI’b =bI'mI'a=0). Then we get:
5(2,0)BO(M)BG(b,2)e=5(,2),BO(M)BG(a,b),=0
(if) Replace o for B in (i), we obtain (ii).

(iii) Interchanging o and B in (i), we get (iii).
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Lemma (2.12):

Let F be a generalized Jordan isomorphism of a I'-ring M onto a prime I'-ring M, then
foralla,b,c,d meMandao, B el

(i) 3(a,b)pO(M)BG(d.c)o =0

(i) 3(a,b)q00(mM)aG(d,c), =0

(iii) 8(a,b) c06(M)aG(d,c)s =0

Proof:

(i) Replacing a+c for a in Lemma (2.11) (i), we get:
d(a+c,b),fO(M)BG(b,a+c), =0
6(a,b)oBO(M)BG(b,a)et 5(a,b)oBO(M)BG(b,C)at
5(c,0)ufO(M)BG(b,a)t 5(c,b)oBO(M)BG(b,C)u= 0
By lemma (2.11)(i), we get:
6(a,b)oBO(M)BG(b,C)at 5(c,b)upO(M)BG(b,a)= 0
Therefore, we get
8(a,b)ofO(M)BG(b,c).O(M)BS(a,b)ofO(M)BG(b,C)o= 0
= —8(a,b)ofB(M)BG(b,c)ofO(M)BS(C,b)ofO(M)BG(b.a)(= O
Since M' is prime I'-ring and therefore:
3(a,b)oO(M)BG(b, c)o. =0 (1)

Now, replacing b +d for b in Lemma (2.11)(i), we get:
d(a,b + d),6(M)BG(b +d,a), =0
6(a,b)oBO(M)BG(b,a)ut 5(a,b)SO(M)BG(d,a)o+
6(a,d)oBO(M)BG(b,a)e+ 5(a,d).pO(M)BG(d,a)e= 0

By lemma (2.11)(i), we get:

6(a,b)oBO(M)BG(d,a)et 5(a,d)upO(M)BG(b,a)e= 0
Therefore, we get:
5(a,b).p6(m)BG(d,a),fO(M)B3(a,b).O(M)BG(d.a), = 0
= - 8(a,b)ofB(M)BG(d,a).fO(M)B5(a,d).fO(M)B G(b.a). = 0
Since M' is prime I'-ring and therefore:
3(a,b).pO6(M)BG(d,a), =0 ..(2)

Now, 6(a,b),0(m)BG(b +d,a+c), =0
5(a,b)oBO(M)BG(b,a)ut 5(a,b)ofO(M)BG(b,C)at
5(a,b)oBO(M)BG(d,a)et 5(a,b)ofO(M)BG(d,C)a= 0
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Since by lemma (3.2.15) (i) and (1), (2), we get:
3(a,b)ofO(M)BG(d,C), = 0.

(i) Replace a for B in (i), we get (ii).

(iii) Replace a + B for o in (ii), we get:
d(a,b)q + pad(M)aG(d,C)o +p =0
3(a,b)q00(Mm)aG(d,c), + 8(a,b)qab(m)aG(d,c)p +
3(a,b)pad(M)aG(d,c), + 8(a,b)sad(m)aG(d,c)s=0
By (i) and (ii), we get:
3(a,b)q00(Mm)aG(d,c)p+d(a,b)sad(m)aG(d,c),=0
Therefore, we have:
3(a,b)q00(m)aG(d,c)gad(m)ad(a,b),ab(m)a G(d,c)g =0
= —3(a,b),00(m)aG(d,c)pob(m)ad(a,b)pad(m)aG(d,c)e= 0
Since M' is prime I'-ring, then:

5(a,b)o0(M)aG(d,c); = 0.

3.2 The main result

Theorem (3.1):

Every generalized Jordan isomorphism of a I"-ring M onto prime I'-ring M' is either

generalized isomorphism or anti - isomorphism.

Proof:

Let F be a generalized Jordan isomorphism of a I'-ring M onto prime I"-ring M'.Then by
Lemma (2.12) (i) we get :
3(a,b)oO(M)BG(d,c), = 0.
Since M' is prime I'-ring therefore either 6(a,b),=0 or G(d,c),=0 forall a, b,c,d € Mand o
el.
If G(d,c), #0 forall c,d e M and a e I then 3(a,b), = 0, hence we get F is generalized
isomorphism.

But if G(d,c), =0 forall c,d € M and a € T', then we get F is anti - isomorphism.
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Proposition (3.2):

Let F be a generalized Jordan isomorphism from a I"-ring M onto a 2-torsion free Ir-
ring M', such that acbpa = apbaa, foralla, b e Mand a, B € T, a'ab'Ba’ = a'b'aa’, for all
a', b’ e M'.Then F is a generalized Jordan triple isomorphism.

Proof:
Replace b by apb + bpa in Definition (2.3), we get:
F(aou(apb + bpa) + (apb + bpa)aa) = F(a)ab(apb + bpa) +
F(apb + bpa)a6(a)
= F(a)ab(a)po(b) + F(a)ab(b)B6(a) +F(a)BB(b)ab(a) + F(b)BO(a)ab(a)
Since a'ab'Ba’ = a'Bb'ad’, foralla',b' e M'and o, f € ', we get:
=F(a)a0(a)Bo(b)+2F(a)ab(b)po(a)+F(b)pO(a)ad(a) (1)
On the other hand:
F(aa(apb + bpa) + (apb + bpa)aa) = F(aciapb + acbpa + apbaa + bpaca)
Since aobPa = apbaa, forall a,b € Mand o, B € T, we get:
= F(a)ab(a)po(b) + F(b)p6(a)ab(a) + 2F(aabpa) ...(2)
Compare (1) and (2), we get:
2F(aabpa) = 2F(a)ab(b)BO(a).

Since M'is 2-torsion free I'-ring .Then F is a generalized Jordan triple isomorphism.
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