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Abstract

This research work is focused on the derivation of both the continuous and discrete models of the hybrid
Adams Moulton method for step number k =1 and k = 2. These formulations incorporate both the off —
grid interpolation and off- grid collocation schemes. The convergence analysis reveals that derived
schemes are zero stable, of good order and error constants which by implication shows that the schemes
are consistent.
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1.0 Introduction

The derivation of hybrid Adams Moulton Schemes of both the continuous and discrete forms for the off-
grid interpolation and the off — grid collocation system of polynomials is our primary focus in this
research work. Sequel to this would be to ascertain the zero stability of each of the discrete forms.

Performances of these schemes on solving some non stiff initial value problems shall be affirmed in the
second phase of this work which will focus on the application of these derived scheme and comparism of
the discrete schemes with the single Adams-Moulton Methods and its alternative in Awe (1997) and
Alagbe (1999)

In this paper we regard the Linear Multi-step Method and Trapezoidal ( Adams — Moulton Method) as
extrapolation and substitution methods respectively.

We also define k —Step hybrid schemes as follows:

Zk:ai Yo =hKY B DB F i, (1.1)
i=0 i=0

where o, =£1, &, and f, are not both zero and v {0,1,...k}and of course f..., = f(X,.ys Yoiv)

Gregg & Stetter (1964) satisfied the co-essential condition of zero-stability, the aim of which to reduce
some of the difficult inherent in the LMM (i.e poor stability) was achieved.
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Hybrid scheme was as a result of the desire to increase the order without increasing the step number and
then without reducing the stability interval. However, the hybrid methods have not yet gained the
popularity deserved due to the presence of off-grid point which requires special predicator which will not
alternate the accuracy of the corrector to estimate them.

1.1 Adams Methods

This is an important class of linear multi-step method of the form:

yn+1=yn+h{1+%v+%v2+§V3+EV4+..}fn ................................ (1.2)

8 720

The corrected form of Adams-Moulton form is expressed as:

1 1 1 19
=V +h1-SV+—V? Vo oV e 1.3
yn+l yn [ 2 12 24 120 } n+l ( )

The trapezoidal scheme is a special case of the Adams —Moulton method, in which only the first two terms
in the bracket is retained. This method is of the highest order among the single —step method. It is being
expressed as

h

Yo = E[fnﬂ + fn]

2.0 Derivation of Continuous and Discrete Hybrid Adams-Moulton Scheme

Our concern primarily is to derive the continuous and discrete form of both one-step and two-step
Adams-Moulton scheme and consequently carried out the error and zero-stable analysis of the discrete
forms. Matrix inversion technique was the tool implored to achieve the derivation of the continuous form.

2.1 Derivation of Multi-Step Collocation Method

In order to derive the continuous and discrete one and two step hybrid Adams-Moulton schemes, we
employed the approach used by Sirisena (1997) where a k-step multi-step collocation method point was
obtained as:

k- m-1

e, (y(x,., )+ h 35,91 X ,y(x_jj ....................................................... (2.1)

1
i=0 i=0

y(x)=

Where «;(x) and B, (x) are the continuous coefficients

We defined a;(x) and 3, (x) respectively as:
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t+m-1 i
a; (x)= D &K
i—0

hp;(x)= +fhﬁjmxi ............................................................................................... (2.2)

i=0

Toget «, (X) and 5, (X) we arrived at matrix equation of the form DC=I............ (2.3)

where | is the identity matrix of dimension (t + m) (t + m), D and C are defined as =

B X X2 Xt y brm-1
Xn+l X§+l o Xrt1+l o rﬁ:lmil
1 Xn+k—l X§+k_1 e X;[1+k—l o X::rrl?:ll
D= ) e [T ——— (2.4)
0 1 2%, - Uy, (t+m—1))(O
_ _ (t-1) _ (t+m-2)
10 2y, o X, oo (t+m—1))(m_1

Thus, matrix (2.4) is the multi-step collocation matrix of dimension (t+m) (t+m) while matrix C of the
same dimension whose columns give the continuous coefficients given as:

Aoy Ayt Oy hBy, - hﬂm—l,l
co| w2 S (3)
Qojem Xjem 7 G jem hﬂ0j+m o hle—l,m+j

We define t as the number of interpolation points and m is the number of collocation points. From (2.3),
we notice that € = DL If we define

C=(c;) i,y =123..,n
D=(d;), &j=123..n
E=(ey;)ij=123..,n

This implies that a suitable algorithm for getting the elements of C is the following:

23



Mathematical Theory and Modeling

Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) Wy
Vol.2, No.10, 2012 ST
Ci =€ = D Ui Co i = T =120 M (2.6)
e .
e, =—,1=12..n

P}
l, =d, - :Iikukj’j <i,j=12,.n:i=12,..,n

L = T =02, M (2.8)
u; :(dij —iilikukj ]/“ A< J,1=12,.n.

uy =d; /I ;k}lzl,z,...n, .................................................................................................................. (2.9)

Provided I; # 0.

2.2 Derivation of Continuous and Discrete Hybrid Adams-Moulton Scheme

Case K=1

The matrix for this case is given below as

1 x, X, X

A O P I o
0 1 2x.  3X, and its equation (2.1) equivalence is
0 1 2x,, 3X.4

V()= & ()9, + @, (X),, + B (X1, + B0, }

By applying the set of formulae (2.6) - (2.9, we have

Now using
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T

u; =d; /1, i=1234i=1

j=2
Up, _%:Xn
]=3
Uy, = ?1113 =x2
j=4
Uy, —%:xj
Using
j-1
Iij = dij - k:1|ikukj'ij
1=2,]=2

J
|22 = dzz _Zlikukz
k=1

|22 = dzz - |21U12

l,, =X, +uh—x, =uh

i=3j=2

|32 = d32 - |31u12

l,, =1-0x, =Li=4,j=2
|42 :d42_|41U12 =1-0, X, =1

Using

i-1
U, :(d” —Zlikuijii i<ji=12,
k=1
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i—1,j—4

do3 — '21“13)

Uog =

I22
((xn —+ uh)2 — Xn'l)
uh

= 2X__ +uh
N
i=2,j=4
__ (d24*|21ul4)

u24 - I

22
_ (e runy — x*.1)
o uh

= 3x2 + 3x,uh +u®h?

Again using
Iij = dij _Zlikukj,i > j
k=1
i=3j=3

|y = dgs — (|31u13 + |32u23)
=2X, —2X, —uh =-uh
i=4,j=3

s =dys - (|41U13 + 15U 23)
=2X, +2h—-2x, —uh
=(2-uh

Using

(d34 B (|31u14 + |32u24 ))

Usq = |
33
~ (3x2 —3x? —3x,uh—u’?h?)
- —uh
=3x, +uh
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Using

i1
Iy =d; =2 g j<ii=4j=1
k=1

l,,=d,, - (I41u14 + 15Uy, + |43u34)
=3(x, + h)* —3x2 —3x,uh —u?h? — (2h —uh)(3x, +uh)
=3h? —2uh? = (3-2u)h?

Using (2.7) with

i=j=1
e
1 _ A1 _ *11
eij—ell—l—_l
11

j=2

e
1 _ %12 _
e1z—|——0

11
J=3

e
1 _ ~13 _
€3 I—_O

11
j=4

e
1 _ %4 _
e14 I——O

11
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i-1
e = (eij —kZIikekj M” i=1234;j=1234.
=1

uh :u_h

1 1
{esz B (|31e12 + |3zezz )}

|33
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e1 — {923 B (Izlells)}
23
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|33

_ 9 5

—uh

i=j=4

el _ €44 — (|41e114 + |4ze;4 + |438§4 )}
44 —

|44
B 1
(3—2u)h?

Using
Cy =€) — D UyCy
k=4
i=3j=1

C3 = e;l - (u34c41)

_ (~6x,-3n)
u’h*(3-2u)
i=3j=2

Cs = eéz - (U34C42)
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1 2(3x, +uh)

= +
u®h?  u’h®(3-2u)
3(h+2x,)
=UZ—

h2
h*(3-2u)
i=j=3

C33 = eés - (u34c42)

_-1 (2-u)

_E_(:gx” +Uh>{uh2(3—2u)}

_ {(u2 —3)h +3(u —2)xn}
uh?(3-2u)

i=3,j=4

Cyy = 9;4 _(U34C44)

_ —(3x, +uh)

(3—2u)h?

Now with

L k+1
C; =€ — kZ:Uikaj
=3

i=2j=1
Co = e;.l - (U23C21 + u24(:41)
1 {2x, +uh(-6x, —3h)} {3x§ +3x uh+ 2u2h2}

uh u?h®(3-2u) u?h®(3-2u)
6X, X

_ n“*n+l
 u?h*(3-2u)
i=2= ]

1
Cpp = €51 —UysCsy —Uy,Cyy

1 3(h+2x, 2 212
ZE_ZX” _Uh{(3—(2xn)u2213}+ u2h3(3—2u)+3X”X”*” +u‘h
B 6X, X.q
~ u?h’(3-2u)
i=2,j=3

1
Ca3 = €53 =UpaCs3 = Cy3lyy
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_ o h+3ux 6X, 3h) 3¢ _3x uh—u’h? (22 u)
?(3-2u) uh?(3-2u)
{6xnxn+1 3u(x? - ) 2h(x, + 2h)}

2
uh2(3 2u)
i=2 j=4

Coy = (:‘;4 —Uy3C3, —Uy,Chy

(3x, +uh) 1
:—(ZXn-i-Uh) (3_T)h 3X Uh u’h [m}
_ %,(3x, +2uh)
~ h?(3-2u)

Now consider
k+2

Cy =€ — D UyCy

k=2
i—1= |
C, = elll - { Up,Cyp +Up5C5 + u14C41}

6X, X ~3(2x, —h) 2
—ox d 2P (o) TR T 8] £

X“{u h*(3— ZU)} X”{u2h3(3—2u)} X”{u2h3(3—2u)}
{3u2h3—2u3h3—3xn2h—2x2}
u?h®(3-2u)

C12 = elZ - {U12C22 + U13C34 + U14C42}

x§(6x 1]
-X 6Xn Xn+l _ n+5 _ X3 -2
"lu*h®(3-2u)| u’h*(3-2u) ""|u*h*(3-2u)

_ (3xfh+2xﬁ)

~u?h*(3-2u)

i=1j=3

Ci3 = ells - {ulzczs FUpsCq5 + u14c43}

i {6x? —3ux? +6x,h +u’x,h — 2uh? +3uh2}_ X, {uh +3ux, —6x, —Sh}_x3{ (2-u) }
" uh?(3—2u) uh?(3-2u) uh?(3—2u)
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_ {—3x§h+u2x§h+ux§ +2u®x_h? —3ux_h? —ZXE}
- uh?(3-2u)

i=1j=4

1
Cl4 = el4 - {u12C24 + u13C34 + ul4c44}
~—x {32 +2ux,h)} x2(~3x, —uh) x3

h?(3—2u) h’3-2u)  h’(3-2u)
_X§Xn+u

h?(3-2u)

The continuous scheme coefficients column by column for ¢ values are now computed.
Substituting these values into the general form (2.10) yield the desired continuous schemes.

4 (X)=Cpy +Cpy X +Cy X2 +C X

(3u%h? —2u’h® —3x?h-2x3) (6x?+6x,h)x (~6x, —3h)x* 2x°
B u®h3(3-2u) ’ u®h®(3-2u) ' u’h®(3-2u) +u2h3(3—2u)
_{2(x—xn)3—3h(x—xn)2+u2h3(3—2u)}
u®h*(3-2u)
01, (X)=Cpp +CppX +CppX? +Cpy X
B (3xn2h+2x§)_(6xnh+6x§)x+ (6x, +3n)x* 2%’
uh? u?h®(3-2u) u2h3*(3-2u) u®h*(3-2u)

s 3h(x—x,)?

=-2(x-x,) +m

By (X)= Cis +C23X+C33X2 +C34X3

{—3x|fh—2u2x§h+3u2x§h2 +2u2x§h—3uxnh—2x§}
uh(3-2u)

.\ {x,f +6x7 —3ux’ +6x h-3u’x h+u’x h-2u’h? —3uh}x

uh?(3-2u)
{u?h? +3ux, - 6x, —3h}+ (2-u)x®
uh?(3-2u) uh?(3-2u)
{(Z—U)(X—Xn)3 —(3h-uh)x-x, )* - (2u? —SUXx—xn)h}

uh?(3-2u)
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B (X) =Cpy T 0y X+ 034)(2 + C44X3
(ux?h—x3) (3x2+2ux,h)x  (3x, +uh)x’ X
+ + +
h?(3—2u) h?(3—2u) h?(3-2u)  h?(3-2u)

s uh(x—x,)’
) )

Hence forth,
“ov | 2x=x,)* =3h(x - x,)* +u*h®(3-2u) —2(x=x, ) +3n(x—x,)° |,
Y(X)—{ u2h3(3—2u) Y, + u2h3(3—2u) yn+u

B L LS PN A S T

uh?(3-2u) h?(3—2u)

Where (2.11) is the continuous form of one step Adams-Moulton scheme for k=1. If

1

U= o is made, the result is

(2.11) is evaluated at Xn+1and a substitution

Y(Xp1) ==Y, + A —2 f, +2 f... hence

h
Yo + Yo = 2Yo.y, = Z[fn+1 N OO (2.12)

If on the other hand, equation (2.11) is differentiated with respect to x and then evaluated at

X=Xniy  the result obtained is

1 -3 3 5 1
y (Xn+%):Tyn +Hyn+}§ _g fn +§ fn+1,
h
Yo=Y 1= ﬂ[fm 5, =8y Jrrr (2.12b)
2

The schemes (2.12a) and (2.12b) can be referred to as (2.12) and are indeed of interpolation
polynomial of case k =1
We consider another system of matrix of the same case k=1 where the schemes shall be derived

at the interpolation points
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1 x, x x>
D~ 0 1 2x, 3X;
0 1 2x,., 3xZ,
0 1 2x 3x?

n+u n+u

The general forms of this system of matrix is given as :

Y(X) = oty (X)y,, +h{By (X)F, + BL(X)F, s+ B (X)F, s b (2.13)

As seen in the first case using the same set of formulae (2.6) — (2.9), we have the values of ¢ given as
follows:

Ci = 0;
o (u-1)
" (3uh?(u-1))

-u

fa = 3uh?(u-1)
L -t
* " 3uh?(u-1)
Cy;y =0

—(2x, +uh+h)
Coz = 2uh®
;  (uh+2x,)
B 2h%(u-1)

— 2%,y
Coe = 2uh?(u-1)
c,, =0

{uh2+x§+uxnh+xnh}
22 = uh?
5 _—(uxnh+xn2)
2 hu-1)
C _ Xan+1
# " uh?(u-1)
c,=1
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—{6uxnh2 +3ux§h+3xﬁh+2X§}
Cpp, = 6uh?
uh
_=(3xh+2x)

“ = 6uh?(x—1)

Following the same procedure as in the first case, the coefficients for the continuous schemes,
a, (x) andg3, (x) are obtained and by similar substitution into equation (2.13), the desired continuous scheme

is obtained as follows;

i/(x) = [y, + {Z(U ~1fx—x,)’ —3h(u2 —1XX —x, ) +6uh?(u—1)(x—x, )} 3

6uh?(u—1)
—2u(x=x, )’ +3u®h(x—x, )’ 2(x=x, )’ =3h(x=x, )’
+{ sun”(a 1) }fM +{ S (1) }fmu .............................. (2.14)

Putting u =% and proceeding to get our discrete forms as did earlier by evaluating (2.14) at these two

different points X = Xna g X0 = Xni1, we have:

a. at X =Xp= Xpy, the result is

h h 4
yn+l = yn +E fn +E fn+l +ghfn+%

Yo -y = %[fn T S Y (2.15a)

b. atXx =X+ X+, the result is

h
Yoy, = Yo :g[an g 48T, f (2.15b)

The collocation schemes of D yields just the same equation in (2.15b) . These are the hybrid collocation
schemes of the case k=1

Equation (2.15a) and (2.15b) can be referred to as (2.15)

We also considered two different systems of matrices D5 and D, on the derivation of both hybrid
interpolation and the collocation where k = 2
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1 Xn+1 Xrirl Xr?Jrl X:+l
0 1 2x, 3x 4x
D,=(0 1 2x,, 3x’, 4x3,
0 1 2x,, 3X§+2 4X:+2
0 1 2x,., 3., 4x3.,]

The general forms of Dy is given as

y(X) = al(x)ym—l + h[ﬂO (X) fn + ﬂl(x) fn+1 + 132 (X) fn+2 + ﬂn (X)fn+u ]
Appling the set of formulae (2.6)-(2.9) on this system gives the c-entries as follows

C5p =Cyy =G5, = 0’C11 =1
o — -1
> guh®

1
fsa = 14uh®(u - 2)(u -1);
_ {4uh +12x, +12h}

2 24uh®

. = f12x, +4(2 +u)h}
* 12h*(u-1)

. - (3x, +uh+h)
* eh*(u-2)

— Xon

Cos = uh®(u—2)u-1)
{2uh2 +2uh® +6x_h+2h* + 2uxnh}

= 4uh®

o {2uh2 +2ux,h +3x2 +4xnh}
B 2h*(u-1)

o - {3x§ +2X,h +3x? +4xnh}
o 4h*(u-2)

o - (3x§ +6xnh+2h2)
7 uh*(u-2)u-1)
(2uh3 + x5 +3x2h +3ux,h? +uxh + 2x)
G2 = 2uh®
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B —{2uxnh2 +ux,h+2x2h+ xf;}

€2 = h*(u—1)

o = —(3x§h+2xnh2 + xﬁ)

% uh®(u-1)

~ —{24ux,h® +18ux?h? + dux’h + 3x! +12x°h? +12x2h? +10uxh* +3h* |
Cp = 3
24uh

- {3xn +5h* —8uxh* +12ux’h? +4uxﬁh+8x§h}
a 12(u-1)h°

o - —{4x§h+4ux§h+6ux§h2 +3X7 +2uh* + h“}
ol 24h°(u—-2)

o - —{4x§h+4x§h2 + X2 —h“}

' 4uh®(u-2)u-1)

As in the previous cases, continuous schemes coefficients a (X)'s and the B (X)'s are obtained and

substituted into the general form (2.16) to obtain the desired continuous schemes as follows;

- F3(x=x,)* +(4u—12)(x— x, ’h - (18u +12)(x — X, ) h? + 24uh®(x — X, )+ (3—10u)h* |f,

y(X) = [1]yn+1 + 24uh®
X B(x—x, )" —42—uh(x—x, )° +12uh?(x— x, }* + (5-8u)n* |1, ,
12h3(u-1)
+{ 3(x—x, )" +4h(u+1)(x—x,)’ —6uh?(x—x,)* +(2u —1)h“}fn+2
24h*(u-2)
+{ R i L (2.17)

4uh®(u-1)u-2)
Evaluating (2.17)at X = X, U= ¥, the resulting scheme is given as:
)

h
Voo = Yos =3 T Y (2.18a)

If (2.17) is evaluated at points x = Xoew and U = 3 we have

h
Voss; = Vo = 192{ By 446 T3 =5, 56T, borrnnnsnnssnsnnnnne (2.18b)

38



Mathematical Theory and Modeling Www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) pLy
Vol.2, No.10, 2012 ST
3
However, if the point u= o is maintained and (2.17) is evaluated at x = x, , the result is another discrete

scheme of the form:

Yoy _h{2f T N (2.18¢)

Equations (2.18a), (2.18b) and (2.18c) are referred to as (2.18)

Taking on another system of matrix D, of an interpolation scheme, where k = 2:

1 Xn+1 X§+! I’?#—l X:+l
1 X Yo Xow Xow
D,=|0 2x,  3x?  4x}
0 2Xn+l 3X§+1 4Xr?+l
_0 2Xn+2 3Xr?+2 4X§+2_

the general form of the matrix is given as:

y(X) =, (X)Y,.y +a, (XY + 08 (), + B, () + Bo(X)F, o b, (2.19)

As in the previous cases, matrix C is determined with the columns simplification yielding the continuous
schemes:

o) ) #2000 I 1 —2u-Thty,
(u—1)*(u? —2u-1)*

e (J” o > ZEMI):“ o [ (oo, 2u* 201},
{(u2 —2u-2)x=%,,)" —(u-1)u? - 2u-1fx—x,,, Bh—2(u? - 2u - 2)h3}fn+1
3u-1)u -2u-1p°
{ (2u+1)(x =%, )* +2(u? = 2u =1 x = X, '+ (u = 1)3u +1)x - X, ,)* h? }f
12(u? —2u-1p°

—+

+ UL (2.20)
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Desired hybrid point of elevation remains y = E and so (2.20) is evaluated to yield

h
7Yoo +9Y0a ~16Y,5 =0 [, =32f, ., +19F, b, (2.21a)

at the point yx = X, \»

If consideration at the point y — X, is made, we have:

h

9,1 +7Y, —16Y,.5, = Z[—9fn A8 =BF e, (2.21b)

Finding the differential expression with respect to x for (2.20) and evaluating the differential c°fficiena!

X=X, the result becomes:
]

Yot + Yoz, = mlz[f 46T,y #5815 =56 T, o (2.21c)

As usual, equation (2.21a),(2.21b) and (2.21c) are referred to as (2.21)

3.0 Convergence Analysis

This section shows the validity and consistency of the derived scheme in section two . The tools for the
assignment would be the familiar investigation of the zero stability by finding the order and error constant
of the each of the schemes.

3.1 Definitions

Kk
_ i
(a) The scheme (1.1) is said to be zero stable if no root of the polynomial p(ég) - ;dif has modulo

greater than one and every root with modulo one must be distinct or simple.

('b) The order p and error constant Cou for (1.1) could be defined thus:
Ifc, =c, = €, =0,c ;= 0 then the principal local term error at Xnak s Cpizh Pily P+1(Xn )
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c, :$ () +(—t) @+ (2—t)f a, 4.t (k—t)]

_ ﬁ[(—t)qlﬂo -0 B+ 2B et (k=) B+ (v —t)q’lﬂv] ..................... (3.2)

(c) A numerical method (1.1) is said to be consistent if p >1, where p is the order of the method.

3.1 Example

We take on the derived schemes in section 2 above, showing that each of the schemes is in conformity to
the definition above or otherwise.

Example 3.1.1

One of the derived schemes for step number k=1 is given as:

h
Yo + Yo =2V, = Z[fn+l e (2.12a)

From equation (2.12a)

-1
a, =la, =la, =-2p, :T!ﬂl =

NiF
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Co=ap+a;+a, =1+1-2=0

¢ :(051 +%a%j_(ﬂo +;31)

)

:i(1+1(— z)j_l.l
24 6 6 4

L
192

Therefore the order p = 3 and

—{+1-2/7 =0
= (e% -1)=0
e =1

Hence, the schemes is zero stable.
Example 3.1.2

Another scheme of k =1 was given as:
h
- =—|f ,—-5f —8f
yn yn+}é 24 [ n+1 n T'H-%:I

Here, oy =1 ay =—1 By = %4, B, = Vos.@nd, B, =% and so
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Co=a+ay =1-1=0;

3
e Yy g dyep oL 1 1) 1 1 1) 1 1
3\2) ; 2 2" 5 48 2\24 12 48 2\ 24 48 48

C_L@Ta_gﬂ+gfﬂ_ul__l+l__l
fal2) 7 3t \2) 7)) 384 144 144 384

So that the orderp=3and C,,; = —ﬁ;we seek the root of the characteristics polynomial as follows:

p(&)=a,—a,E=1-£%=0
gl=1

Hence, by definitions 3.1, we concluded that the method is zero stable.
. h [ ]
We consider the scheme y, ., —y,,; = TN f,+46f,, —5f.,+56f .

1 5 23 7

PN =T =_1andl 3/ — o
192ﬂ2 192ﬂl 26 Py

Here, oy =-lay =15, =—
Then observe that Cjy = C; = ..ociiiiiiiiiiiii i c,=0

However,
6 = =loy + (% ay )~ = (5, +2° B, - (%) 5.,
5 5| 1 2 % 4| 1 2 2 %
_i(_uﬁ]_i{ 46 80 _4236}
120 32 ) 24\192 192 3072

_ 1 (211 _3692(3072)
120\ 32 24

=4.87x10°°

— The order p=4 and C,,,, =4.87 x107°. the absolute root for the polynomial is thus computed:;
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p(&)=ay,d” —aé=E"-£=0
iecls? —1)=0
= ¢=0,0r,¢ =1and,so,|¢ =1
Hence, the method is zero stable.
4.0 Conclusion

There is no doubt that the schemes are consistent and zero stable and could also be used by Numerical
Analysts to solve differential equations experimentally. The obtained result in comparism with the
theoretical result would also be of great importance in future research work.
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