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Abstract:

This paper interested in studying a CW complex for the complement M(A;) of a hypersolvable graphic
arrangement A that related to a hypersolvable graph G, by comparing it with the minimal CW complex for
the complement of Jambu's-Papadima's deformed supersolvable arrangement 4. Motivated by our aim, a
dimension of the first non-vanishing higher homotopy group for M(A;) was calculated and a fashion of the
cohomological ring H*(M(A;) ) of the complement M(A;) was considered, just by using the hypersolvable
partition analogue on G. Moreover, an algorithm to deform any hypersolvable graph into a supersolvable graph
was stated.

Key-words: connected simple graph, graphic arrangement, hypersolvable (supersolvable) graph, Orlik-Solomon
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Introduction:

One of powerful mathematical tool for a wide range of applications is the graph theory. Our work are
specialized on a very interesting class of graphs is the “hypersolvable class of graphs” which is firstly introduced
by Papadima and Suciu in (2002, [12]) as a generalization of Stanly Supersolvable (triangulated graphs or rigid
circuit graphs or chordal) class of graphs (1972, [1]).

In (2012, [5]) Fadhil introduced a partition to a graph G, called a hypersolvable partition. In her M.Sc. thesis
under my supervision, Fadhil produced the existence of a hypersolvable partition as a sufficient and necessary
condition to a graph to be hypersolvable. The advantage of studying the hypersolvable partition analogue lies in
the fact, it makes the computations of the cycles of G more easer and by using the duality; every graph G,
defined a graphic arrangement A, the analogue of the induced partition of A; makes the computation of the
NBC (no broken circuits) bases of <A, more easer. So, in this work the duality between the notions "cycle of G
" and "circuit of A;" had been used to introduce a fashion of the cohomological ring of complement of a
hypersolvable arrangement, H*(M(Az)) as a tensor module, since the set of all the NBC bases of A, forms
an explicit bases of the cohomological ring of M(A), (we refer the reader to [11] as a general reference). This
was achieved in section (3) by two parts. First, we recall the isomorphism between the chomological group of
the complement M(A;) and The Orlik-Solomon algebra A,(A;) of A, that had been studied firstly by
Orlik and Solomon in (1980, [10]). Secondly, we used analogue defined in (2010, [3]) to embedding
H*(M(cfla)) as a submodule of the partition tensor module that related to the induced hypersolvable partition of
Ag, duo to [1].

Randell in (2002, [14]), showed that M(A) of any complex hyperplane arrangement has homotopy type of
a minimal (finite type) CW-complex, i.e. the number of the k-cells is equal to the k™-Betti number
b (M(A)) = rk(H*(M(A))). Accordingly, M(A;) has a minimal (finite type) CW-complex and we concern
to study its structure by using the well known structure of its higher homotopy group due Papadima and Suciu in
(2002, [16]).

The hypersolvable class of arrangements was intoduced firstly by Jambu and Papadima in (1998, [8]) and
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(2002, [9]), as a generalization of the supersolvable (fiber-type) class. They defined a vertical deformation
method which deformed the hypersolvable arrangement A with s -singular blocks into supersolvable
arrangement A = A, by one-parameter family of arrangements {A,},ec I € x C5 = C¢, with preserving
the lattice intersection pattern up to codimension two, #,(A) = {B < cﬁl| |B| < 3} = #,(A) and they proved
A and A have isomorphic fundamental groups. The class of hypersolvable arrangements contains
supersolvable class of arrangements and the generic class of arrangements and many others. For a supersolvable
arrangement (fiber-type) all the higher homotopy groups of M(A) are vanished (1985, [6]). The first
computation of non trivial higher homotopy groups of M(A) of a generic arrangement was made by Hattori
(1975, [7]). Papadima and Suciu in (2002, [12]), generalized Hattori's result to a hypersolvable arrangement and
compute the first non vanishing higher homotopy group of M(A). They showed that the first non vanishing
higher homotopy group of M(A) has dimension;

p(M(A)) = sup{k|P(H*(M(A)),5) Zmoar P (H' (M(AD),s))

where P(H*(M(A)),s) and P(H* (M(c/i)),s) are the Poincaré polynomials of the cohomological rings

M(A) and M(A) respectively. Ali in [1], showed a conjecture of p(M(A)) as;
p(M(A)) = max{k||INBC,(A)|=IS, (1|}, where NBC,(A) be the set of all k-NBC bases of A via the
hypersolvable ordering and S, (T1) is the set of all k-sections of a hypersolvable partition TII.

In section (1), some basic facts that we needed in this work was stated. Section (2), is devoted to compute the
dimension p(M(cAG)) of the first non vanishing higher homotopy group of M(A;) for any hypersolvable
graphic arrangement by using the properties of the hypersolvable partition on the graph G due [5]. Finally, the
structure of the cohomological ring that given in section (3), H*(M(JZG)) had been used to construct the

second skeleton of the minimal CW complex of M(A;) in section (4) and to study the p(M(JlG))th skeleton

of minimal CW complex of M(Ag) in section (5).

We mentioned that, the structure of the higher homotopy groups of M(A) is due to [12] and the technique
of constructing the skeletons of Minimal CW complex of M(A) is due to [16], so it is to be expected these
constructions without proof and for evedance see [12, 16].

1. Basic Facts:

This section briefly sketch the notion of a hypersolvable partition of a graph G due ([5], 2012), in order to
use its structure to embedding the cohomological group of the complement of a graphic arrangement as a
submodule of the partition tensor module. For this motivation, we will review some of the standard facts on the
notions O-S algebra, NBC module, Partition module.

1.1. Definition: [5]

Let G = (V,€) be a connected simple graph with a finite set of vertices, i.e. V = {v;, ... ,v,}. A pair of
partitions, I1¢ = (I1",1¢%) is said to be a hypersolvable partition of G and denoted by Hp ¢, if
nv =my,..,n,_,) and N = (1%, .., 1%) are partitions of V and € respectively, such that the following
properties are satisfied:

HPy: Y = {v;,v,} and TI§ = {e,}, such that e, = [vy,v,],i.e. TI{ is asingleton.
HP,: Foreach 2 < j < m-1, the block l'[}’ is a singleton.
HPs: Foreach 2 < k < ¢, the block IT§ satisfying the following properties:
HP;i: For each e;,e;, € T U ... U IIf, there isno edge e € I§,; U ... U TI§ suchthat {e; ,e;,, e} formsa
set of edges of a triangle.
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HP;ii: There exists a positive integer 1 < m; <m-1, suchthat V, = I} u.. u H,‘ilk is a subset of V' that
contains all the end points of the edges in T¢ U.. U I§, ie G, = (V,, ¥ U.. U If) forms a
subgraph of G. Then, either;

1. ¢ = {e} suchthat V, = V_4,
or;

2. 1§ = {e;,, ""eidk} , such that Vi \Viy =1, 41 =1, ={v} and for 1< j <d, e, =

[v;,,v], for some v;, €Y U ..U 1Y,
] ]

me_,» Where {v; , ...,vidk} C Vi =M1 U... U I,  induces

a complete subgraph of G.

2(G) =¢ =N is called the length of. For 1 <k < ¢, let d,= |NE| and the vector
d = (dy,..,d,) is called the exponent vector of II. Define the rank of TI{ as; rk 1§ = |Vk| —1 and
rk(G) = rk TI§ = m — 1. We will call the block T singular block, if |Vk_1| = |Vk| and non-singular
otherwise, i.e. TI¢ is non-singular if |Vk\Vk_1| =1.

A hypersolvable partition II is said to be supersolvable if, and only if, TI¥ has no singular block.

We will call a hypersolvable partition T1¢, generic if £ > m, the exponent vector d = (1,...,1) and every
k-eadges of € cannot be an k-cycle, 3 <k <m— 1.
It is worth pointing out that;
1. For 1 < k < ¢, the positive integer m, needs not to be equal to k — 1 in general.
£ =2 m-1=rk(G).
£=m- 1 if,and only if, II is supersolvable.
1§ cannot be a singular block, since |V2| =3.
For 3 <k < ¢, if II{ isasingular block, then TIE is a singleton.

ok 0N

1.2. Theorem: [5]

Let G be a connected graph. Then G is hypersolvable if, and only if, G has a hypersolvable partition. A
connected hypersolvable graph G is supersolvable if, and only if, G has a supersolvable partition.
1.3. Lemma: (The complete property of TI¢ ) [5]

Let G be a connected hypersolvable graph with a hypersolvable partition T1¢ = (11", 11€). For 2 < k < ¢, if
e, e, € TE, then there exists a unique e € MU ... UMTE_; such that {e;,e,, e} forms a triangle..

1.4. Definition: [5]

Let G be a hypersolvable graph with hypersolvable partition. Define a hypersolvable order on
G associated to an Hp T1¢ = (11", 11¥) and denoted by <, as follows:

1. Put an arbitrary order on the vertices of TIY.

2. If y; €My and v; € I} suchthat; i < j, put v; S v;.

3. If ee M} and e' €I} suchthat; i <j,put eSe'.

4. If e,e',e” €TIf, sete;, S e, ey, e ;, Se, ;. e, ., Where, {ei, e, ei3} ={e, e’ e"}.
1.5. Theorem: [15]

A graph G = (V,€) is supersolvable if, and only if, there exists an ordering vq,v,, ...,v,, Of its vertices
such that if 1 <i<j <k <m, such that [v;,v;] € € and [v;,v;] € €, then [v;,v;] € €. Equivalently, in the
restriction of G to the vertices vy, ...,v; the neighborhood of v; isa clique.

1.6. Proposition: [5]

Let G =(V,€) be a supersolvable graph with a supersolvable partition T¢ = (I1V,11¥). Via a

supersolvable ordering 2 on G, if [v;,v,] € € and [v;,v] € €, then [v;,v;] €€, where 1 <i<j<k<m.
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1.7. Definition: [11]

By a hyperplane H in a finite dimensional vector space V = K™ over a field K = Ror C, we mean an
affine subspace of dimension (dimV —1=m—1) and an arrangement A is a finite collection of
hyperplanes H in V. The variety of A is N(A) = Uygeq H and its complement is M(A) = V\ Uyeq H.
The intersection lattice is defined to be, L = L(A) = {X|X = Nyep H and B < A} that ordered by reverse
the inclusion, (ie. X< Y & Y c X, for X,Y € L(A)), and ranked by rk(X) = codim(X) = dim(V) —
dim(X), for X € L(A).

An arrangement A, is said to be graphic arrangement if, there is a graph G = (V,€) such that the
defining polynomial of A is, Q(Ag) = [l j1ee(xi — xj)-

We mention that;
1. rk(Ag) =rk(G) = V|- 1.
2. IfK = (Vi, Ek) € G, then rk(Ag) =2 = |v| — 1 if, and only if, either |Ex| = 2 or K isatriangle of G.
3. Poincare polynomial of A;, P(Ag, t) = x(G,—t), where x(G,—t) isthe chromatic function of G. Thus,
for 1<j<¢ if bjisa j™ Betti number of the Poincare polynomial P(cA, t), then b; = The number of
colorings of j verticesof G with t colors.
1.8. Proposition: [12]
A graph G is hypersolvable if, and only if, the graphic arrangement A is hypersolvable.
1.9. Proposition: [5]
A graph G is supersolvable if, and only if, the graphic arrangement A, is supersolvable. A graph
G = (V,€) isageneric graph if, and only if, its graphic arrangement A is generic.

The important points to note here are that, if G = (V,€) is a hypersolvable graph, then A; has a
hypersolvable partition 1’ = (I, ..., I1,) induced from the hypersolvable partition ¢ = (11V,1%), as for
1<k<¢? H;ell if andonlyif, [i,j] €I§. M’ iscalled the induced partition of T°.

1.10. Definition: [2]

Let IT = (114, ..., I1,) be a partition of an £-arrangement A.

1. A section S of II is a subarrangement of A satisfied for each 1 < k < ¢, either S NIl is empty or a
singleton. By S(IT) we denote the set of all sections of I1 and the set S, (IT) denotes the set of all sections

S of I with |S| = k, we call such sections of II, k-sections of IT. We will agree that the empty section

@, isa 0-sections of II.

2. Theinteger ¢ is called the length of II and denoted by £(I).

3. rk(Ily) = Tk(nHel'llu...ul'lk H)-

4. 1T is called independent if for every choice of hyperplanes H, € I, for 1<k <#, the resulting ¢
hyperplanes are independent, i.e. rk(H, N ...Nn Hy) = ¢£.

5. Let X € L.Let Il = (11y, ..., I,) be a partition of A. Then the induced partition IIy is a partition of Ay,

its blocks are the nonempty subsets I, N Ay, 1 <k < 4.

6. m is called nice, if II is independent and if X € L\{V}, then the induced partition I, contains a block,
which is a singleton.
7. A is called nice arrangement if, it has a nice partition Il = (I, ..,1,). The vector of

integers d = (dy,..,d,) is said to be the exponent vector of A, if d, = |m,|, 1 <k < 2.

1.11. Definition: [2]
1. A subarrangement C of A is said to be a circuit, if it is a minimal dependent subarrangement of A, i.e.

C\{H} is linearly independent, forany H € C, i.e. rk(C) = |C| -1
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2. Via a total ordering =@ on the hyperplanes of A, the corresponding broken circuit of a circuit C is
C = C\{H}, where H is the smallest hyperplane in C. If |C| = k, then C is said to be k-broken circuit.
The set of all k-broken circuits of 4 will be denoted by BC,(A) and BC(A) = Ut_, BCx(A).

3. We call B < A, an NBC base of A, if it contains no broken circuit. Note that, such a set must be
independent and we will write k-NBC base for B if |B| =k and we will agree that @’ is the 0-NBC
of A.By NBC,(A) we denote the set of all k-NBC bases of A and NBC(A) = U,_y NBC(A) .

4. If X € L(A). Then the NBC base B € Ay, (i.e. Nyep H = X) is said to be an NBC base of X.

5. If A is a factored arrangement with a factorization 7. Due a total ordering < on the hyperplanes of A,
define, p_(A) = Max{k| NBC,(A) = S (m)}. We remarked that, 1 < ps(A) < 4.

In view of definitions (1.10.) and (1.11), we remarked the following:
1. If d =(dy,..,d,) bethe exponent vector of a nice partition II, it is known that;

P(A, ) =Thei(1+dit) =1+ (dy+..+d)t+ (X 2E i 41 diydi, )t2 4+ dy dyt?

2. Independent of our choice of an ordering < on the hyperplanes of A, It is known that, the k™" Betti
number of the Poincare polynomial P(A,t) = by (A) = [NBC(A)|. According to [1], for a hypersolvable
arrangement A;

bi(A) = INBC (A < TEA 0K B 1 didy, i, = 1S (D], for 1<k < 2.

1.12. Definition: [11]

Let K be any commutative ring and Let < be an arbitrary total order that defined on the hyperplanes of an
f-arrangement A. The Orlik-Solomon algebra (or for simplicity O-S algebra) A,(A) is defined to be the
quotient of the exterior K-algebra E, = Akso(@Ppren Key), by the homogeneous ideal I,(A) is generated by

the relations, Zﬁ?:l(—l)"‘1 e, ...ej,\l] e @Hy, for all 1<i; <--<ip<n such that {HL-I, wHy 5 s

dependent subarrangement of A, i.e. (rk(H- ...Hik) < k) and the circumflex © means en,, is deleted. Define

iy
a K -linear mapping 9%:E, - E, as; ag(ew) =0, d5(ey) =1, for all HEA and for 2<k<?,

0 (o) = Ty (— 1)V ey, e

Y

wen,, C={H;,..H,}. 8¢ is a differentiation on E, and the chain complex
ix k

iy

By, | Oks1 . OK .y of of of . :
(E, 0,). ~+— E 5 E_y — = E; = E; — 0, is called the exterior complex.

1.13. Theorem: [11]

The complex (A4,(A), ) inherits a structure as acyclic chain complex from the exterior complex (E,,d%),
where 94 = P o af and Y:E, > A,(A) is the canonical chain map. The acyclic chain complex
(4,.(A),d2) is called the O-S complex.

1.14. Definition: [11]

Let K be any commutative ring. The broken circuit module NBC,(A) of the exterior K -algebra
E, = Neso(Dpeq Key) , is defined as; NBCy(A) =K and for 1<k <¢, NBC,(A) be the free
K-module of E, with NBC (no broken circuit) monomials basis {e.|C € NBC,(A)} € Ey, i.e.;

NBC(A) =@ ccype, ) Kec and NBC.(A) =@;,_ NBC,.(A).

1.15. Theorem: [11]
The broken circuit subcomplex (NBC,(A),dN5¢) inherits a structure as acyclic chain complex from the
exterior complex (E,,dE), where 9"5¢ =9f0i, and i,:E, - NBC,(A) is the inclusion chain map.
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Moreover, the restriction of the canonical chain map y: E, - A,(A) of the broken circuit module NBC,(A),
is a chain isomorphism, defined as; for 1 <k < ¢, ¥, (ec) = ec + [,(A) = ag, C € NBC,(A).
Thus, the O-S algebra has the following structure as a free K-submodule of the exterior algebra: A,(A) =

EBi:o (EBCENBck(dq) Kac).

1.16. Definition: [11]

Let IT= (M1, ...,I1,) be a partition on an ¢-arrangement A and let K be any commutative ring. A
partition K-module is defined to be (1), = (1), ® ...® (11,),, where for 1 <k < ¢, (Il,), is the free
K-module with basis 1 and the elements of I1,. For each B = {H,,,..H, } € S, (ID), i.e. H, €1, , 1<i; <

<l <€ and 1 <m <k, define;q, = x; @ ... ® x, € (I), as;

X

:{Hf ifj=1i,forsomel <m<k
j

1 ifj#ipforalll<m<k
We agree that each of Ay, =1®..Q1 and g, is homogeneous of degree k. We denoting the

k™ -homogeneous part of (1), by (IT),. Therefore, (M), =_, (M), =Bj_y (Bpes, ) Kq;) and
{qg|B € S, (I1)} forms a basis to the free K-module (I1),. Furthermore, {quy|H € TN } forms a basis to the

free K -module (I1,),, 1<k <+#. Define a K -linear mapping 0™ (1), - (1), as; ay (q{}) =0,

91(q,) =1, for all HeA and for 2<k<¢, d;(q,) =Tl (-1 G5, Where B = {H,,..H,} €

11’
S, q, = x;® ...®x, as given in (1.8), and ﬁ;}_ =x® ...®F17j®...®x€ by means of FIT} =1.07 is a

differentiation on (IT), and the chain complex ((IT),,dT) is called the partition complex;
ay op, oY ol ag
0 - (D= UD—g — = (1) = (Do = 0.
1.17. Definition: [11]

For 1<k<¢, define the a map §,:{q,lB € S, (N} > A,(A), as ¢, (q,) =az=ez+ (A,
B € S, (IN). Let ¢,: (1), — A,(A) be the unique K-linear map that extend this assignment. Accordingly,
there is a unique K-chain mapping ¢_: (I1), — A4,(A) between acyclic chain complexes.

1.18. Theorem: [11]

The chain map ¢, : (1), - A.(A) is a K-isomorphism between chain complexes if and only if the
partition 7 isa Nice.

The theorems (1.16.) and (1.19), afford a K-isomorphism, y, = ;10 ¢,: (I1), > NBC,(A) between the
partition complex and broken circuit complex.

1.19. Theorem: [11]

Let A be acomplex f-arrangement and let A,(A) be its Orlik-Solomon algebra over the integer ring Z.
The map ey = (1/2mvV—1)wy induces an isomorphism w*:A,(A) - H*(M(A),Z) of graded Z-algebras,
where wy = day/ay s the deferential 1-form for H € A and H = ker(ay).

1.20. Theorem: [3]

For any commutative ring K and for k > 0;

H¥(M(A),K) = H*(M(A), Z)Q@Tor (H** 1 (M(A),Z), K),
where Tor(H*¥**(M(A),Z),K) = ker(i**1,1,) from a free presentation;
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ik+1
0— Rk+1 l_)Fk+1 N Hk+1(M(c/l),Z) N 0'

of H**1(M(A),Z) as generators F¥*' and relations R**1,

2. An algorithm to compute the dimension of the first non vanishing higher homotopy group of the
complement of hypersolvable graphic arrangement
The advantage of studying the hypersolvable class of graphs lies in the fact it includes enormous
applications, including the class of supersolvable (triangulated or rigid circuit) graphs, the class of graphs with
no triangles and many others.

In view of definition (1.1.) and definition (1.4.), an algorithm to reorder the vertices and the edges of G by
an order that preserve the hypersolvable structure of G was stated. So, we will used this algorithm to compute
p(M(Ag)), the dimension of the first non vanishing higher homotopy group of M(Ag) for any hypersolvable
graphic arrangement that not supersolvable as follows:

2.1. Construction:

Let G be a hypersolvable graph with hypersolvable partition T1¢ = (11", 11%) and a hypersolvable ordering
<. Assume, TT¢ has s singular blocks say, Lo, 2<l<--<Il;<¢. Due definition (1.1.) and
definition (1.5.), we will reordering the vertices and the edges of G by the hypersolvable order that preserve ¢
structure. Since G is not supersolvable, hence it hasa k-circuit (cycle) with no chord, k > 4. Every k- circuit,
forms a k-Polygon, k = 4 and there is no mention about how many such circuit are there of G.

2.2. Theorem:
Suppose we have the conclusions of construction (2.1.). If;
D = {C < G|C is aj — circuit with no chord, j = 4};
then s = |D|. Infact, p(M(Az)) = ¢ — 2, where;
c(G)=c= Min{|C|| C € D}.
Proof: First, we will prove s = |D|. So we need to verify that, the edges of a j-circuit with no chord, j > 4,
must be distributed among j different blocks of TIZ.

By contrary, assume there exists a j-circuit C with no chord and a block TI¢ of I contains two edges of
C say e; and e,. From the complete property of TIf (lemma (1.3.)), there exists an edge e € ¥ U ..U TTE ,,
such that {e;, e, e} is a triangle. This contradicts our assumption that C is a j-circuit with no chord. So,
inductively the edges of C must be contained in j different blocks of I1€ and via the hypersolvable ordering
the maximal edge e’ satisfied that there is no vertex added to V;_; , (i.e. V; =V;_; ). Thus, the block that
contains e’ must be a singleton. Therefore, s = |D]|.

Secondly, if c(G) =c = Min{|C||C € D}, we prove p(M(Ag)) =c—2. Recall Ali conjecture of
p(M(Ag)) from [1] as, p(M(Ag)) = {k|INBC,(A)|=1S,(I1)|}, where NBC,(A;) be the set of all
k-NBC bases of the hypersolvable grphic arrangement A via the hypersolvable ordering and S, (IT) is the set
of all k-sections of the induced hypersolvable partition T’ due I1¢. According our first part proof, A, is a
c-circuit of Ag and  Ac/{H;;, } € Sc_1(II") is its broken circuit. Thus, [NBC._i(Ag)| # [Sc—1(IT")].
Therefore, (M(Ag)) = {klINBC (A = 1SN} =c—2 . m
2.3. Deformation method:

Suppose we have the conclusion of construction (2.1.). It is worth pointing out that, any hypersolvable graph
can be deformed into a supersolvable graph either by adding edges or by deleting edges of every k- Polygon

with no chord. So, we can easily use the hypersolvable partition 1€ and its exponent vector d = (d,, ...,d,) to
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complete the graph G either by just adding edges to deform G into a complete graph B,, or by adding vertices
and edges to deform G into a complete graph B, by a simple comparing with;
meBm) = ({[v1, v21} {1, v3), [v2, w313, o {lvn, Vil s [Vin—1, VDS
that has exponent vector d®m = (1,2,...,m — 1), or;
meBe) = ({[v1, v 13 {1, v3], [v2, w31}, o v, vel, oo [Vem1, oD
that has exponent vector d®¢ = (1,2,...,¢£ — 1).
For case (1): if d,, is the number of the edges of M€ that contain v, as a vertex, then we will add (m —
1) —d,, edges, for 1 <k <m in order to connect v, with the other (m—1)—d,, vertices of V to
produce a complete graph B,,.
For case (2), we will add £ —m vertices and k — d; edges to the block II, for 2 <k < in order to
deform G into B,.

However, we can deform G into a hypersolvable graph G* by deleting every non-singular block of TI%, i.e.
we will delete the s edges that related to the s singular blocks of IT€. But by using this procedure, the
resulting deformed arrangement G is either supersolvable or hypersolvable which is not supersolvable. So we
need to iterate the process until we require our deformed supersolvable graph G? where b presents the
repetition number of the process. Via this deformation method, there is no vertex will be deleted. On the other
hand, every k-cycle of G with no chord will be broken, for k > 4.

In the following we emphasis a special kind of graphs:
2.4. Construction:

Let G = (V,¢) be a hypersolvable graph with hypersolvable partition ¢ = (I1V,11¥) and a hypersolvable
ordering <. Assume, ITI¢ has just one singular block and it is the last one, i.e. rk(II¢) = |V| =m. Since G
is not supersolvable, hence it has a k- circuit (cycle) with no chord, k = 4. In this case, there is just one m-
circuit say;

€ = {vi, o vi,) vy vi, | Vi vis ]y oo [V v, | 000 0, )

with no chord and the edge [vil,vim] of 15, is the maximal one of the k-circuit C via <. Due the
deformation method (2.3.), G can be deformed into a supersolvable graph by deleting the edge [vil, vim] of the
block TI,. Put, G!= (V1 =V,et =¢—1IE) to be the deformed supersolvable graph. Definitely, G! is a
supersolvable graph.
2.5. Corollary:

Suppose we have the conclusions of construction (2.4.). Then p(M(Ag)) = m — 2.
Proof: This is a direct result of theorem (2.2.). m

2.6. Example:

Every m-geniric graph G = (V,e) is a graph with just one singular block is the block IIf, and
p(M(Ag)) =m — 2. For example, the graph in figure (1.) is a 5-geniric graph with p(M(A;)) = 3 and
figure (2.) shows its supersolvable deformed graph by deleting the last edge;

N
\_/

Figure 1. A 5-geniric graph Figure 2. A defomed graph of 5-geniric graph
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2.7. Construction:

Let G = (V,¢) be a hypersolvable graph with hypersolvable partition TI¢ = (11", T1%) and a hypersolvable
ordering <. Assume, TI€ has just one singular block and it is T%,_,, i.e. vk(lI5_) =|V|—-1=m—1.
Thus, G hasa k- circuit (cycle) with no chord, k = 4. Actually, G has just one k- circuit say;

C = ({vil, ...,viz}, {[vil, viz], [viz,vi3], . [vik_l, vik], [vil, vik];

with no chord and the edge [”il'”ik] of II%,_; is the maximal one of the k-circuit C via <. For this case, we
cannot guess that G can be deformed into a supersolvable graph by deleting just one edges and example (2.9.)
demonstrate this goal.
2.8. Corollary:

Suppose we have the conclusions of construction (2.7.). Then p(M(Ag)) =k — 2.
Proof: This is a direct result of theorem (2.2.). m
2.9. Example:

Let G and G’ be the graphs shown in figure (3.) and figure (4.) respectively. then each one of them has

R
AR

Figure 3. The graph G Figure 4. The graph G’
Each one of them can be deformed easly by deleting edges into a supersolvabe graphs as shown in figure (5.) and

figure (6.) respectively:
N PN
D |
N7
N, V.

s

Figure 5. Adeformed graph of ¢ Figure 6. A deformed graph of G’

2.10. Example:

Let G, G' and G" be the graphs shown in the figures (2.10.1.), (2.10.2.) and (2.10.3.) respectvely. The
graph G has p(M(Ag)) =2 with s = 15 singular blocks of TI€, the graph G’ has p(M(A.)) = 3 with
s = 31 singular block of M€ and the graph G" has p(M(Ag)) = 3 with s = 27 singular blocks of TIE".
Deduce that, in spit of, each one of the graphs G, G’ and G"' has no triangle, they are not generic.

/i\ /1( >14 /V,zq..__h
s RN =l
: LN N D
\1./1\9/\ T TTORRN, //f“/“; LN

\/"“\,/\

e

7
21
20 17
413" T

i / ’/l\ - A \ 7 ' A }'—‘—l‘i\‘“
\\ / / ‘ \\1’-2'\ A /‘Hr// \\\E:‘ w\;&%-f
19 18 2L gy a1 A= Y, ™ _ e, /
\ /‘2/7\“\ / /2:2\4\:\,_42/?//3( \/ [ N

5 (- i, g

Figure 7. The graph G Figure 8. The graph G’ Figure 9. The graph G"”
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It is clear that, to deform any one of the graphs above by just deleting edges will be more complecated and it
cannot be by applying the method for just one step.

3. The cohomological ring of a hypersolvable graphic arrangement

In this section we restricted, a construction of the cohomological ring of the complement of any
hypersolvable arrangement discribed in [3], on the complement of any hypersolvable graphic arrangement by
using the hypersolvable partition of a graph structure, as follows:

3.1. Theorem:

Let G be a supersolvable graph with a supersolvable partition T1¢ = (11, 11¥) and a hypersolvable ordering
< and let " be its induced supersolvable partition on A;. Then NBC(Ag) = S(T') and for 1 <k <
rk(G) = ¢ —1;

b (H'(M(AQ)) = T2 Z0K 1 ZhZie o1 diy iy - dig-
and the cohomological ring H*(M(A;)) can be determined by the following commutative diagram:

H al{l

ofy o, 93 o
0— H' "' (M(Ag)) — H'2(M(Ag)) — - — H'(M(Ag)) — H'(M(Ag)) — 0

w;l L w;l, L witl wytl
i i, 9 af a4
04, 1(Ag) — Apy(Ag) —— A(Ag) — Ag(Ag) — 0
Pap’ P pitl ot

oy, oy, ol oy ay
05 NBC,_;(Ag) ~3NBCy_,(Ag) =3 =5 NBC,(Ag) = NBCy(Ag) > 0

Je-1 4 Je-2 4 Jil Jo

= W, 0% a7

aT[
0- (Mg — My 3 @), — (M) —>0

Plocis tino 1o 4 uncot rvomie U wieuiuin ey Lol s wieuiein (aeaws J1 wvie wie o undl MAp
J.NBC.(Ag) — (1), is the unique K-isomorphism that extends the one to one correspondence between the
bases of NBC,(A;) and (IT'),;

J.:{eg|B € NBC(Ag) = S(II)} - {q5|B € S(1')},
that defined as, J.(eg) = qg, BES). m

3.2. Theorem:

Let G be a hypersolvable graph with a hypersolvable partition ¢ = (I1V,11¢) and a hypersolvable
ordering = suchthat rk(A;) =m—1 < £, i.e. G isnotsupersolvable. Then, due theorem (2.2.);

2<p(Ag)=c—2<m-2;
and for 1<k <c-2;
NBC (Ag) = S ('), NBC,_1(Ag) = Sc_1(MMN\Sc_1 (IMNNBCc_1(Ag);

and for ¢ <k <m—1, NBC,(Ag;) < S, (I1"). The cohomological group H*(M(A;)) can be determined by
the following commutative diagrams:
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ST

_ ot _ o, off ot ot
H N (M(Ag)) —— H2(M(Ag)) —— H'(M(Ag)) — H'(M(Ag)) —0
w1 wzl, 1 witl wyll
o4, o4 a4

ol
A1 (Ag) — A, _,(Ag)
Pl l Yl

aA
= A(Ag) — Ag(Ag) — 0

Pl

Yo'l

ey o, oY oy ay
NBC._(Ag) — NBC._(Az) — > NBCy(Ag) = NBCy(Ag) = 0

’ﬁc—l \ Jm—z \

T s

aT[
c—-1 c—-2 2
PN —

(H’)c—l —

(H’)C—Z

and;

of_, F)
0- H™Y(M(Ag)) —— - —

did

(M4

Jod

o7 a5
— (M) —0

H
ct+1

HE(M(A) o

wypti w;tl
a;‘;l—l 624+1 at
0> Ay 1(Ag) — - A (Ag) —
Vg b Yol

N _
05 NBCp_y(Ag) — -

’ﬁm—l ‘L

aICV+1
—> NBC.(A;) —

a¥

fol

N 07 O , o , -1 9c+1
0> = . M)y — My —— =

o7
I, —
Proof: According theorem ((2.5), [3]) and theorem (2.2.), our claim is proved, where the K-chain map
#$.:NBC.(A;) — (I1'), is the unique K-injective chain map that extends the one to one mapping that
embedding the NBC basis of NBC,(A;) of the basis of (IT'),;
f.:{es|B € NBC(A;) S S(II")} - {q5|B € S(11")},

that defined as, #.(eg) = qg, B € NBC(A). Recall the definition of p(A;) = c—2 of theorem (2.2.). In
fact, for 1 <k <c -2, since NBC,(A;) = S, (11", hence, #x = Jx: NBC, . (A;) — (I1'),, is an isomorphism.
Moreover, for c — 1<k <m—1, the homomorphism #, = J,: NBC,(A;) - (II"),, is a monomorphism
since  NBCy(Ag) c Si(1). m
3.3. Corollary:

Let G be a hypersolvable graph with hypersolvable partition, T1¢ = (I1",11%) such that m > 4 and it has
an exponent vector d = (1,...,1),i.e. G has no triangle. Then we have the following:
1. If |l =¢=m—1, then G is supersolvable and the cohomological ring has a structure as shown in

theorem (3.1.)and for 1 <j <m—1, bj(H"(M(A))) = (m}._l)
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2. If ¢(G)=¢=m, then G is generic have just one m -cycle and for 1<j<m-1,
b]-(H*(M(cAG)))z|NBC]-(JZG)|=('7) and by, (H'(M(Ag))) =m—1. Due theorem (3.2)), the

cohomological ring H*(M(A;)) can be determined as the following commutative diagram;

ol off_, ol ol ol
0— H™'(M(Ag)) —— H™?(M(Ag)) —— H'(M(Ag)) — H'(M(Ag)) —0
wptq L Wk, L witl wyll
o1 Oy 0% of ag
04, 1(A;) — Ap_y(Ag) —— A(Ag) — Ag(Ag) —0
Ymoa b Yo Yt l 7t
-1 AP ay )
0> NBC,,_1(Ag) — NBCp,_,(Ag) — > NBC;(Ag) > NBCy(Ag) = 0
ﬁm—l ‘]’ Jm—z ‘L (71 ‘L (70 ‘l'
o -1 0h-2 oF T ]

0->(M)p— Mpoy —> [y — = @), — (M) —0

3. If ¢(G)<m—-1<+¢, then G is neither supersolvable nor generic and for 1<j<c(G)—-2,
b(H'(M(A))) = [NBC(Ag)| = () and bey (H (M(AR)) = (™) = IBC_1 (A = () = l0l,

where O = {C € G|C is a c — circuit with no chord} and the cohomological ring H*(M(A;)) can be
determined as shown in theorem (3.2.).

Proof: Due theorem (2.2.4) in [5] and theorem (2.2.), corollary claim is down. m

4. The second skeleton of the minimal CW complex for a hypersolvable graphic arrangements
This section contains an algorithm to comput the second skeleton of the complement of a hypersolvable

graphic arrangement by using a fashoin of its fundamental group as iterated semi direct product that presented in
[4] by Cohen and Suciu. This algorithm technique has previously been introduced by Switzer in [16]. So we will
agree this algorithm without proof and see [4, 12, 16] as evidences. In [3], Al-Taai and the author was firstly
used this technique in order to give a topological interpretation for vanishing of higher homotopy groups of the
complement of a hypersolvable arrangement when we deformed it by Jambu's and Papadima's deformation
method, so for general case we refer the reader to [3].
We start by reviewing the definitions and basic facts that we needed for the algorithm:
4.1. Definition: [12]

A topological space X with the following properties:
1. X is homotopy equivalent to a connected, finite type CW complex;
2. The homology groups H.(X) are torsion free, and;
3. Thecup product U: AHY(X) - H*(X) Iis surjective;
is said to be p-minimal, for some non-negative integer p, if it has the homotopy type of a CW complex K such
that the number of K -cells in K is b, (X) = rk(H*(X)), for all k <p. We called X minimal if it is
p-minimal, for all p.
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4.2. Definition: [4]
Assume each of G4, ...,G, be a group, and for 1 <i <j < ¥, the action aji: G; - Aut(G)) satisfying the

compatibility conditions, «; (g;";‘(gi)) = (al(9)) i (g;) el (g0, for i < j < k. Then, we define the iterated semi

direct product of G4, ..., G, with respect to the actions aji to be the group;

G=0Gp Xy, Gpog Kgp_, - Xg, Gy,

where for each 1<k <+#, the partial iteration G* = G, ., G*~' is defined by the homomorphism

ay: G¥1 > Aut(Gy) with a restriction to Gy; W sg,; Gy, = Aut(Gy), 1 <p<k<¢*.

4.3. Definition: [11]

Let A be a complex central essential r-arrangement with complement M(cA) < C". Define a stratification
3 of C" as follows:

1. For each X € L(A), determine the arrangement A* = {H N X| H € A\Ayx and H N X # @} of X, where

Ay = {H € A|X € H} € A, and;

2. Dfine M* to be the complement of A% of X.
Notice that the family {MX}XEL( «) forms a stratification of C" with top dimensional stratum M(cA) and each

strata is a convex relatively open sets of X.

We emphasize that, Switzer in [16] showed that, for any topological space X, one can construct a CW
complex Y (as showed in the following construction), and a weak homotopy equivalence f:X — Y and this
construction is unique up to homotopy.

4.4. Construction:

Let G be a supersolvable graph with a supersolvable graphic £ = (m — 1)-arrangement A;. Then A

has a maximal chain of modular elements say;
ct =X, < <X, ={(0,..,0);
which induces a supersolvable composition series;
{H} = Ay, c - c Ay, = Ag... (44.1)
A s afiber type arrangement and the composition series (4.4.1.) creates a tower of fibrations;
M(Ag) = M(Ay,) 25 M( Ay, ) 25,5 M(Ay,) = M(H) = C\{0);

with fiber F¥ of p, homeomorphic to C with d, points removed and the fundamental group of the
complement & = m; (M (Ag)) asserts a fashion of iterated semi direct product of finitely generated groups
T =Fy, Xq, Fq, | Xg, | = Xq, Fq,, Where Fg, =(giy, -, ga,k) is free on d, generators. This creates a
nice partition I1 = (I1,, ..., I1,) as follows;
1. Put I1; = Ay, and we will choose H € Ay, to be the minimal hyperplane via the fundamental group order

that generats F,,, and;
2. For 2<k<¢ put I, =Ay \Ay, , and oder the hyperplanes of I1, via the topological ordering that

induced from the structure of F; as free group with gy, .., gq,x generators and preserve the

fundamental group structure as;

1<i<d,

_ 1<j<d,
= <g”" 1<k<¢ > (4.4.2)

a;]c'p(gi,k) = gj_,;gi,kgj.p; 1<p<k

where each a,{"’ = ay(9g;p) € Aut(Fg,).

We will construct the second skeleton of a (finite type) minimal CW-complex structure of M(Ag;) asa K(m, 1)
space that given in ([21], section 6.44, p. 95) induced from the presentation (4.4.2.) above as follows:
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S1.Partitioned C? by the stratification defined in definition (4.3.).
S2.Choose any point in M(A), say e® and put M(Ag) ° = {€°} to be the 0"-skeleton of M(A).
S3.For each H € Ag;, fixed a 1-cell e and an attaching mapping ¢@#: dejy — {e°} attached the boundaries of

el with e®. Take, M(Ag) = VyeqS' = Voo (VX SL ) to be the 1% skeleton of M(Ag) .

=1"9ik
Geometricly, for each H € A; we go around the stratum MH and return into e® by e} . Clearly;
o (M(Ag), e°) = my(M(Ag)Y, e°) = 0, since M(Ag)? is path connected.
S4. The following short exact sequence represents the presentation (4.4.2);

1<i<dy
1<k<?

For each relation 7, choose a map ¢;: (5%, e%) - (M(Ag)*, e%) by meaning of B(r,). Attach 2-cells
ej of M(Ag)" bythe maps ¢; to create the second skeleton of M(A;) as the following disjoint union;

, ) bz (M(Ag)) 5 L bz (M(Ag)) 5
MA) =M | [ o =M | o S
7 ”;

B a
0-(r; 1=y =<Dby(As))~>(gins -y (M(Ag),e%) = 0.

Put f,7:(D?, S, 50) = (M(A)Y, @7 (S*),e®) be the characteristic map of ef, for 1 <y < b,(Ag). Thus,
T (M(Ag),e°) = m (M(Ag)? e%) and;

M(AG)? /M (A = V(1A 52,

4.5. Construction:

Let G be a hypersolvable graph with a hypersolvable graphic (m — 1)-arrangement A, that not
supersolvable, recall Jambu's and Papadima's 1-parameter family {A,};cc Of deformed supersolvable
arrangements that introduced firstly in [12]. We follow a computation algorithm given in [9] of A = A, for
Ag. The arrangement A is a supersolvable arrangements and it has with A; the same Lattice intersection
pattern to codimension two ¢,(A;) ={B S A;||B] <3} and isomorphic fundematal groups, ie. @ =
T, (M(AR)) = 1y (M(A)) = m,(M(A)?% %), where M(A)? is the 2™ skeleton due [3]. Thus;

m = (M(A)) = Fy, %4, Fg, |
derived a hypersolvable partition IT = (I, ..., IT,) by using the one to one coorespondance between A; and
A. Due this one to one coorespondance reordered the hyperplanes of A via the ordering we defined on the
hyperplanes of A as in construction (4.4.) that induced from the structure of the fundamental group. We will
construct the second skeleton of M(A;) exactly as designed in construction (4.4.), the items (S1-S4).

4.6. Remark:

The advantage of studying the second skeleton of a hypersolvable graphic arrangement A, lies in the fact
that, if X € L(A;) and rk(X) =2 , then either |Ax| =2o0r3. In fact, for 1 <p < k < ¢, the colinear
relations 7, for 1 <y < b,(A), among the hyperplanes of A are associated to the triangles of . So, there

apy o Fay Fays

are just two kinds of relations as follows:
1 If X={Hj,
relation, i.e. g;,clg;;gi_kgj_p = 0, i.e. we have a torus relation as the following figure:

H; .}, then, the action a,{"’(gi_k) = gi is trivial and the relation will be a usual commutator
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g;; y ef y Six
Bix

Figure 10. A trivial action. g7/ g;59ix9jp =0

For example, if Q(Ag; ) = (x; — x3)(x; — x3)(x3 — x,), be the defining polynomial of an arrangement A,
,then A is supersolvable graphic arrangement with fundamental group of its complement is;

92 = 919291
1 (M(A),e°) =(91,92.931 93 = 91 9391)-
93 = 929392

Then, it has second skeleton as;

Figure 11. A second skeleton of A, , Q(Ag ) = (X1 — x3) (x5 — x3) (X5 — x4)
2. If X ={H,,, Hyx, H3}, we have the following relations and attaching mapping via those relations;

Figure 12. b. Part two of the action, g,xgsx91p = 93 x91,p92k
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Figure 12. c. The second skeleton represented the action g; ,92 x93k = I3x91p92k = 92k93k91p
The second skeleton given in figure (4.6.5.), is the Minimal CW complex for the supersolvable graphic
arrangement A, that related to a graph given in figure (4.6.6.) has defining polynomial, Q(Ag) =
(x1 — x3) (%, — x3)(x, — x3), and its complement is homotopic to (S1VS?!) x S

/N
AN
/N
VA

Figure 13.
We mentioned here that, due [13], the relation in figure (4.4.7) is selfed contained in figure (4.5.6.), so there are
no attaching cell related to this relation that correspondence to a broken circuit of A, via fandamental group
order.

Figure 14. Part three of the action, g;,92x93x = J2x91.p93.k
By following the fundamental group structure of the complement of any graphic arrangement and the type of
the actions among the different blocks of IT that we discussed above, the second skeleton has a regular
construction. We leave it to the reader to construct the second skeleton for the section (2) examples as we shown
in the following example:

5.2. Example:
Let A, beageneric graphic £-arrangement. Then;
Q(Ag) = (g — x2)(xz — x3) (x5 — x4) . (Xp—1 — %) (Xp — 1),
Be its defining polynomial. The fundamental group of its complement M(A;) has a structure as;
m (M(Ag), e°) =(91,92,--. ¢l G = 95" kGp, 1 <p <k < #).
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Due to [9], the deformed arrangement 4 of C**' has a defining polynomial;
Q(A) = (x; — x2) (p — x3) (o3 — %) oo (X — Xp_1) (Xpg — Xq + Xpy1).
And by applying construction (4.5.), we will construct the second skeleton of M(A;) as follows:
S1.Partitioned C? by the stratification defined in definition (4.3.).
S2.Choose any point in M(A), say e® and put M(Ag) ° = {€°} to be the 0"-skeleton of M(A).
S3.For each H € Ag;, fixed a 1-cell e and an attaching mapping ¢@#: dey — {e°} attached the boundaries of

ey with e®. Take, M(Ag) ! = Vyen St = Vi 1(Vd" Sg:) to be the 1°- skeleton of M (Ay).
S4. The following short exact sequence represents the presentation (4.4.2);

_ B a
0-(gk =095 9x9p, 1< P <k <€) >(91,92..,90) > T (M(Ag),e%) - 0.

For each relation g, = g, gxgp, 1 <p < k < ¢, choose amap ¢ ;:(S*,e%) = (M(Ag)*,e°) as shown

in figure (4.6.1.). the number of the 2-cells eg_k of M(Ag)? that attached by maps <p§‘k to create the

second skeleton of M(Ag), is (5) and the second skeleton will be;
-1 £ -1 t
: I I Y
M(Ag)“ = M(Ag) p=1 L Ak=p+1 7" = M(Ag) p=1 1 Ak=p+1
2 2
(pp,k ¢pk
Thus, m; (M (Ag),e°) = my(M(Ag)? e%) = 7. Actually, M(Ag)?*/M(Ag)' = V55 Vieps1 Spxc

5. The p** skeleton of the minimal CW complex for a hypersolvable graphic arrangements

This section is devoted to introduce an algorithm to compute the higher skeletons of theminimal CW
complex of the complement of a hypersolvable graphic arrangement by using a computation of a presentation
of first non-vanishing higher homotopy group introduced in [12] by Papadima and Suciu.

5.1. Construction:

For a supersolvable graphic £ = (m — 1) -arrangement A, recall construction (4.4.) for the second
skeleton of M(A;). We will complete the Minimal CW complex for M(A;) by using induction to attach
higher cells due Switzer prosedure [16], as follows;

For 2 <k <¢,if;

B
0> (151 <y < brar(Ae)) > (g5 1 <9 < my)) > me(M(Ag), e%) = 0 — 0,
be the presentation short exact sequence of the kt"*-higher homotopy group m, (M (Ag),e®) such that the set of
generatores {95}:::1 generats 1, (M(Ag)*, e%) 2 0, where m, represent the number of higher k-holes of

M(AG* and for 1<y <bpyi(Ag) , let @ft:(SK,s0) = (M(Ag) e be the attachin mapping

representing the relation 8(r) and attach (k + 1)-cell ey*' by means of ¢)*'. But, m,(M(A),e) =0,

S0 B:(rf1 <y < by (Ag)) = (g1 <9 <my)) is an isomorphism. Thus,
My = byeyr (A =X T 1 Xoh = i1 iy iy o dyy - PUL;

br4+1(M(Ag)) by +1(M(Ag))
M(cﬂ )k+1 M(c/q(;) U k+1 M(cﬂ) ]_[ k 1

k+1 k+1

In the long exact homotopy sequence;

di+1

T 7Tk+1(M(C'qG)k+1;M(cﬂc)k e?) — ”k(M(cﬂc)k e?) - ”k(M(c/lG)kH'eO) =
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we have d,,, is an epimorphism. Therefore, m,(M(A;)**,e%) is trivial and m;(M(Ag)*,e0) =
m(M(Ag)*, e% for 0 <i<k.
m (M(Ag)%e%); ifk=1
0; ifk+1

Finally, take the minimal CW complex for M(Ag), [15-o M(Ag)* with the weak toplogty.
5.2.  Construction:

For the second skeleton of the minimal CW complex of a hypersolvable graphic (m — 1)-arrangement that
is not supersolvable, recall construction (4.5.). It is known that, M(A;) is a p-minimal CW complex, where,
p = p(Ag) = max{k|b,(Ag) = e Xt 41 Ay iy ey )

11 1 i=i1+1

T (M(Ap), %) = me(M(Ag) ", %) = {

From theorem (2.2.), p = ¢ — 2. Accordingly, our aim will achived by three parts.

First, embed A; of C’ by the arrangement, A;BC*" = {HOC* ™| H € A}, which its complement
M (c/laea(cf‘r) is a subspace of the complement M (A) of Jambue's-Papadima's deformed arrangement of A;.
Deduce that, M(A;) = M(Ag) X {(0,...,0)} is a strong deformation retract of M(AGC*™). It is to be
expected that (M (A), M(A,)) is a topological pair, since, M(Ag) = M(A;DC") € M(A).

Secondly, recall the exact homotopy sequence of higher homotopy groups of the topological pair
(M(A), M(Ag)) from ([16], p. 38);

o m(M(AR), €) S (M(A), ) B, M(A), M(AG), )

B e (M(A), € 53 . B g (M(Ag), ) S tgM(A), ) B g (M (D), M(AR), e B0
where e° can be chosen to be any point of M(Ag) X {(0, ...,0)}. Papadima and Suciu in [16], proved that
M(Ag) and M(A) have the same (c — 2)t"-skeletons, (i.e. m,(M(A),M(A;),e®) =0 ,for 0 <k <c—2)
and they have isomorphic k‘"-higher homotopy groups, m,(M(Ag),e°) and m,(M(A),e%),for 0 <k <c—
3 < r. Recall construction (5.1.) as a minimal CW complex of M(A) and recall construction (4.5.) as a
minimal 2" skeleton of M(A;). For 0 <k < ¢ — 3, the isomorphisms, i (M(Ag), e%) —»
T, (M(A),e%) and qy:m(M(A),e®) - m (M(A), M(Ag),e®) induced cellular homotopy equivalences
between (c — 2)"-skeletons of M(A;) and M(A), ix: M(Ag)* - M(A)* and qy: M(A)* - M(Ag)K.

Thirdly, complete the ¢ — 2-minimal CW complex for M(A;) by using induction to attach higher cells
due Switzer prosedure [16], as follows:
For 2<k<c—3,
The homotopy equivalence q: M(A)* —» M(A;)¥, iduced an isomorphism;
Qe T (M (A)¥, €%) — m (M (Ag), e°).

Due construction (5.1.), we have;

0 (51 <y < b (Ae) B (9851 <9 < M) S me(M(A), e =0 - 0
qx N ik
T (M(Ag), e°)
Thus, the set  {q,(g5) glfiﬂ) generates the homotopy group m, (M (Ag)¥,e®) and for 1 <y < byyq(Ag), if

PFt1: (S, 59) = (M(A)*,e®) be the attaching mapping that representing B(r<) of m,(M(A)¥,e®), put
qkwy.(Sk,so)—»(M(cflG)", e®) to be the attaching mapping that represents the relation gq,B(r") of
T (M(Ag)*, e?). Attach (k + 1)-cells ef*" by means of q,@y*!, for 1 <y < by 4(A). Put;

M(dq )k+1 M(o‘ZG) ku+1(M(CA)) k+1 _ M(c/q ) ku"'ig‘f(cﬂ)) Sk+1

PRkt

For k=c—2:
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It is known that, m._,(M(Ag) L e%) = m._,(M(Ag),e®) 2 0, i.e. it is not trivial and [12] includes a
presentation of it as a Zm-module, say;

0 (%51 <y < be_1(Ag)) 5 (95 51<9 <mey)) 5 T2 (M(A),e°) - 0.

From the following portion;

c-1 c—2 oy %1 c-2 ,0 ic— 0
e (M(AG) ™ M(Ag)T%,e°) — me_y(M(Ag) %, e”) —m_,(M(Ag),e’) £ 0

ic—2 i qc-2
Te—2(M(A)7%,e)

the induced homomorphism, q._p:m._,(M(A)72,e%) - m,_,(M(A;)¢72,e% is an isomorphism and
iy (M(AG) 2, e%) - m,_,(M(Ag), e®) is an epimorphism, since they have the same set of generatores
{95721, where m_, = X{ Y LY L+ diydy, o dy, = be_1(A) represent the number of
higher (c — 2)-holes of M(A)“™* and for 1 <y < b._1(Ap), let @f 1 (S, 50) = (M(A)°72,e°) be the
attachin mapping representing the relation [)’(ryc‘z) and attach (¢ — 1)-cell eﬁ‘l by means of ¢]S_1. It is
worth pointing out that the the number of attaching (c — 1)-cells is not enough to kill of all the higher (c —
2)-holes. Put;

be-1(M(Ag)) be-1(M(Ag))

MEA) =M AN [y et =M ] [ s
eyt o5t

with the weak toplogty. Therefore, for 0 < k < ¢ — 2.

m (M(Ag)?, e®); ifk=1
T (M(Ag), e°) = m (M(Ag*+, e%) = 0; ifk=00r1<k<c-3
ey (M(Ag) ™, e%); ifk=c—2

5.3. Example:

Recall example (4.7.) of a generic graphic #-arrangement A, and its deformed arrangement A of C/*1.
One can deduce that, A has the same lattice with the Boolen arrangement with ¢ + 1 hyperplanes. By
applying construction (5.2.), p(M(Ag)) = ¢-skeleton of M(Ag) can be considered and suppose M (Ag)*?
be its £ — 1-skeleton. Recall the portion;

d .I_
”f(M(dqc){l:M(dqc)f_lxeo) = 7T€—1(M(<AG)€_1:90) Le_%ﬂfﬂ(M(d‘lc);eo) 0
o1 4T qpq
o (M(A)1,e0)
The induced homomorphism, q,_y:m,_y (M(A)*,€%) > mp_y (M(AG) 1, e%) is an isomorphism and
iy (M(A ™, e%) » mp (M(Ag),e®) is an  epimorphism.  Thus, m,_y(M(A)*1e%) and

mp1(M(Ag)*"1e®) have the same set of  generatores  say {g,‘;‘l}zf . Where

My_q = ( / ) = ¢+ 1= by(A) represent the number of higher (£ — 1)-holes of M(A)*~* and by(Ag) =

¢ — 1, represents the number of attaching (#)-cells which is not enough to kill of all the higher (¢ — 1)-holes.
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6. Conclusions:

In this paper;
1. The author compute the dimension of the first non vanishing higher homotopy group of the complement for

any hypersolvable graphic arrangement that not supersolvable, and related to a hypersolvable graph. It is equal
to the dimension of the smallest cycle of the graph with no chord.

2. Analgorithm to deform a hypersolvable graph that not supersolvable into a supersolvable graph was stated.
3. A construction of the cohomological ring of the complement for any hypersolvable graphic arrangemen was

considered.
A construction to compute the minimal CW complex of of the complement for any hypersolvable graphic
arrangement was described.
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