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Abstract

In the present paper we established some fixed point results in dislocated quasi metric spaces for random
operator. Our results are generalized forms of various known results.
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Introduction & Preliminaries

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of its
role in analyzing probabilistic models in the applied sciences. The study of fixed points of random operators
forms a central topic in this area. The Prague school of probabilistic initiated its study in the 1950. However, the
research in this area flourished after the publication of the survey article of Bharucha-Reid [5]. Since then many
interesting random fixed point results and several applications have appeared in the literature; for example the
work of Beg and Shahazad [2,3], Lin [13], O'Regan [14], Papageorgiou [15], Xu [20].

In recent years, the study of random fixed points has attracted much attention. In particular random iteration
schemes leading to random fixed point of random operators have been discussed in [6,7,8,10].

In 1922 Banach proved Fixed Point Theorem for contraction mappings in complete metric space. It is well
known as a Banach Fixed point Theorem. Das and Gupta {11} generalized Banach’s Contraction Principle in
Metric space. Also Rhoads {1977} introduced a partial ordering for various definitions contractive mappings.
This objective of the note is to prove some fixed point theorem for continuous contraction mapping defined by
Dass and Gupta {11} and Rhoades {18} in Dislocated Quasi metric spaces.In the present paper we establish a
fixed point theorem for random operator in Dislocated Quasi Metric Spaces

Definition 1.1.1: Let X be a nonempty set and let d: X<X > [0, «] be a function satisfying following
conditions:

1.11@)dx,y) =d(y,x) = 0 = y = x
1.1.1(b) d(x,y) <d(x,z) + d(z,y) VX, y,z € X

Then d is called Dislocated Quasi Metric Space on X. If d satisfies d(x,y) = d(y, x) then it is called dislocated
metric space.

Definition1.1.2: A sequence { x,,} in Dislocated Quasi Metric Spaces (X, d) is called Cauchy sequence if for a
given e > 0 there exists n, € N such that

VYm,n>n, = d(xpy, X,) <€
i.e. min{d(x,,x,), d(xp, X))} < €

Definition 3.1.3: A sequence {x,} Dislocated Quasi Convergence to x if lim,_,., d(x,,x) = lim,, d(x,x,) =
0

In this case x is called a dq limit of {x,,} we write x, — x

Definition 1.1.4: A Dislocated Quasi Metric Space (X, d) is called complete if every Cauchy sequence in it is a
dq convergent.

76


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) J/'H.i.l
Vol.6, No.4, 2016 NIS'E

Definition 1.1.5: Let (X, d) and (Y, d) be dq Metric Spaces and Let f: X — Y be a function then f is continuous
to xy € X, if for each sequence {x,} which is d; - q convergent to x, in X, the sequence {f(x,)}isd, — q
convergent to f(x,) in Y.

Definition 1.1.6:Let (X, d) be a dq metric space. Amap T: X — Xis called contraction if there exists 0 < x <
1 such than

d(Tx, Ty) < Ad(x,y) Vxy€X

Throughout this paper, (Q, ) denotes a measurable space H. A Dislocated Quasi Metric Space, and C is non
empty subset of H.

Definition 1.1.7: A function f : Q —C is said to be measurable if f (B C) € X foe every Borel subset
B of H.

Definition 1.1.8: A function f:Q x C — C is said to be random operator, if F(.,X): Q — C is measurable for
every X € C.

Definition 1.1.9: A random operator F: Q x C — C is said to be continuous if for fixed t € Q,F(t,.):C—> C is
continuous.

Definition 1.2: A measurable function g: Q — C is said to be random fixed point of the random operator F: Q x
C-CifF(tgt) =g®,vVteQ.

1.3. FIXED POINT THEOREMS FOR INTEGRAL TYPE CONTRACTION CONDITION IN
DISLOCATED QUASI METRIC SPACES

Impact of fixed point theory in different branches of mathematics and its applications is immense. The
first result on fixed points for contractive type mapping was the much celebrated Banach’s contraction principle
by S. Banach [1] in 1922. In the general setting of complete metric space, this theorem runs as the follows,

Theorem 1.3.1 (Banach’s contraction principle)
Let (X, d) be a complete metric space, c € (0,1) and f: X — X be a mapping such that for each x,y € X,
d(fx, fy) < cd(x,y) 1.3.1(a)
Then f has a unique fixed point a € X, such that for each x € X, lim,_,,, f"x = a.

After the classical result, Kannan [5] gave a subsequently new contractive mapping to prove the fixed
point theorem. Since then a number of mathematicians have been worked on fixed point theory dealing with
mappings satisfying various type of contractive conditions.

In 2002, A. Branciari [2] analyzed the existence of fixed point for mapping f defined on a complete
metric space (X, d) satisfying a general contractive condition of integral type.

Theorem 1.3.2 (Branciari)

Let (X, d) be a complete metric space, c € (0,1) and let f: X — X be a mapping such that for each
X,y € X,

JUED ey de < (S g de 1.32(a)

Where &: [0, +o0) — [0,+0c0) isa Lesbesgue integrable mapping which is summable on each compact
subset of [0, +o0), non negative, and such that for each € > o, foe &(t) dt , then fhas a unique fixed point a € X
such that for each x € X,lim,_,, f"x = a.

After the paper of Branciari, a lot of a research works have been carried out on generalizing contractive
conditions of integral type for different contractive mappings satisfying various known properties. A fine work
has been done by Rhoades [6] extending the result of Brianciari by replacing the condition [1.2] by the following
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d(x,fy)+d(y,fx)
d(fxfy) max{d(xy),d (x,f),d(y, fy) TS0
Jo 50 dt < f) 2 §(0) dt

Now we prove our next result infect we prove the following theorem,

Theorem 1.3.3 Let (X,d) be adqg metric spaceand let T : X — X be continuous mapping satisfying the
following condition.

Ay, Ty)[1+d (%, Tx)] d(y, Ty)[1+d(y, TX)]

fod(Tx,Ty) u(t)dt < afo 1+d(x,y) u(t)dt+ B fo 1+d(x,y) u(t)dt

d(y, Tx)[1+d(x,Tx)] d2(y,Ty)+ d?(x,Tx)
+y [, Y u@de + 8 [ Y™ u(ndt

42 (y, Tx)+ 42 (x,Ty)

+n [, OOy (hdt 1.3.3(a)
For each x,y € X with non negative reals «,B,v,8 suchthat 0 < 2a+ 2B+ 2y+8 < 1, whereu: R* - R*

is a lesbesgue- integrable mapping which is summable on each compact subset of R*, non negative, and such
that

for each € > 0, [ u(t) dt 1.3.3(b)
Then T has a unique fixed point z € X and for each x € X,lim,,_,,, T"x = z.
Proof Let {x,} be a sequence of function in X defined as follows

T(%, x,(8)) = Xn41(E), consider

(% (®), %01 ®) = d(T(Ex0-1(®), T(Exa(D))
Implies that

fod(xn(f),xn+1(§)) u(t) dt — J'Od(T(E'Xn—l(E))vT(E‘Xn(E))) u(t) dt

From 3.3.3(a) we have,

d(xn®.1(Exn®))[1+d(xn-1®T(Exn-1®))]
u(®) dt< af) 1#+den-1Bx(®) u(t) dt

a(T(§xn-1©)T(Exn (©)
Js

4(n@®TExn®))[1+d(yTExn-1®)]
s B fo 1+d(xpn—1®)xn(®) u(t) dt

d(xn®T(sxn-1®))[1+d(xn-1® T(Exn-1®))]
s on +d(n—1 B xn(®) u(t) dt

42 (xn(®T(Exn(®))+ 4% (xn-1®T(Exn-1(®))
+s fo d(xn®.T(Exn(®))+d(xn-1®T(Exn-1())

u(t) dt

a2 (xn(®T(Exn-1(®) )+ 4% (xn-1®T(Exn(®))
[ d(xn(®T(Exn-1(®))+d(xn-1 &, T(Exn(®))
0

+n u(t) dt

dtd(Xn(E).XnH(E))[1+d(X“_1(E)'xn(z))]
de(xn(E)'xn-‘-l(E)) u(t) dt < (xfo 1+d(xn-1&).xn(®) u(t)
d(n(®xn+1®)[1+d(xn+1(Dxn(®)]
+ B, 1+d(n-1(xn(®) u(t) dt
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d?(xn(§).xn+1®)+ 4% (xn—1 (&) xn(¥))
+ 8 fo d(xn(®xn+1®)+d(xn-1®xn(®) u(® dt

d?(xn(®T(Exn-1(®))+ d*(xn-1®T(Exn(®))
[ d(xn®.T(Exn-1(9))+d(xn-1®.T(Exn(®))
0

+1n u(t) dt

d(xn(®)xn+1(®) d(xn (®) xn+1(®)
Js u(t) dt< af] u(t) dt

+ Bfod(xn(i)rxn+1(z)) u(t) dt

+ 8 fo(d(xn(z>,xn+1(z>)+d(Xn@'Xn-l@))u(t) dt

+n fo(d(xn<s),xn+1(z))+ d(xn(a.xn_l(z)))u(t) gt

(—a—p=5-1) fod(xn(z).xm(z))u(t) dt< (5+m) fod(xn(z).xn_l(z))u(t) dt

fod(xn(z)lxn+1(z)) u(t) dt < 1_O(f%folfl(Xn(E).Xn—l(E)) u(t) dt

8+m

Let py—r—

= qsince0< a +B+y+25+2n<1 impliesthat 0 < q < 1 and that

d(x0(®)xn+1(®) d(%n(®)xn-1(9)
Jy u(t) dt<qf; u(t) dt

Similarly we can write,

d(xn(‘f):xn—l(z)) d(Xn—l(E)‘xn—z(E))
Jy u(t) dt<qf; u(t) dt

That is

fod(xn(‘f).xnﬂ(i)) u(t) dt < qz fod(xn—1(§)-xn—2(§)) u(t) dt

Processing the same way we can write

fod(xn('é),xn+1(§)) u(t) dt < qn fod(Xo(E)'XﬂE)) u(t) dt

Since 0 <q<1 andasn — o we have

fod(xn(g)rxn+1(§))u(t) dt> 0

This gives that

{x,(®)} is adislocated Quasi sequence in the complete dislocated Quasi metric space X. Thus {x,(£)}

dislocated quasi sequence converges to some x(£) since T is continuous we have
T(§ x(®))
Thus

T(Ex®) = x(®)

Thus T has a fixed point.

im0 T(E %0 (®) = limps o X (§) = x(5)

The uniqueness is trivial.

Theorem 1.3.4 Let (X,d) be a dg metric space and let S, T: X — X be continuous mapping satisfying the

following condition.
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Ay, Ty)[1+d(x%,Sx)] Ay, Ty)[1+d(y,Sx)]

fod(Sx,Ty) u (t) dt < « fo 1+d(x,y) u(t) dt + B fo 1+d(x,y) u(t)dt

d(y,Sx)[1+d(x,5%)] d2(y,Ty)+ d2(x,5%)
+y [, Y u(ode + 8 [ O u(ndt

d2(y,Sx)+ d2(x,Ty)

+ fo ASOFAETY) ) () gt 1.3.4(a)

For each x,y € X with non negative reals a,B,v,8 suchthat 0 < 2a+ 2B+ 2y+8 < 1, whereu: R* - R*
is a lesbesgue- integrable mapping which is summable on each compact subset of R*, non negative, and such
that

for each € > 0, foeu(t) dt 1.3.3.4(b)
Then S and T has a unique fixed point z € X and for each x € X, lim,_,,, T"x = z.

Proof: Let {x,} be a sequence of function in X defined as follows

S(E' Xn(z)) = Xn+1(E) and T(E: Xn+1(E)) = Xn+2(§) consider
(% (®, %01 ®) = d(S(E%a-1(®), T(Exa(®))

Implies that

[A©xnO) 1y g = [AERAOITERO) g g

From 3.3.3(a) we have,

d(xn®TExn®))[1+d(xn-1®S(Exn-1(®))|

fod(S(E,xn_l(E)),T(E,Xn(i))) u(t) dt < afo 1+d(xn-1(8)xn(¥®)) u(t) dt

A(xn®T(exn(®))[1+d(y S(Exn-19))]
. 01O ®) u(t) dt

d(xn®S(6xn-1(9))[1+d(xn-1®).5(Exn-1®))|
s on +d(tn_1 ®xn(®) u(t) dt

d2(xn®T(Exn(®))+ 4(xn-1(5(Exn-1(®))
d(xn®.T(Exn(®))+d(xn-1(®S(Exn-1(9))

+8J; u(t) dt
d2(xn(®.5(5xn-1(®) )+ d2(xn-1(OT(Exn(®))
d ,S(&Xn— - LTS,
- (xn(®S(Exn-1(®))+d(xn-1®T(Exn(®)) u(t) dt
43N ®xn 41 ®)[1+d(xn—1® xn(®)]
fod(xn(z),XnH(E))u(t) dt < « fo 1+d(xn-1(®xn®) u(®)
d(xn®xn+1®)[1+d(*n+1(Exn®)]
+ B fo 1+d(xn-1(&)xn(®) u(t) dt

a2 (xn(® xn+1®)+ d? (xn-1()xn(®)
L6 fo d(xn®.xn+1®)+d(xn—1®.xn®) u(t) dt

dZ(Xn(ﬁ)vXn(E))'* dz(xn_1(§).xn+1(§))
d } dxn-1(®,
il Ca®xn®)+dbn-1®xn+1®) oy gt

d(xn(®)xn+1(®) d(xn(® xn+1(®)
N u() dt< af) () dt
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+ Bfod(xn(f)rxn+1(z)) u(t) dt

(Axn®xn+1(®)+ d(xn®xn-1(®))

+ 8 u(t) dt

+n f(d(xn(z).xnﬂ(z)ﬁd(xn(z).xn_l(a))

o u(t) dt

(—a—B—6-m) fod(xn@).xnﬂ(z))u(t) dt< (5+m) fod(xn(z).xn_l(a)u(t) dt

d(xn(®).xn+1(®)) 8+n d(xn (®)xn-1(®))
fO u(t) dt < mfo u(t) dt

8+1

Let PR

= gqsince0< a+B+y+25+2n<1 impliesthat 0 < q <1 and that

d(xn(f)rxn+1(§)) d(Xn(E):Xn—l(E))
Js u®) dt<q/; u(t) dt

Similarly we can write,

d(xn(‘f)zxn—l(a) d(Xn—l(E)‘Xn—Z(E))
Jo u(t) dt<qf; u(t) dt

That is

J‘Od(xn(‘f).xnﬂ(i))u(t) dt < qz fod(xn—1(§)-xn—2(§)) u(t) dt

Processing the same way we can write

fod(xn(‘t’)'Xn"'l(E))U(t) dt < qn fod(Xo(g).Xﬂg)) u(t) dt

Since 0 <q<1 andasn — oo we have

fod(xn(«‘,).Xnﬂ(E))u(t) dt > 0

This gives that

{x,(®)} is adislocated Quasi sequence in the complete dislocated Quasi metric space X. Thus {x,(£)}
dislocated quasi sequence converges to some x(£) since T is continuous we have

S(&x(®) = limy, o S(§Xa(®) = limp_ X, () = x(¥)
and
T(5x(®) = limy o T(Ex0(®) = limy 0 x,(®) = x(5)
Thus
S(Ex®) = TEx®) = x@©
Thus S, T have a common fixed point.

The uniqueness is trivial.
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