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1. Introduction

Atanassov [3] introduced and studied the concept of intuitionistic fuzzy sets as a generalization of fuzzy sets. In
2004, Park [8] defined the notion of intuitionistic fuzzy metric space with the help of continuous t-norms and
continuous t-conorms. Recently, in 2006, Alaca et al.[1] using the idea of intuitionistic fuzzy sets, defined the
notion of intuitionistic fuzzy metric space with the help of continuous t-norm and continuous t-conorms as a
generalization of fuzzy metric space due to Kramosil and Michalek [5]. Further, Alaca et al. [1] proved
Intuitionistic fuzzy Banach and Intuitionisticfuzzy Edelstein contraction theorems, with the different definition
of Cauchy sequences and completeness than the ones given in [8].Popa ([9]-[10]) introduced the idea of implicit
function to prove a common fixed point theorem in metric spaces Singhand Jain [13] further extended the
result of Popa ([9]-[10]) in fuzzy metric spaces. In this paper, we usethe concepts of subcompatibility and
subsequential continuityin Intuitionistic Fuzzy Metric Spaces Using Implicit Relationwhich are respectively
weaker than occasionally weak compatibility and reciprocal continuity. With them, we establish a common fixed
point theorem for four maps.

2 Preliminary Notes

Definition 2.1.[11] A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norms if * is satisfying
conditions:

(i) * is an commutative and associative;

(i) * is continuous;

(iia* 1=aforalla € [0, 1];

(iv)a®* b<c*dwhenevera<candb<d, anda, b, c,d € [0, 1].

Definition 2.2.[11] A binary operation() :[0, 1] x [0, 1] — [0, 1] is a continuous t —conormif it satisfies the
following conditions:

@) O is commutative and associative;

(b) Q is continuous;

(c)a®0=aforallac [0, 1]

(d) a®b=cOdwhenevera<candb<d, foreacha,b,c,d € [0, 1].

Definition 2.3.[1] A 5-tuple (X, M, N, * ,{ ) is said to be an intuitionistic fuzzy metric space (shortly IFM-

Space) if X is an arbitrary set, * is a continuous t-norm, { is a continuous t-conorm and M, N are fuzzy sets on
X2 % (0, 00) satisfying the following conditions: forall x, y ,z € X and s, t > 0;
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(IFM-1) M(x, v, ) * N (x, y, ) < 1

(IFM-2) M(x, y, 0) =0 for all x, y in X

(IFM-3) M(x, y,t) =1 forall x,yin Xandt>0ifand only ifx =y
(IFM-4) M(x, y, t) = M(y, x, t), forall X, yin X and t >0

(IFM-5) M(X, y, t) * M (y, z,8) <M(X, z, t + )

(IFM-6) M(X, v, .): [0, 90 )—[0, 1] is left continuous

(IFM-7) lim M (x, y, t) =1, forall x, y in X and t > 0,
t—ow

(IFM-8) N(x, y, 0) = 1 for all x, y in X

(IFM-9) N(x, y,t) =0 forall x,yin Xandt >0 ifand only if x =y
(IFM-10) N(x, y, t) = N(y, x, t), forall x, y in X and t > 0
(IFM-11) N(x, ¥, t) ON(y, 2 8) >N (x,z t +s)

(IFM-12) N(X, Y, .): [0, 90 )—[0, 1] is right continuous

(IFM-13) lim N(x, y, t) = 0, forall x, y in X and t > 0
t—owo
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (X, y, t) and N(X, y, t) denote the

degree of nearness and degree of non-nearness between x and y with respect to t, respectively.

Remark 2.4. Every fuzzy metric space (X, M, * ) is an intuitionistic fuzzy metric space of the form (X, M, 1 -
M, *, Q) such that t- norm * and t-conorm { are associated that is,

xQy=1-((1-x) * (1-y)) forallx,y E X.

Example 2.5. Let (X,d) be a metric space. Define t -norm a* b = min {a,b} and t — conorm a’ b = max {a,b}
and for all x,y € Xand t > 0.

t
t+d(x,y)

axy)

Mq(x.y.0) = t+d(x,y)

y Nd(levt):

Then (X, M, N, * 0 ) is an IFM — space and theintuitionistic fuzzy metric space (M, N)induced by the metric d
isoften referred to as the standard intuitionistic fuzzy metric.

Remark 2.6.[1] In intuitionistic fuzzy metric space (X, M, N, *, ), M(x, y, ) is non -decreasing and N(x, v, )
is non-increasing for all x, y in X.

Definition 2.7.[1] Let (X, M, N, * K¢ ) be an intuitionistic fuzzy metric space. Then

(a) a sequence {x,} in X is said to be Cauchy sequence if, forallt >0and p >0,

Iim M (Xn+p, Xn, t) = 1 and Iim N (Xn+p, Xnl t) = O
N—c0 n—o0

(b) a sequence {x,} in X is said to be convergent to a point x & X if, for all t > 0,

|imM(xn, x,t)=1and lim N (X, X, t) =0
n—o0 N—o

() (X, M, N, * O )is said to be complete if and only if every Cauchy sequence in X is

Convergent.
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Example 2.8. Let X ={l/n:n=1,2,3 ...} \U{0}and let * be the continuous t-norm and © be the continuous

t-conorm defined by a* b =a b and a® b = min. {1, a+b} respectively, for all a, b € [0, 1]. For each t € (0,
00) and x, y in X, define (M, N) by

lx—yI
and N(x, y, t) = { t+ |x-y|’ t>0

1, t=0

t>0

t
M(x, y, t) = {t+ lx=yl’
0, t=0

Clearly, (X, M, N, *,0 ) is complete intuitionistic fuzzy metric space.
The following definition of weakly commuting mappings in intuitionistic fuzzy metric
space is given on the lines of Sessa [12].

Definition 2.9[12]. Let A and S be maps from an intuitionistic fuzzy metric space

(X, M, N, * O )into itself. The maps A and S are said to be weakly commuting if

M (ASz, SAz, t) > M (Az, Sz, t), and N (ASz, SAz, t) <N (Az, Sz, t) forallz € Xandt>0
Definition 2.10[14]. Let A and S be maps from an IFM-space (X, M, N, * K¢ ) into itself.

The maps A and S are said to be compatible if for all t >0,

lim m (ASXn,SAXy, 1) = 1 and r!im N (ASx,,SAX,, t) = 0,whenever { x, } is asequence in X such that lim
—>0

N—o0 N—o0

AX,= lim Sx,= zfor some z € X.
N—o0

Definition 2.11[6]: Two mappings A and S of a IFM space (X, M, N, * 0 ) will be called reciprocally
continuous if ASu,—Az and SAu,—Sz ,whenever {u , } is a sequence such that Au, , Su,— z for some z in X .

If A and S are both continuous, then they are obviously reciprocally continuous butconverse is not true.
Moreover, in the setting of common fixed point theorems for compatible pair of mappings satisfying contractive
conditions, continuity of one of the mappings A and S implies their reciprocal continuity but not conversely.

Definition 2.12. Let (X, M, N, *, 0) be a intuitionistic fuzzy metric space. A and S be selfmaps on X. A point x
in X is called a coincidence point of A and S iff Ax = Sx. In thiscase, w = Ax = Sx is called a point of
coincidence of A and S.

Definition 2.13. A pair of self mappings (A, S) of alFM space(X, M, N, *, 0)is said to be weakly compatible if
they commute at the coincidence pointsi.e., if Au = Su for some u in X, then ASu = SAu.

It is easy to see that two compatible maps are weakly compatible but converse is not true.

Definition 2.14[2]. Two self mappings A and S of a IFM space(X, M, N, *, 0) are said to be occasionally weakly
compatible (owc) iff there is a point xin X which is coincidence point of A and S at which A and S commute. In
this paper, we weaken the above notion by introducing a new concept calledsubcompatibility just as defined by
H. Bouhadjera[4] in metric space, as follows:

Definition 2.15. Let (X, M, N,*,0) be a intuitionistic fuzzy metric space. Self maps Aand S on X are said to be
subcompatibleiff there exists a sequence {x,} in X such that

lim AX,= lim Sx,=zfor somez € X and satisfy
n—o0 Nn—o0

lim M (ASx,,SAX,, t) = 1 and rI]im N (ASXn,SAXn, t) = 0.
—0

N—o0

Obviously, two owc maps are subcompatible, however the converse is not true in general.
The example below shows that there exist subcompatible maps which are not owc

Example 2.16.Let X € [0, w0). For eacht € (0, ) and x, y € X, define (M, N) by
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t lx—yl
—, t>0 ,
M(x, y, t) = {t+ lx—yl and N, y, t) = { t+ =yl t>0
0, t=0 1, t=0

Define A and S as follows:

x+2ifx€[0,4] U (9,)

A(X) = X2, S(X) = { x+ 12 ifx € (4,9]

Let {x,} be a sequence in X defined by x, = 2 +% forn=1,2,3....

Then limM Ax,= lim sx,= 4, 4 € X and
Nn—o0

N—o0

ASx,— 16, SAx, — 16

When n—oo. Thus, [IM M (ASX,,SAx,, t) =1 and lIM N (ASx,,SAX,, t)=0.
n—»o0 N—o0

i.e. Aand S are subcompatible. On the other hand, we have
Ax = Sxiff x =2 and AS (2) # SA (2), hence A and S are not owc.

Now, our second objective is to introduce subsequential continuity in intuitionistic fuzzymetric space which
weakens the concept of reciprocal continuity which was introduced byPant [8] just as introduced by H.
Bouhadjera[4] in metric space, as follows:

Definition 2.17.Let (X, M, N,*, 0) be a intuitionistic fuzzy metric space. Self maps A andS on X are said to be
subsequentially continuous iff there exist a sequence {x,} in X suchthat

lim AX,= lim Sx,=t for some t € X and satisfy lim ASX, = At, lim SAX, = St.
N—o0 n—o0

N—o0 n—o0

Clearly, if A and S are continuous or reciprocally continuous then they are obviouslysubsequentially continuous.
The next example shows that there exist subsequentialcontinuous pairs of maps which are neither continuous nor
reciprocally continuous.

Example 2.18.Let X € [0, ). For eacht &€ (0, ) and x, y € X, define (M, N) by

lx=yI
t>0
and N(x, y, t) = { t+ lx-y|’ t>0

1, t=0

t
M(x, y, t) = {H lx=yl’
0, t=20

Define A and S as follows:

( 1+xifx €[0,1] _(1—-xifx€[0,1)
A0, ] ifxe Loy ST bsx > ifx € [1,00).

Clearly A and S are discontinuous at x = 1.

Let {x,} be a sequence in X defined by x, = % forn=1,2,3...
Then, lim AX= lim Sx,=1,1 € X and
N—o0 N—o0

ASx,— 2 = A (1), SAX,— 1 =S (1) when n—oo, therefore,A and S are subsequentialcontinuous.
Now, let {x,} be a sequence in X defined by x, =1 + % forn=1,2,3...

Then, lim AX,= lim Sx,=1,1 € X and
n—oo N—o0

ASX,— 1 #2 = A (1) when n—o, so A and S are not reciprocally continuous.
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Lemma 2.19.Let {u,} be a sequence in an intuitionistic fuzzy metric space(X, M, N,*, 0).
If there exists a constant k & (0, 1) such that

M(Up, Uns+1, Kt) > M(up.1,Un,t)and N(Up, Upst, kt) < N(upq,Up)forallt>0andn=1,2,3.....

Then {u,} is a Cauchy sequence in X.

3. Implicit Relation
Let M, be the setof all real continuous functions @, ¥:[0, 1]°* - R, non-decreasing in the first argument and
satisfyingthe following conditions:

A (uul)=20=>u=>1

B. Y(u,u,0)<0=>u<0forallu
4. Main Result
Now, we prove ours main theorem using definition of subcompatible and subsequential
continuous maps as follows:
Theorem 4.1. Let A, B, Sand T be four self maps of a Intuitionistic fuzzy metric space
(X, M, N,*, 0) with continuous t-norm * and continuous t-conorm ¢ defined by t*t > tand
(1-t)0 (1-t) < (1-t) for all te [0, 1]. If the pairs (A, S) and (B, T) are subcompatible and
subsequentially continuous, then
(a) A and S have a coincidence point.
(b) B and T have a coincidence point.

(c) For some @,% € M, and for all x, y € X and every t > 0.

aM(Ax,By,t) + bM(Sx, By,t) cM(Sx,Ty,t) + dM(Ty, Ax,t)

1]

a+b c+d ’
>
@ M(Sx,Ax,t) + M(Ty, By, t) =0
2
aN(Ax,By,t) + bN(Sx,By,t) cN(Sx,Ty,t) + dN(Ty, Ax,t)
a+b ’ c+d ’
<
v N(Sx,Ax,t) + N(Ty,By,t) <0

2

Then A, B, S, T have a unique common fixed point.
Where a and b or (cand d) can not be simultaneously zero.

Proof: Since the pair (A, S) and (B, T) are aresubcompatible and subsequentially continuous, then, there exists
two sequences {x,} and {y,} in X such that

lim AX,= lim Sx,= z, z € X and satisfy
Nn—o0

N—o0

liIMm M (ASx,,SAX, t) = M(Az, Sz, t) = 1 and rI]im N (ASX,,SAX, t) = N(Az, Sz,t) =0.
—>®0

N—o0

lim By,= lim Ty,=z', z’ € X and satisfy

N—o0 N—o0

lim M (BTy,, TBy,, t) = M(Bz’, Tz, t) =1 and liM N (BTy, By, t)=N(Bz’, Tz',t) =0.
N—o0 N—o0

Therefore, Az =Sz and Bz'= Tz’; that is, z is a coincidence point of Aand S and z' isa

coincidence pointof Band T.
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Now, we prove z = z'.

Put X = x, and y =y, in inequality (c), we get

aM(Ax,, ,By,,t) + bM(Sx,, By,,t) cM(Sx,, Ty, t) + dM(Ty,, Ax,,t)

o a+b c+d >0
M(an,Axn, t) + M(Tyn! Byn! t) B

2

taking the limitas n — oo yields

(aM(z, Z,t) + bM(z,2',t) cM(z,z',t) + dM(Z,z,t) \

a+b ’ c+d ’}>
Q{ M(z,z,t) + M(Z',Z,t) =0

\ 2 )

G{M(z,2',t),M(z,2',t),1} =0

aN (Ax,, By, t) + bN(Sx,, By, t) cN(Sx,, Ty, t) + dN(Ty,, Ax,, t)

a+b c+d
<
v N(Sx,, A%y, £) + N(Tyr, By, £) =0

2

a+b ’ c+d
N(z,z,t)+ N(z',7Z,t)

| s )

aN(z,z',t) + bN(z,Zz',t) cN(z,z',t) + dN(Z', z,t)

Y{N(z,z,t),N(zz,t),0} <0

Inviewof @, ¥ we getz =2

Again, we claim that Az = z.

Put x =z and y =y, in inequality (c), we get

aM(Az,Byy,,t) + bM(Sz,By,,t) cM(Sz, Ty, t) + dM(Ty,, Az,t)

o a+b ' c+d
M(Sz, Az, t) + M(Typn, Byn, t) B

2

a+b ’ c+d
M(Az, Az, t) + M(Z,Z',t)

| . )

O{M(Az,z',t),M(Az,z',t),1} = 0

aM(Az,z',t) + bM(Az,Z',t) cM(Az,z',t) + dM(Z', Az, t)
®! l>0

aN(Az,By,,t) + bN(Sz,By,,t) cN(Sz,Ty,,t) + dN(Ty,, Az,t)

a+b ’ c+d
<
¥ N(Sz,Az,t) + N(Ty,, By,, t) =0

2
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HSTE

aN(Az,z',t) + bN(Az, z',t) c¢N(Az z',t) + dN(Z', Az, t)
c+d

1] ’

W a+b

<
N(Az,Az,t) + N(Z',z',t) =0
2
Y{N(Az, z',t),N(Az,2,t),0} <0
Inview of @, Y we get Az=z'=z
Again, we claim that Bz = z.
Putx =z and y = z in inequality (c), we get
aM(Az,Bz,t) + bM(Sz,Bz,t) cM(Sz,Tz,t) + dM(Tz, Az, t)
a+b ’ c+d ’
>
@ M(Sz, Az, t) + M(Tz,Bz,t) =0
2
aM(z,Bz,t) + bM(z,Bz,t) cM(z,Bz,t) + dM(Bz, z,t)
a+b ’ c+d ’
>
0 M(z,z,t) + M(Bz,Bz,t) =0
2
@{M(z,Bz,t),M(z,Bz,t),1} =0
aN(Az,Bz,t) + bN(Sz,Bz,t) cN(Sz,Tz,t) + dN(Tz, Az,t)
a+b ’ c+d ’
<
v N(Sz,Az,t) + N(Tz, Bz,t) <0
2
aN(z,Bz,t) + bN(z,Bz,t) cN(z Bz,t) + dN(Bz,z,t)
a+b ’ c+d ’
<
v N(z,z,t) + N(Bz,Bz,t) <0
2
Y{N(z,Bzt),N(z Bzt),0} <0
In view of @, ¥ we getz=Bz=Tz
Therefore, z= Az = Bz = Sz = Tz, that is z is common fixed point of A, B, Sand T.
For Uniqueness: Suppose that there exist another fixed point w of A, B, Sand T.
By condition (c), take x = z, y = w, we have
aM(Az, Bw,t) + bM(Sz, Bw,t) cM(Sz,Tw,t) + dM(Tw, Az, t)
a+b ’ c+d s
@ M(Sz, Az, t) + M(Tw, Bw,t) 20
2
aM(z,w,t) + bM(z,w,t) cM(z,w,t) + dM(w, z,t)
a+b ’ c+d ’
>
0 M(z,2,6) + M(w,w,t) =0

2
B{M(z,w,t),M(z,w,t),1} =0
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aN(Az,Bw,t) + bN(Sz, Bw,t) ¢N(Sz,Tw,t) + dN(Tw, Az, t)

a+b c+d
<
¥ N(Sz,Az,t) + N(Tw,Bw,t) <0

2

aN(z,w,t) + bN(z,w,t) cN(z,w,t) +dN(w,z,t)

’

’

a+b c+d
<
v N(z,z,t) + N(w,w,t) <0

2

Y{N(z,w,t),N(z,w,t),0} <0

In view of @, ¥ we get z = w.Therefore, uniqueness follows.

If we put S=T, in Theorem 4.1, we get the following result:

Corollary 4.2.Let A, B and S be threeself maps of a Intuitionistic fuzzy metric space

(X, M, N,*, 0) with continuous t-norm * and continuous t-conorm ¢ defined by t*t > tand
(1-t)0 (1-t) < (1-t) for all t € [0, 1]. If the pairs (A, S) and (B, S) are subcompatible and
subsequentially continuous, then

(a) A and S have a coincidence point.

(b) B and S have a coincidence point.

(c) For some @,% € M, and for all x, y € X and every t > 0.

aM(Ax,By,t) + bM(Sx, By,t) cM(Sx,Sy,t) + dM(Sy, Ax,t)

’ )

a+b c+d
>
@ M(Sx,Ax,t) + M(Sy,By,t) =0
2
aN(Ax,By,t) + bN(Sx,By,t) cN(Sx,Sy,t) + dN(Sy, Ax,t)
a+b ’ c+d o
v N(Sx, Ax,t) + N(Sy, By, ¢) =0
2

Then A, B, S have a unique common fixed point.

Where a and b or (cand d) can not be simultaneously zero.
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