
Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.6, No.4, 2016 

 

53 

Some Fixed Point Results in b-Metric Spaces 

Rajesh Shrivastava 
1
, Manish Sharma

2
, Mahesh Tiwari 

3
 

1
Professor, Department of Mathematics,  

Institute for Excellence in Higher Education, Kolar Road Bhopal, M.P., India 
2
Department of Mathematics, 

Truba Institute of Engg. and Information Technology Bhopal, M.P., India 
3
Research scholar  Mathematics, AISECT University , Bhopal 
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2. Introduction & Preliminaries  

In 1993, The concept of b-metric space was introduced by Czerwik [5]. Using this idea, he presented a 

generalization of the renowned Banach fixed point theorem in the b-metric spaces (see [6,7,8]) Many researches 

Aydi[1], chugh[9], Mehmet  [11] and Rao[12] studied the extension of fixed point theorems in b-metric space. 

Before starting the main results first we are giving some basic concepts. 

Definition 2.1[5]: If 𝑋 is a non-empty set and let  𝑠 ≥ 1 be a given real number. A function 𝑑: 𝑋 × 𝑋 → ℝ+, is 

called a b-metric if the following conditions are satisfied: 

(i) 𝑑(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦, 
(ii) 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥), 
(iii) 𝑑(𝑥, 𝑧) ≤ 𝑠. [𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧)]. for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 

The pair (𝑋, 𝑑) is called b-metric spaces. It is clear that definition of  b-metric space is a extension of usual 

metric space. 

Definition 2.2[5]: Let (𝑋, 𝑑) be a b-metric space. Then a sequence {𝑥𝑛} in 𝑋 is called a Cauchy sequence if and 

only if for all 𝜀 > 0 there exists 𝑛(𝜀) ∈ ℕ such that for each 𝑚, 𝑛 ≥ 𝑛(𝜀) we have 𝑑(𝑥𝑛 , 𝑥𝑚) < 𝜀. 

Definition 2.3[5]: Let (𝑋, 𝑑) be a b-metric space. Then a sequence {𝑥𝑛} in 𝑋 is called a convergent sequence if 

and only if there exist 𝑥 ∈ 𝑋  such that for all there exists 𝑛(𝜀) ∈ ℕ  such that for each 𝑛 ≥ 𝑛(𝜀)  we have 

𝑑(𝑥𝑛, 𝑥) < 𝜀. In this case write lim𝑛→∞ 𝑥𝑛 = 𝑥. 

Definition 2.4[5]: The b-metric is complete if every Cauchy Sequence converges. 

3. Main Result 

Theorem 3.1: Let (𝑋, 𝑑) be a complete b-metric space with metric 𝑑 and let 𝑇: 𝑋 → 𝑋 be a function with the 

following property 

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝑎1
max{𝑑2(𝑥,𝑦),𝑑2(𝑥,𝑇𝑥),𝑑2(𝑦,𝑇𝑦)}

𝑑(𝑥,𝑇𝑥)+𝑑(𝑥,𝑇𝑦)
   

               +𝑎2
max{d(x,Tx)𝑑(𝑦,𝑇𝑥),d(x,Ty)𝑑(𝑦,𝑇𝑦)}

𝑑(𝑥,𝑇𝑥)+𝑑(𝑥,𝑇𝑦)
  

               +𝑎3
𝑑(𝑥,𝑇𝑦)𝑑(𝑦,𝑇𝑥)

𝑑(𝑥,𝑇𝑥)+𝑑(𝑥,𝑇𝑦)
           … (3.1.1) 

For all 𝑥, 𝑦 ∈ 𝑋 where 𝑎1, 𝑎2, 𝑎3 are non-negative real number and satisfy         

     𝑎1 + 2𝑠𝑎2 < 1 & 𝑠(𝑎1 + 𝑎2) < 1  for 𝑠 ≥ 1 Then 𝑇 has a unique fixed point. 

Proof: Let 𝑥0 ∈ 𝑋 and {𝑥𝑛} be a sequence in 𝑋, such that  

              𝑥𝑛 = 𝑇𝑥𝑛−1 = 𝑇
𝑛𝑥0   
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 Now   

𝑑(𝑥𝑛+1, 𝑥𝑛) = 𝑑(𝑇𝑥𝑛, 𝑇𝑥𝑛−1)  

                 ≤ 𝑎1

max{
𝑑2(𝑥𝑛,𝑥𝑛−1),𝑑

2(𝑥𝑛 ,𝑇𝑥𝑛),

𝑑2(𝑥𝑛−1,𝑇𝑥𝑛−1)
}

𝑑(𝑥𝑛,𝑇𝑥𝑛)+𝑑(𝑥𝑛,𝑇𝑥𝑛−1)
 

                   +𝑎2
max{

d(𝑥𝑛,T𝑥𝑛)𝑑(𝑥𝑛−1,𝑇𝑥𝑛),
d(𝑥𝑛,T𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)

}

𝑑(𝑥𝑛 ,𝑇𝑥𝑛)+𝑑(𝑥𝑛 ,𝑇𝑥𝑛−1)
  

                   +𝑎3
𝑑(𝑥𝑛,𝑇𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑇𝑥𝑛)

𝑑(𝑥𝑛 ,𝑇𝑥𝑛)+𝑑(𝑥𝑛,𝑇𝑥𝑛−1)
   

                 ≤ 𝑎1

max{
𝑑2(𝑥𝑛,𝑥𝑛−1),𝑑

2(𝑥𝑛 ,𝑥𝑛+1),

𝑑2(𝑥𝑛−1,𝑥𝑛)
}

𝑑(𝑥𝑛 ,𝑥𝑛+1)+𝑑(𝑥𝑛,𝑥𝑛)
  

                   +𝑎2
max{

d(𝑥𝑛,𝑥𝑛+1)𝑑(𝑥𝑛−1,𝑥𝑛+1),

d(𝑥𝑛,𝑥𝑛)𝑑(𝑥𝑛−1,𝑥𝑛)
}

𝑑(𝑥𝑛,𝑥𝑛+1)+𝑑(𝑥𝑛,𝑥𝑛)
   

                   +𝑎3
𝑑(𝑥𝑛,𝑥𝑛)𝑑(𝑥𝑛−1,𝑥𝑛+1)

𝑑(𝑥𝑛 ,𝑥𝑛+1)+𝑑(𝑥𝑛,𝑥𝑛)
    

                ≤ 𝑎1
max{𝑑2(𝑥𝑛,𝑥𝑛−1),𝑑

2(𝑥𝑛,𝑥𝑛+1)}

𝑑(𝑥𝑛,𝑥𝑛+1)
  

                   +𝑎2
max{d(𝑥𝑛,𝑥𝑛+1)𝑑(𝑥𝑛−1,𝑥𝑛+1),0}

𝑑(𝑥𝑛,𝑥𝑛+1)
  

⇒ 𝑑(𝑥𝑛+1, 𝑥𝑛). 𝑑(𝑥𝑛+1, 𝑥𝑛)  

        ≤ 𝑎1max{𝑑
2(𝑥𝑛 , 𝑥𝑛−1), 𝑑

2(𝑥𝑛 , 𝑥𝑛+1)}  

          +𝑎2d(𝑥𝑛 , 𝑥𝑛+1)𝑑(𝑥𝑛−1, 𝑥𝑛+1)  

       ≤ 𝑎1max{𝑑
2(𝑥𝑛 , 𝑥𝑛−1), 𝑑

2(𝑥𝑛 , 𝑥𝑛+1)}  

          +𝑎2d(𝑥𝑛 , 𝑥𝑛+1)𝑠 [
𝑑(𝑥𝑛−1, 𝑥𝑛)

+𝑑(𝑥𝑛 , 𝑥𝑛+1)
]   

If 𝑑(𝑥𝑛 , 𝑥𝑛+1) ≥ 𝑑(𝑥𝑛, 𝑥𝑛−1) then we have 

𝑑2(𝑥𝑛 , 𝑥𝑛+1) ≤ (𝑎1 + 2𝑠𝑎2)𝑑
2(𝑥𝑛 , 𝑥𝑛+1)  

This is a contradiction. Thus 

     𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ 𝑘𝑑(𝑥𝑛−1, 𝑥𝑛)  

                     Where 𝑘 = √(𝑎1 + 2𝑠𝑎2) < 1  

Continuing this process 𝑛  times we can easily  

     𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ 𝑘𝑛𝑑(𝑥0, 𝑥1)  

This implies that 𝑇 is a contraction mapping. 

Now, it is to show that {𝑥𝑛} is a Cauchy sequence in 𝑋. 

Let 𝑚, 𝑛 > 0, with 𝑚 > 𝑛 

𝑑(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑚)]  

              ≤ 𝑠𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑠
2𝑑(𝑥𝑛+1, 𝑥𝑛+2)  
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                  +𝑠3𝑑(𝑥𝑛+2, 𝑥𝑛+3) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1) + 𝑠
2𝑘𝑛+1𝑑(𝑥0, 𝑥1) 

                  +𝑠3𝑘𝑛+2𝑑(𝑥0, 𝑥1) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1)[1 + (𝑠𝑘) + (𝑠𝑘)
2 

                 +(𝑠𝑘)3 +⋯… ]  

              ≤
𝑠𝑘𝑛

1−𝑠𝑘
𝑑(𝑥0, 𝑥1)  

 Taking limit 𝑛 → ∞ we get 

                 lim𝑛→∞ 𝑑(𝑥𝑛 , 𝑥𝑚) = 0  

Therefore {𝑥𝑛} is a Cauchy sequence in 𝑋 is complete, we consider that {𝑥𝑛} converses to 𝑥∗. 

Now, we show that  𝑥∗ is fixed point of 𝑇. 

We have  

𝑑(𝑥∗, 𝑇𝑥∗) ≤ 𝑠[𝑑(𝑥∗, 𝑥𝑛) + 𝑑(𝑥𝑛 , 𝑇𝑥
∗)]  

                   ≤ 𝑠[𝑑(𝑥∗, 𝑥𝑛) + 𝑑(𝑇𝑥𝑛−1, 𝑇𝑥
∗)]  

                   ≤ 𝑠[𝑑(𝑥∗, 𝑥𝑛) + 𝑑(𝑇𝑥
∗, 𝑇𝑥𝑛−1)]  

          ≤ 𝑠

[
 
 
 
 
 
 
 

𝑑(𝑥∗, 𝑥𝑛)

+𝑎1

max{
𝑑2(𝑥∗,𝑥𝑛−1),𝑑

2(𝑥∗,𝑇𝑥∗),

𝑑2(𝑥𝑛−1,𝑇𝑥𝑛−1)
}

𝑑(𝑥∗,𝑇𝑥∗)+𝑑(𝑥∗,𝑇𝑥𝑛−1)

+𝑎2
max{

d(𝑥∗,T𝑥∗)𝑑(𝑥𝑛−1,𝑇𝑥
∗),

d(𝑥∗,T𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)
}

𝑑(𝑥∗,𝑇𝑥∗)+𝑑(𝑥∗,𝑇𝑥𝑛−1)

+𝑎3
𝑑(𝑥∗,𝑇𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑇𝑥

∗)

𝑑(𝑥∗,𝑇𝑥∗)+𝑑(𝑥∗,𝑇𝑥𝑛−1)
  ]

 
 
 
 
 
 
 

    

Taking 𝑛 → ∞, we get 

⇒ [1 − 𝑠(𝑎1 + 𝑎2)]𝑑(𝑥
∗, 𝑇𝑥∗) ≤ 0  

Which is contraction. 

⇒ 𝑑(𝑥∗, 𝑇𝑥∗) = 0 ⇒ 𝑇𝑥∗ = 𝑥∗  

⇒ 𝑥∗ is the fixed point of  𝑇. 

Uniqueness: Let 𝑦0 and 𝑧0 be two fixed point of 𝑇 such that 𝑦0  ≠ 𝑧0. 

Putting 𝑥 = 𝑦0 and 𝑦 = 𝑧0 in (3.1.1) we have 

𝑑(𝑦0, 𝑧0) = 𝑑(𝑇𝑦0 , 𝑇𝑧0)  

    ≤ 𝑎1
max{𝑑2(𝑦0,𝑧0),𝑑

2(𝑦0,𝑇𝑦0),𝑑
2(𝑧0,𝑇𝑧0)}

𝑑(𝑦0,𝑇𝑦0)+𝑑(𝑦0,𝑇𝑧0)
  

    +𝑎2
max{d(𝑦0,T𝑦0)𝑑(𝑧0,𝑇𝑦0),d(𝑦0,T𝑧0)𝑑(𝑧0,𝑇𝑧0)}

𝑑(𝑦0,𝑇𝑦0)+𝑑(𝑦0,𝑇𝑧0)
    

              +𝑎3
𝑑(𝑦0,𝑇𝑧0)𝑑(𝑧0,𝑇𝑦0)

𝑑(𝑦0,𝑇𝑦0)+𝑑(𝑦0,𝑇𝑧0)
  

𝑑(𝑦0, 𝑧0) ≤ (𝑎1 + 𝑎3)𝑑(𝑦0, 𝑧0)  
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[1 − (𝑎1 + 𝑎3)]𝑑(𝑦0 , 𝑧0) ≤ 0  

This is a contraction. 

𝑑(𝑦0, 𝑧0) = 0 ⟹ 𝑦0 = 𝑧0. 

Hence the fixed point of 𝑇 is unique. 

Theorem 3.2: let 𝑋  be a complete b-metric space and 𝐴  be a self map of 𝑋. The mapping 𝐴  satisfying the 

following condition: 

𝑑(𝐴𝑥, 𝐴𝑦)  

≤

[
 
 
 
 

𝛼𝑑(𝑥, 𝐴𝑥). 𝑑(𝑦, 𝐴𝑦)

𝛽max

{
 

 
𝑑(𝑥, 𝐴𝑥). 𝑑(𝑦, 𝐴𝑦),

𝑑(𝑥, 𝐴𝑥). 𝑑(𝑦, 𝐴𝑥),

𝑑(𝑥, 𝐴𝑦). 𝑑(𝑦, 𝐴𝑦),

𝑑(𝑥, 𝐴𝑦). 𝑑(𝑦, 𝐴𝑥)}
 

 

]
 
 
 
 
1/2

  (3.2.1) 

                                               For all 𝑥, 𝑦 ∈ 𝑋  

Where 𝛼, 𝛽 are non negative real numbers 𝛼 + 2𝑠𝛽 < 1 and 𝑠2𝛽 < 1 for 𝑠 ≥ 1. 

Then A has a unique fixed point.  

   

Proof: Let 𝑥0 ∈ 𝑋 and {𝑥𝑛} be a sequence in 𝑋, such that  

              𝑥𝑛 = 𝐴𝑥𝑛−1 = 𝐴
𝑛𝑥0   

 Now  𝑑(𝑥𝑛 , 𝑥𝑛+1) = 𝑑(𝐴𝑥𝑛−1, 𝐴𝑥𝑛)  

≤

[
 
 
 
 

𝛼𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑥𝑛 , 𝐴𝑥𝑛)

+𝛽max

{
 

 
𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑥𝑛, 𝐴𝑥𝑛),

𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑥𝑛 , 𝐴𝑥𝑛−1),

𝑑(𝑥𝑛−1, 𝐴𝑥𝑛). 𝑑(𝑥𝑛 , 𝐴𝑥𝑛),

𝑑(𝑥𝑛−1, 𝐴𝑥𝑛). 𝑑(𝑥𝑛 , 𝐴𝑥𝑛−1) }
 

 

]
 
 
 
 
1/2

  

 

≤

[
 
 
 
 

𝛼𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛 , 𝑥𝑛+1)

+𝛽max

{
 

 
𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛 , 𝑥𝑛+1),

𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛 , 𝑥𝑛),

𝑑(𝑥𝑛−1, 𝑥𝑛+1). 𝑑(𝑥𝑛 , 𝑥𝑛+1),

𝑑(𝑥𝑛−1, 𝑥𝑛+1). 𝑑(𝑥𝑛, 𝑥𝑛) }
 

 

]
 
 
 
 
1/2

 

  

 

 ≤

[
 
 
 
 

𝛼𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛 , 𝑥𝑛+1)

+𝛽max{

𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑥𝑛 , 𝑥𝑛+1),
 0,

𝑑(𝑥𝑛−1, 𝑥𝑛+1)𝑑(𝑥𝑛 , 𝑥𝑛+1),
0

}

]
 
 
 
 
1/2

  

 

⇒ [𝑑(𝑥𝑛 , 𝑥𝑛+1)]
2  

               ≤ 𝑑(𝑥𝑛, 𝑥𝑛+1) [
𝛼𝑑(𝑥𝑛−1, 𝑥𝑛)

+𝛽𝑑(𝑥𝑛−1, 𝑥𝑛+1)
] 

⇒ 𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ [
𝛼𝑑(𝑥𝑛−1, 𝑥𝑛)

+𝛽𝑑(𝑥𝑛−1, 𝑥𝑛+1)
]  

                

           ≤ [
𝛼𝑑(𝑥𝑛−1, 𝑥𝑛)

+𝛽𝑠{𝑑(𝑥𝑛−1, 𝑥𝑛) + 𝑑(𝑥𝑛 , 𝑥𝑛+1)}
]  

 

⇒ 𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤
𝛼+𝛽𝑠

1−𝛽𝑠
𝑑(𝑥𝑛−1, 𝑥𝑛)  

⇒ 𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ 𝑘𝑑(𝑥𝑛−1, 𝑥𝑛)  

                                     Where 𝑘 =
𝛼+𝛽𝑠

1−𝛽𝑠
< 1. 
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Similarly,  

⇒ 𝑑(𝑥𝑛−1, 𝑥𝑛) ≤ 𝑘𝑑(𝑥𝑛−2, 𝑥𝑛−1)  
Continue this process 𝑛 times, we get  

⇒ 𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ 𝑘𝑛𝑑(𝑥0, 𝑥1)  
This implies that 𝑇 is a contraction mapping. 

Now, it is to show that {𝑥𝑛} is a Cauchy sequence in 𝑋. 

Let 𝑚, 𝑛 > 0, with 𝑚 > 𝑛 

𝑑(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑚)]  

              ≤ 𝑠𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑠
2𝑑(𝑥𝑛+1, 𝑥𝑛+2)  

                  +𝑠3𝑑(𝑥𝑛+2, 𝑥𝑛+3) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1) + 𝑠
2𝑘𝑛+1𝑑(𝑥0, 𝑥1) 

                  +𝑠3𝑘𝑛+2𝑑(𝑥0, 𝑥1) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1)[1 + (𝑠𝑘) + (𝑠𝑘)
2 

                 +(𝑠𝑘)3 +⋯… ]  

              ≤
𝑠𝑘𝑛

1−𝑠𝑘
𝑑(𝑥0, 𝑥1)  

Taking limit 𝑛 → ∞ we get 

                 lim𝑛→∞ 𝑑(𝑥𝑛 , 𝑥𝑚) = 0   

Therefore {𝑥𝑛} is a Cauchy sequence in 𝑋 is complete, we consider that {𝑥𝑛} converses to 𝑢. 

Now, we show that 𝑢 is fixed point of 𝐴. 

We have  

𝑑(𝑢, 𝐴𝑢) ≤ 𝑠[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝐴𝑢)]  

                   ≤ 𝑠[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝐴𝑥𝑛−1, 𝐴𝑢)]  

≤ 𝑠

[
 
 
 
 
 
 

𝑑(𝑢, 𝑥𝑛)

+

[
 
 
 
 

𝛼𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑢, 𝐴𝑢)

+𝛽max

{
 

 
𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑢, 𝐴𝑢),

𝑑(𝑥𝑛−1, 𝐴𝑥𝑛−1). 𝑑(𝑢, 𝐴𝑥𝑛−1),

𝑑(𝑥𝑛−1, 𝐴𝑢). 𝑑(𝑢, 𝐴𝑢),

𝑑(𝑥𝑛−1, 𝐴𝑢). 𝑑(𝑢, 𝐴𝑥𝑛−1) }
 

 

]
 
 
 
 
1/2

]
 
 
 
 
 
 

  

 

≤ 𝑠

[
 
 
 
 
 
 

𝑑(𝑢, 𝑥𝑛)

+

[
 
 
 
 

𝛼𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑢, 𝐴𝑢)

+𝛽max

{
 

 
𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑢, 𝐴𝑢),

𝑑(𝑥𝑛−1, 𝑥𝑛). 𝑑(𝑢, 𝑥𝑛),

𝑑(𝑥𝑛−1, 𝐴𝑢). 𝑑(𝑢, 𝐴𝑢),

𝑑(𝑥𝑛−1, 𝐴𝑢). 𝑑(𝑢, 𝑥𝑛) }
 

 

]
 
 
 
 
1/2

]
 
 
 
 
 
 

 

Taking 𝑛 → ∞ we get 

 

𝑑(𝑢, 𝐴𝑢) ≤ 𝑠[𝛽𝑑(𝑢, 𝐴𝑢). 𝑑(𝑢, 𝐴𝑢)]1/2 

 

𝑑(𝑢, 𝐴𝑢) ≤ 𝑠2𝛽𝑑(𝑢, 𝐴𝑢)  
Which is contraction. 

⇒ 𝑑(𝑢, 𝐴𝑢) = 0 ⇒ 𝐴𝑢 = 𝑢  
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⇒ 𝑢 is the fixed point of  𝐴. 

Uniqueness: Let 𝑢 and 𝑣 be two fixed point of 𝐴 such that 𝑢 ≠ 𝑣. 

Putting 𝑥 = 𝑢 and 𝑦 = 𝑣 in (3.2.1) we have 

𝑑(𝑢, 𝑣) = 𝑑(𝐴𝑢, 𝐴𝑣)  

≤

[
 
 
 
 

𝛼𝑑(𝑢, 𝐴𝑢). 𝑑(𝑣, 𝐴𝑣)

+𝛽max{

𝑑(𝑢, 𝐴𝑢). 𝑑(𝑣, 𝐴𝑣),

𝑑(𝑢, 𝐴𝑢). 𝑑(𝑣, 𝐴𝑢),

𝑑(𝑢, 𝐴𝑣). 𝑑(𝑣, 𝐴𝑣),

𝑑(𝑢, 𝐴𝑣). 𝑑(𝑣, 𝐴𝑢)

}

]
 
 
 
 
1/2

 

 

⇒ 𝑑(𝑢, 𝑣) ≤ 𝛽𝑑(𝑢, 𝑣)  
Which is a contraction. 

⇒ 𝑑(𝑢, 𝑣) = 0 ⟹ 𝑢 = 𝑣 

Hence the fixed point of 𝐴 is unique. 

Theorem 3.3: Let 𝑋 be a complete b-metric space with metric 𝑑 and let 𝑆, 𝑇: 𝑋 → 𝑋 are two functions with the 

following property 

𝑑(𝑆𝑥, 𝑇𝑦) ≤ 𝑎1
max{𝑑2(𝑥,𝑦),𝑑2(𝑥,𝑆𝑥),𝑑2(𝑦,𝑇𝑦)}

𝑑(𝑦,𝑆𝑥)+𝑑(𝑦,𝑇𝑦)
   

               +𝑎2
max{d(x,Sx)𝑑(𝑦,𝑆𝑥),d(x,Ty)𝑑(𝑦,𝑇𝑦)}

𝑑(𝑦,𝑆𝑥)+𝑑(𝑦,𝑇𝑦)
  

               +𝑎3
𝑑(𝑥,𝑇𝑦)𝑑(𝑦,𝑆𝑥)

𝑑(𝑦,𝑆𝑥)+𝑑(𝑦,𝑇𝑦)
           … (3.3.1) 

For all 𝑥, 𝑦 ∈ 𝑋 where 𝑎1, 𝑎2, 𝑎3 are non-negative real number and satisfy (𝑎1 + 2𝑠𝑎2) < 1 & 𝑠(𝑎1 + 𝑎2) < 1  
for 𝑠 ≥ 1. Then 𝑆 and 𝑇 has a unique fixed point. 

Proof: Let 𝑥0 ∈ 𝑋 and {𝑥𝑛} be a sequence in 𝑋, such that  

 𝑥1 = 𝑆(𝑥0), 𝑥2 = 𝑇(𝑥1), … ..  

 𝑥2𝑛 = 𝑇(𝑥2𝑛−1), 𝑥2𝑛+1 = 𝑆(𝑥2𝑛)  

Now   

𝑑(𝑥2𝑛+1, 𝑥2𝑛+2) = 𝑑(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)  

             ≤ 𝑎1

max{
𝑑2(𝑥2𝑛,𝑥2𝑛+1),𝑑

2(𝑥2𝑛,𝑆𝑥2𝑛),

𝑑2(𝑥2𝑛+1,𝑇𝑥2𝑛+1)
}

𝑑(𝑥2𝑛+1,𝑆𝑥2𝑛)+𝑑(𝑥2𝑛+1,𝑇𝑥2𝑛+1)
 

              +𝑎2
max{

d(𝑥2𝑛,S𝑥2𝑛)𝑑(𝑥2𝑛+1,𝑆𝑥2𝑛),

d(𝑥2𝑛,T𝑥2𝑛+1)𝑑(𝑥2𝑛+1,𝑇𝑥2𝑛+1)
}

𝑑(𝑥2𝑛+1,𝑆𝑥2𝑛)+𝑑(𝑥2𝑛+1,𝑇𝑥2𝑛+1)
  

              +𝑎3
𝑑(𝑥2𝑛,𝑇𝑥2𝑛+1)𝑑(𝑥2𝑛+1,𝑆𝑥2𝑛)

𝑑(𝑥2𝑛+1,𝑆𝑥2𝑛)+𝑑(𝑥2𝑛+1,𝑇𝑥2𝑛+1)
    

             ≤ 𝑎1

max{
𝑑2(𝑥2𝑛,𝑥2𝑛+1),𝑑

2(𝑥2𝑛,𝑥2𝑛+1),

𝑑2(𝑥2𝑛+1,𝑥2𝑛+2)
}

𝑑(𝑥2𝑛+1,𝑥2𝑛+1)+𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
  

              +𝑎2
max{

d(𝑥2𝑛,𝑥2𝑛+1)𝑑(𝑥2𝑛+1,𝑥2𝑛+1),

d(𝑥2𝑛,𝑥2𝑛+2)𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
}

𝑑(𝑥2𝑛+1,𝑥2𝑛+1)+𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
   

              +𝑎3
𝑑(𝑥2𝑛,𝑥2𝑛+2)𝑑(𝑥2𝑛+1,𝑥2𝑛+1)

𝑑(𝑥2𝑛+1,𝑥2𝑛+1)+𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
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         ≤ 𝑎1
max{𝑑2(𝑥2𝑛,𝑥2𝑛+1),𝑑

2(𝑥2𝑛+1,𝑥2𝑛+2)}

𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
  

              +𝑎2
max{0,d(𝑥2𝑛,𝑥2𝑛+2)𝑑(𝑥2𝑛+1,𝑥2𝑛+2)}

𝑑(𝑥2𝑛+1,𝑥2𝑛+2)
   

⇒ 𝑑(𝑥2𝑛+1, 𝑥2𝑛+2). 𝑑(𝑥2𝑛+1, 𝑥2𝑛+2)  

    ≤ 𝑎1max [
𝑑2(𝑥2𝑛, 𝑥2𝑛+1),

𝑑2(𝑥2𝑛+1, 𝑥2𝑛+2)
]  

              +𝑎2d(𝑥2𝑛 , 𝑥2𝑛+2)𝑑(𝑥2𝑛+1, 𝑥2𝑛+2)  

  ≤ 𝑎1max [
𝑑2(𝑥2𝑛 , 𝑥2𝑛+1),

𝑑2(𝑥2𝑛+1, 𝑥2𝑛+2)
]  

   +𝑎2𝑑(𝑥2𝑛+1, 𝑥2𝑛+2)𝑠 [
d(𝑥2𝑛, 𝑥2𝑛+1)

+d(𝑥2𝑛+1, 𝑥2𝑛+2)
]    

If d(𝑥2𝑛+1, 𝑥2𝑛+2) ≥ d(𝑥2𝑛 , 𝑥2𝑛+1) then we have 

𝑑2(𝑥2𝑛+1, 𝑥2𝑛+2)  

                  ≤ (𝑎1 + 2𝑠𝑎2)𝑑
2(𝑥2𝑛+1, 𝑥2𝑛+2)   

This is a contradiction. Thus 

𝑑(𝑥2𝑛+1, 𝑥2𝑛+2)  

                  ≤ [√(𝑎1 + 2𝑠𝑎2)]𝑑(𝑥2𝑛 , 𝑥2𝑛+1)   

From the above inequality we deduce that 

𝑑(𝑥𝑛+1, 𝑥𝑛+2)  

                  ≤ [√(𝑎1 + 2𝑠𝑎2)]𝑑(𝑥𝑛 , 𝑥𝑛+1)                      

Continuing this process we can in general  

     𝑑(𝑥𝑛 , 𝑥𝑛+1) ≤ 𝑘𝑛𝑑(𝑥0, 𝑥1)  

This implies that 𝑇 is a contraction mapping. 

Now, it is to show that {𝑥𝑛} is a Cauchy sequence in 𝑋. 

Let 𝑚, 𝑛 > 0, with 𝑚 > 𝑛 

𝑑(𝑥𝑛, 𝑥𝑚) ≤ 𝑠[𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑑(𝑥𝑛+1, 𝑥𝑚)]  

              ≤ 𝑠𝑑(𝑥𝑛 , 𝑥𝑛+1) + 𝑠
2𝑑(𝑥𝑛+1, 𝑥𝑛+2)  

                  +𝑠3𝑑(𝑥𝑛+2, 𝑥𝑛+3) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1) + 𝑠
2𝑘𝑛+1𝑑(𝑥0, 𝑥1) 

                  +𝑠3𝑘𝑛+2𝑑(𝑥0, 𝑥1) + ⋯ ..  

              ≤ 𝑠𝑘𝑛𝑑(𝑥0, 𝑥1)[1 + (𝑠𝑘) + (𝑠𝑘)
2 

                 +(𝑠𝑘)3 +⋯… ]  

              ≤
𝑠𝑘𝑛

1−𝑠𝑘
𝑑(𝑥0, 𝑥1)  
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Taking limit 𝑛 → ∞ we get 

                 lim𝑛→∞ 𝑑(𝑥𝑛 , 𝑥𝑚) = 0  

Therefore {𝑥𝑛} is a Cauchy sequence in 𝑋 is complete, we consider that {𝑥𝑛} converses to 𝑢. 

Now, we show that  𝑢 is fixed point of  𝑆 & 𝑇. 

We have  

𝑑(𝑢, 𝑆𝑢) ≤ 𝑠[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑥𝑛 , 𝑆𝑢)]  

                   ≤ 𝑠[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑇𝑥𝑛−1, 𝑆𝑢)]  

                   ≤ 𝑠[𝑑(𝑢, 𝑥𝑛) + 𝑑(𝑆𝑢, 𝑇𝑥𝑛−1)]  

          ≤ 𝑠

[
 
 
 
 
 
 
 

𝑑(𝑢, 𝑥𝑛)

+𝑎1

max{
𝑑2(𝑢,𝑥𝑛−1),𝑑

2(𝑢,𝑆𝑢),

𝑑2(𝑥𝑛−1,𝑇𝑥𝑛−1)
}

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)

+𝑎2
max{

d(𝑢,S𝑢)𝑑(𝑥𝑛−1,𝑆𝑢),

d(𝑢,T𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)
}

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)

+𝑎3
𝑑(𝑢,𝑇𝑥𝑛−1)𝑑(𝑥𝑛−1,𝑆𝑢)

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑇𝑥𝑛−1)
  ]
 
 
 
 
 
 
 

     

         ≤ 𝑠

[
 
 
 
 
 
 
 

𝑑(𝑢, 𝑥𝑛)

+𝑎1

max{
𝑑2(𝑢,𝑥𝑛−1),𝑑

2(𝑢,𝑆𝑢),

𝑑2(𝑥𝑛−1,𝑥𝑛)
}

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑥𝑛)

+𝑎2
max{

d(𝑢,S𝑢)𝑑(𝑥𝑛−1,𝑆𝑢),

d(𝑢,𝑥𝑛)𝑑(𝑥𝑛−1,𝑥𝑛)
}

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑥𝑛)

+𝑎3
𝑑(𝑢,𝑥𝑛)𝑑(𝑥𝑛−1,𝑆𝑢)

𝑑(𝑥𝑛−1,𝑆𝑢)+𝑑(𝑥𝑛−1,𝑥𝑛)
  ]
 
 
 
 
 
 
 

  

Taking 𝑛 → ∞, we get 

⇒ [1 − 𝑠(𝑎1 + 𝑎2)]𝑑(𝑢, 𝑇𝑢) ≤ 0  

Which gives 𝑑(𝑢, 𝑆𝑢) = 0 ⇒ 𝑆𝑢 = 𝑢. 

Hence 𝑢 is a fixed point of 𝑆. 

Similarly we can show that 𝑢 is a fixed point of 𝑇. 

Hence 𝑢 is a common fixed point of 𝑆 & 𝑇. 

Uniqueness: Let 𝑢 and 𝑣 be two fixed point of  𝑆 & 𝑇.  such that 𝑢 ≠ 𝑣. 

Putting 𝑥 = 𝑢  and 𝑦 = 𝑣 in (3.3.1) we have 

𝑑(𝑢, 𝑣) = 𝑑(𝑆𝑢, 𝑇𝑣)  

≤ 𝑎1
max{𝑑2(𝑢,𝑣),𝑑2(𝑢,𝑆𝑢),𝑑2(𝑣,𝑇𝑣)}

𝑑(𝑣,𝑆𝑢)+𝑑(𝑣,𝑇𝑣)
     

               +𝑎2
max{d(𝑢,S𝑢)𝑑(𝑣,𝑆𝑢),d(𝑢,T𝑣)𝑑(𝑣,𝑇𝑣)}

𝑑(𝑣,𝑆𝑢)+𝑑(𝑣,𝑇𝑣)
  

               +𝑎3
𝑑(𝑢,𝑇𝑣)𝑑(𝑣,𝑆𝑢)

𝑑(𝑣,𝑆𝑢)+𝑑(𝑣,𝑇𝑣)
 

𝑑(𝑢, 𝑣) ≤ (𝑎1 + 𝑎3)𝑑(𝑢, 𝑣)  

This is a contraction. 

http://www.iiste.org/


Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 

ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 

Vol.6, No.4, 2016 

 

61 

𝑑(𝑢, 𝑣) = 0 ⇒ 𝑢 = 𝑣.  

Hence common fixed point of 𝑆 and 𝑇 is unique. 

This complete the proof. 
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