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Abstract: In this paper, we have obtained some fixed point and common fixed point results on b-metric space.
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2. Introduction & Preliminaries

In 1993, The concept of b-metric space was introduced by Czerwik [5]. Using this idea, he presented a
generalization of the renowned Banach fixed point theorem in the b-metric spaces (see [6,7,8]) Many researches
Aydi[1], chugh[9], Mehmet [11] and Rao[12] studied the extension of fixed point theorems in b-metric space.

Before starting the main results first we are giving some basic concepts.

Definition 2.1[5]: If X is a non-empty set and let s > 1 be a given real number. A function d: X X X - R, is
called a b-metric if the following conditions are satisfied:

Q) d(x,y) =0ifandonlyifx =y,
(ii) d(x,y) = d(y,x),
(iii) d(x,z) <s.[d(x,y) +d(y,z)].forall x,y,z € X

The pair (X,d) is called b-metric spaces. It is clear that definition of b-metric space is a extension of usual
metric space.

Definition 2.2[5]: Let (X, d) be a b-metric space. Then a sequence {x,,} in X is called a Cauchy sequence if and
only if for all € > 0 there exists n(g) € N such that for each m,n = n(e) we have d(x,, x,,) < €.

Definition 2.3[5]: Let (X, d) be a b-metric space. Then a sequence {x,,} in X is called a convergent sequence if
and only if there exist x € X such that for all there exists n(¢) € N such that for each n = n(¢) we have
d(x,, x) < &. Inthis case write lim,,_,,, x,, = x.

Definition 2.4[5]: The b-metric is complete if every Cauchy Sequence converges.
3. Main Result

Theorem 3.1: Let (X, d) be a complete b-metric space with metric d and let T: X — X be a function with the
following property

max{d?(x,),d?(x,Tx),d? (y,T9)}
d(x,Tx)+d(x,Ty)

d(Tx,Ty) < a,

max{d(x,Tx)d(y,Tx),d(x,Ty)d(y,Ty)}
d(x,Tx)+d(x,Ty)

+a,

d(x,Ty)d(y,Tx)
+a3 d(x,Tx)+d(x,Ty)

... (3.1.1)
For all x,y € X where a,, a,, a; are non-negative real number and satisfy

a, +2sa, <1&s(a; +a,) <1 fors =1ThenT has a unique fixed point.
Proof: Let x, € X and {x, } be a sequence in X, such that

—_ —_ n
Xp =Tx,_4 =T"x,
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Now
d(xn+1' xn) = d(Txn' Txn_1)

dzx,x — ,dzx,Tx )
max{ Centn1)d? Gen n)}
d*(xn—1,TXn-1)

<a
d(xn,Txn)+d(xn,Txn-1)
d(xp, Txp)d(xp—1,Txn),
M3 4 (e Totn—1)d (-1, T ¥n—1)
+a2 n n n ’ n

d(xn,Txn)+d(xn,Txn—1)

+a d(xn,Txn—1)d(Xn—1,TXxn)
3 d(xn, Txn)+d(xXn,Txn—1)

{dz (xnxn—1).d? (xn:xn+1),}
max >
d“(xp—1,%n)

<a
b dGenxnen)+d(nxn)
m {d(xnrxn+1)d(xn—1rxn+1),}
+a2 d(xnxn)d(Xn—1,%n)

d(xXnxn+1)+d(xXnxn)

+a d(xXnxn)d(*n-1Xn+1)
3 d(enane1)+d (nxn)

max{d? (xnxn-1).d* (On.xn+1)}
d(xnXn+1)

<a

max{d(xn,xn+1)d(*n—1%n+1),0}
d(xnXn+1)

+a,

= d(Xp41, Xn). d(Xpi1, Xp)
< a; max{d?(x,, Xp_1), d*(xp, Xp141)}
+a,d(xy, xp41)d(Xp_1, Xp41)
< a; max{d?(x,, x,_1), d?(%p, Xp41)}

d(xn—lrxn)
+d (X, Xn41)

+a2d(xn,xn+1)s[
If d(xp, Xp11) = d(xy, x,_1) then we have
d? (X, Xp41) < (ag + 25a5)d? (X, Xp41)

This is a contradiction. Thus

d(xn' xn+1) < kd(xn—l' xn)

Where k = /(a; + 2sa,) <1

Continuing this process n times we can easily

d(xp, Xp11) < kd(x, x1)

This implies that T is a contraction mapping.

Now, it is to show that {x,,} is a Cauchy sequence in X.

Letm,n > 0, withm >n

d(xp, Xp) < s[d(xn, Xp11) + AKX, X)) ]

< Sd(xn’xn+1) + Szd(xn+1'xn+2)
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+53d(xp 42 Xpaz) + 0 e

< sk™d(xq, %) + s2k™1d (xg, x1)
+53k™2d (%9, X1) +

< sk™d(xq, x1)[1 + (sk) + (sk)?

+(sk)3 + -]

sk™
< _sk d(.xo, xl)

1
Taking limit n — oo we get
lim,_,, d(x,, x,,) =0
Therefore {x,,} is a Cauchy sequence in X is complete, we consider that {x,} converses to x*.

Now, we show that x* is fixed point of T.

We have

d(x*, Tx*) < s[d(x*, x,) + d(x,, Tx*)]
< s[d(x*, x,) + d(Txy_y, Tx)]
< sld(x*,x,) + d(Tx*, Txp_1)]

d(x*, x,)
{dZ(X*,Xn_l).dZ(X*,Tx*).}
max 2
d“(xn-1,Txn-1)
d(x*Tx*)+d(x*Txpn—1)

m X{ d(x*, Tx")d(xp—1,TX"), }
d(x* Txp—1)d(xn—1,TXn-1)
d(x*Tx*)+d(x* Txpn—1)

d(x*,Txp_1)d(xp-1,Tx*
+a, : ri 1 (*n 1.Tx")
d(xc* Tx*)+d(x*Txp—1)

+a,

Taking n — oo, we get

= [1-s(a; +ay)]ld(x*Tx*) <0

Which is contraction.

=5dx,Tx)=0>Tx" =x*

= x™ is the fixed point of T.

Uniqueness: Let y, and z, be two fixed point of T such that y, # z,.
Putting x = y, and y = z, in (3.1.1) we have

d(¥o,20) = d(Tyo,T2,)

max{d?(y0.20),d2(¥0,T¥0).d%(20,TZ0)}
d(¥o,Tye)+d(¥0,TZo)

—= ¥1

ta max{d(y0,Ty0)d(20,T¥0).d(¥0.TZ0)d(Z0,TZ0)}
2 d(yo,TY0)+d(¥0.TZo)

d(¥0,T20)d(20,T¥0)
3 d(¥0,Tyo)+d(¥0,TZ0)

d(¥o, 2o) < (a; + az)d (¥, Zo)
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[1—(a;+a3)ld(¥g,29) <0

This is a contraction.

d(ye,29) = 0=y, = 2,.

Hence the fixed point of T is unique.

Theorem 3.2: let X be a complete b-metric space and A be a self map of X. The mapping A satisfying the
following condition:

d(Ax, Ay)
ad(x,Ax).d(y, Ay)
[ (d(x,Ax).d(y, Ay), ]
sI 8 max d(x,Ax).d(y,Ax), || (3.2.1)
|

1/2

d(x,Ay).d(y, Ay),
d(x,Ay).d(y, Ax)
Forallx,y e X
Where a, 8 are non negative real numbers a + 2sg < 1and s?2f < 1fors > 1.
Then A has a unique fixed point.

Proof: Let x, € X and {x,,} be a sequence in X, such that
X, = Axp_q = A™x,
Now d(xp, Xp41) = d(Axy_1, AXy)

ad(x,_q, Axpy_1).d(x,, Ax;) ]1/2
( d(xn—lfon—l)-d(xnrAxn): \ |
X{ d(xn—lﬁAxn—l)- d(xn'Axn—l)» } |
d(xp_1,Axy). d(x,, Axy), |
d(x,_q1,Axy). d(x,, Axp_q) JJ

ad(Xp_1,%n). d(Xp, Xn41) 12

{d(xn—pxn)-d(xn:xnﬂ),

< d(xn—lrxn)-d(xnr xn);

+f max

e PTEN W1
A1, % 11)- Ay ) )

ad (xn—l' xn)- d(xn; xn+1)
d(xn—l' xn)- d(xnr xn+1):
0;

d(xn—l' xn+1)d(xnr xn+1)r
0

<
+f max

= [d (xn' xn+1)]2

ad(xp_1,%,)
< d(Xp, Xn41) [+ﬂd(xn_1,xn+1)-
ad(xXy_1,%n)

+Bd(xn—1,Xn+1)

:M%wﬁos[

< ad(xn—lﬂxn) ]
- +ﬂs{d(xn_1,xn) + d(xn,xn+1)}

a+pfs

= d(xnrxn+1) < 1__'[),5d(xn—1'xn)
= d(xy, Xp41) < kd(xp_1, xp)
Where k = 25 < 1.
1-fBs
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Similarly,

= d(xn—lfxn) = kd(xn—zvxn—l)
Continue this process n times, we get
= d(Xp, Xp1) < k™d(xg, x1)
This implies that T is a contraction mapping.
Now, it is to show that {x,,} is a Cauchy sequence in X.
Letm,n > 0, withm >n
d(xn:xm) =< S[d(xn:xn+1) + d(xn+1vxm)]
< Sd(xnﬂxn+1) + Szd(xn+1'xn+2)
+53d(xp 42 Xpaz) + 0 e
< sk™d(xq,x;) + s2k™1d (x,, x1)
+s3k™2d (%9, %) + o
< sk™d(xy, x,)[1 + (sk) + (sk)?

+(sk)3 + ]

sk™
< m d(xo, Xl)

Taking limit n — oo we get
lim,,_,.. d(x,, %) = 0
Therefore {x,,} is a Cauchy sequence in X is complete, we consider that {x,} converses to wu.
Now, we show that u is fixed point of A.
We have
d(u, Au) < s[d(u, x,) + d(x,, Au)]
< s[d(u,x,) + d(Ax,_, Au)]

d(u, x,)
ad (X1, Axy_1).d(u, Au) 1/2
d(xn—lﬂ Axn—l)- d(u: Au):
d(xn_1, Axp_1).-d(w, Axp_1),
d(x,_1, Au).d(u, Au),
d(xy_q, Au). d(u, Axp_q)

_l_
+f max

d(u, xp)
ad(x,_q1,xp).d(u, Au)

d(xp—1,%x,). d(u, Au), ]|
{ d(xn—ll xn)- d(u, xn): l I
)1

1/2

1

i

|
d(xy_q, Au). d(u, Au), J
d(xp_q, Au).d(u, x,)
Taking n — oo we get

d(u, Au) < s[Bd(u, Au).d (u, Au)]*/?

d(u, Au) < s?Bd(u, Au)
Which is contraction.
s>du,Au)=0=>Au=u
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= u is the fixed point of A.
Uniqueness: Let u and v be two fixed point of A such that u # v.
Putting x = uand y = v in (3.2.1) we have

d(u,v) = d(Au, Av)

d(u, Au).d(v, Av),
d(u, Au).d(v, Au),
+ max d(u,Av).d(v, Av),

ad(u, Au).d (v, Av) ]1/2
|
d(u, Av).d(v, Au) J

[
|
|
|

=d(u,v) < pd(u,v)

Which is a contraction.
=2duv)=0=u=v

Hence the fixed point of A4 is unique.

Theorem 3.3: Let X be a complete b-metric space with metric d and let S, T: X — X are two functions with the
following property

max{d?(x,y),d?(x,5x),d?(y,Ty)}
a(y.sx)+d(y.Ty)

d(Sx, Ty) < a,

max{d(x,Sx)d(y,5x),d(x,Ty)d(y,Ty)}

ta d(y,sx)+d(y,Ty)

d(x,Ty)d(y,Sx)

3 d(,50)+d(y,Ty) ...(33.0)

For all x,y € X where a,, a,, a; are non-negative real number and satisfy (a; + 2sa,) <1 &s(a; +a,) <1
for s = 1. Then S and T has a unique fixed point.

Proof: Let x, € X and {x, } be a sequence in X, such that
x; =8(0xg), %, =T (x1), e
Xon = T(Xzn-1), X2nt1 = S(x25)
Now
d(Xons1) Xone2) = A(SX2p, TXony1)
max{dz(inVin+1),d2(xZn.SxZn).}

d?(xan41.T%2n41)
Xon+1,5%2n)+d(X2n+1,TX2n+1)

<a P

d(x2n,Sx2n)d (X2n+1,5%2n), }
d(x2n, TX2n+1)d(X2n+1,TX2n+1)
d(X2n+1,5%2n)+d(X2n+1,TX2n+1)

max{

+a,

+ d(x2n,TX2n+1)d(X2n+1,5%2n)
3 d(ans1,5%2m) +d(X2n4+1.TX2n41)

2 2
max{d (x2n.x2n+1).d (in'xzn+1)'}
a d?(Xans1.X2n42)
—= "1
d(x2n+1.X2n+1)+d(X2n+1.X2n+2)

d(x2nrx2n+1)d(x2n+1'x2n+1)'}

max{
d(x2nX2n+2)d(X2n+1.X2n+2)

+a, e

2n+1X2n+1)+d(X2n+1.X2n+2)

+ d(X2nX2n+2)d(X2n+1.X2n+1)

3
d(xX2n+1.X2n+1)+d(X2n+1,X2n+2)
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2 2
max{d?(xznX2n+1).d*(X2n+1.X2n42)}

d(x2n+1.X2n+2)

1

max{0,d(Xan.X2n+2)d(X2n+1.X2n+2)}
+a,

d(X2n+1X2n+2)
= d(Xan+1, Xan+2)- A(Xons1, Xons2)

dz(xZn' Xon+1)»

< a, max| ,
d* (X2n41 X2n+2)
+a,d(X2n, X2n42)d (X2n41, Xon42)

dZ(XZn' Xon+1)s

< a,; max
1 2
(x2n+1rx2n+2)

d(X2n) X2n+1)

+a,d(Xan4+1, X S[
2d(Xn+1, Xan+2) +d(X2n+1, X2n+2)

If d(X2541, X2n42) = d(X2p, Xop41) then we have
d?(Xzn+1) X2n+2)

< (a; + 2sa3)d?(Xzp41, X2n42)
This is a contradiction. Thus
d(Xzn+1, X2n+2)

< [\/m]d(xzn:xmﬂ)
From the above inequality we deduce that
d(Xn+1) Xn42)

< [V@r + 25a)|d G xnn)
Continuing this process we can in general

d (%, Xppq) < k™d(xg, x1)

This implies that T is a contraction mapping.

Now, it is to show that {x, } is a Cauchy sequence in X.

Letm,n > 0, withm >n
d(xp, Xm) < S[d(xn, Xp11) + d(piq, X))
< 5d(Xp, Xn41) + 57d(Xny1, Xns2)
+53d (Xpy2) Xnas) + o0
< sk™d(xq, %) + s2k™1d (xg, x1)
+53Kk™2d (%9, x1) + - .
< sk™d(xq, x)[1 + (sk) + (sk)?

+(sk)3 + ]

sk™
< —
ST d(xg,x1)
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Taking limit n — o we get

lim,, . d(xy, %) = 0

Therefore {x,,} is a Cauchy sequence in X is complete, we consider that {x,,} converses to u.

Now, we show that u is fixed pointof S&T.

We have

d(u, Su) < s[d(u, x,,) + d(x,, Su)]

+a, T

< sld(u,x,) + d(Tx,_,, Su)]
< sld(u,x,) + d(Su, Tx,_1)]

d(u, x,,) 1
{dz (u,xp_1),d? (u,Su),}
dz(xn—liTxn—l)
n-1,SwW+d(xn-1,Txn-1)
d(u,Sw)d(xn—1,5u),
d(u-Txn—l)d(xn—lnTxn—l)}
d(xn-1,5SwW+d(xn-1,TXn-1)
d(u,Txp—1)d(xn—1,5u)
d(xpn-1,5W)+d(xn-1,TxXp-1)

max:
+a
1 d(x

max{

+a,

+as

d(u, x,) 1
2 2
max{d (uﬂén—l),d (u.Su).}
a*(xn-1,%n)
Xn—1,SW)+d(xp—1,%n)
{d(u,Su)d(xn_l,Su),}
d(uxn)d(xn—1,%n)
—1,Sw)+d(xp—1,%n)
d(uxn)d(Xn—1,5u)
d(xp—1,Sw)+d(xp—1,xn) -

+a, s

+as

Taking n — oo, we get

= [1-s(a; +ay)ldw,Tu) <0

Which gives d(u,Su) = 0 = Su = u.

Hence u is a fixed point of S.

Similarly we can show that u is a fixed point of T.

Hence u is a common fixed point of S & T.

Uniqueness: Let u and v be two fixed point of S & T. suchthat u # v.

Putting x = u and y = v in (3.3.1) we have

d(u,v) = d(Su, Tv)

max{d?(u,v),d?(u,su),d%(v,Tv)}
d(w,Su)+d(v,Tv)

<a

max{d(u,Sw)d(v,Su),d(u,Tv)d(v,Tv)}

+a,

d(u,Tv)d(v,Su)
34 (w,Su)+d(v,Tv)

d(u,v) < (a; + az)d(u,v)

This is a contraction.

d(v,Su)+dv,Tv)
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dlu,v) =0 2 u=w.

Hence common fixed point of S and T is unique.
This complete the proof.
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