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Abstract:

In this paper, we introduce a generalization of linear positive operators L7 (f; x) which we studied in
[1], generalized in two dimensions (x,y). We defined a sequence of linear positive operators to
approximate unbounded functions in the domain (R, X R,). We study some approximation properties for
this operators Ly, ,,(f; x,y) like Korovkin theorem and we proved Voronoviskaja — type asymptotic
formula for the operators Ly, ,, (f; x,y) , whom we defined.
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1.Introduction
In 1995 Lupas[9], defined and studied the identity;

Where(a), = {“(“ +1 1(a +k—1) I]z il(\)/ ={12,..}

1 (a)
(ays = Zk=0 —ra lal < 1

(1.1)
for more details, see [9],[2],[4] and[5]) and he introduced the linear positive operators
n o nx k
La(f3 ) = (1= @)™ By T2k ok £ ().
By letting « = nx and x = 0. Where f: R, = R. In 1999 Agratini [2], Supposing that L,,(1; x) = 1,
he found that a = % Hence Lupas defined the linear positive operators;

La(f320) = 27 3 S0k () (12)
In 2007 A. Erencyn and Fatma Tasdelen, [5], define a sequence of positive linear
operators and study some approximation properties for it that he fine the
generalization of the operators (1.2) above, so he define this operators:

Ly(f;x) = 2-anx yo  (ndk f(bi), where x € Ry, n € N, {a,}, {b,} some increasing and unbounded

2Kk
sequence. In 2014 Mohammed and Sadiq [1] defined a new sequence of positive and linear operators as
fellow:
~ - (MX) g4r k+
Li(fix) = 27 N0 e (o f0) (1.3)

- (nx)g - (X))
Whel'e Gx = 2 nx 7];:0 2k k! or Gx = 2 o Zk=0 2k+r (k-:_rr)!

Gy = Yoo G (X) OF Gyt = g drysr (%)

Then, it can be written the operator (1.3) as follow

Lr(fi ) = 5 Zio G (0) f50) where x € Ry, n € N,
=[0,00),N:={1,2,...}andr € N.

In this paper, we define and study the operators L7, ,,, (f; x, y) which represents the generalization of the

operators (1.3) in two dimensions (x, y)([8], [6] and [12]) as follow:
k+r ]+s)

nm(f x,y) = Zk Odnk+r(x)21 Odm]+s(y) f( m (1.4)
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1)
2)
3)
4)

1)

2)

- 0 (nx)
where dp i (x) =277 Zk:om

and x,y € Ry, f € C, ,(Ry X Ry),
Cp,q- The space of all continuous and unbounded functions f on the area R, X R,, with growth

(0(2r*Y), for some p, q > 0,with the norm

If )l

— X
S0 , Where p(x) = 2*.

Lf G pg = SUPy)e®oxRe) 7t
2. Main Results:
Firstly, we study the convergent conditions on the operators (1.4), and

before that we need to offer some theorems ( Korovkin theorem [3] and [11] )
Mohammed and Sadiqg proved in 2014 [1], on the operators (1.3):

Theorem(2.1) (Korovkin Theorem):[1]
For x € Ry, f € C, and by applying Korovkin Theorem on the operator Ly (f; x), we have:

DL(Lx) =1

2) Ly (t; x)—x+ n,(x)

3) Li(t52) = 22 + Z t 1d, () [

6nx+2r+6]
n2¢
4) L} — ;Tdn,r (X) [7"2 + (nx+r)(3r+nx+5)+212nx(33+7nx)+4r(nx+3)]
5) Ly = +n*x*G, + 12n3x3G, + 36n%x2G, + 26nxG,

16 1.8214n3x3 + 15.3362n2x? + 34.6249nx + 1.4285 + r3 + 1.6071r2
+ o7y, (%) +11.5892r + 0.499972nx + 0.75rn?x? + 5.9642rnx

Lemma (2.2): For the operator Ly, (f; x,y), where f(t,u) € C, (R, X R,), we have:
1y, eseo | Lo (F 32, ) = FGe,9)| ) = 0 i and only if

1My, o0 || L m (15, ) — 1||p_q =0 ; (2.1)
1My, o0 || L n (6 %, 1) — x||p‘q =0 ; (2.2)
1My oo || Lo (05 %, ) — y||p'q =0 ; (2.3)
1My, 0| | Lrm (62 + 0252, y) — (22 + y2)||p‘q =0 ; (2.4)

forx,y € Roand f € G, q(Rg X Ry).
Proof: Clearly,
1imnmw||L;m(1:x,y) -1,

Z njerr () Z i j1s) ) =

ka

Zk 0 (k+r) Ay pesr () X520 A jus (V) — x| =

1My o | L (2, 9) = 2| = .

[ 205 dyer () — |
By using theorem (2 1) (2) we get;
Ly (t; x)—x+ dp,r (%)

that means —Zk 0("”

Then| Dheo(—

Therefore 1imy, ;o0 ||Lnm (8 %, ) — x||p .=

" )dnk+r(x) =X+ nr(x) and this a broach to x as n - oo,

k”) Ay gesr () — x| —>0asn — oo,

2r

-~ dp,r(x) whichtend to 0 as n — oo.

We proved (2.1) and (2.2), by the same way we shall prove (2.3)
8
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3) iy oo I (05, 9) = Yl = [ o B e (0 B0 (5 dinus @) = 3| =
1 w0 ,J+s
720 s ) — |
By using theorem (2.1) (2) we have;
L) =y + 27 dun s (0);
Then Z] 0(J+S) dmj+s(.V) Y| —0asm — co.
Therefore 1im,, o0 || Ly m (w; %, ) — y||p .= nf—de,S(y) which tend to 0 as m — oo.
’ y
Now, we want to prove (2.4) bellow;
4) 1My oo |[Lnm (82 + u% %, y) — (2% + y2)||pq
. 5 k+1m\>*  j+s\* ) )
st in(5 (52 )]
k+ j+5\2
Zk OZ] 0(( n’”) + (%) )dn,k+r(x)dm,j+s(y) -
k+ 1w [j+s)2
- (6_ka=0 (527) s @ = ) (2 250 (22) s =77
By using theorem (2.1) (3) we have;
~ 2x 6enx+2r+6
Ln(tz; x) = x? + o + T'dn,T(X) [W],
1 wo [(k+r\2 6NX+27+6
50, (2550 () duserr (@) = 27) = Z vy, () [
which tend to 0 when n — co.
1w  [j+s)\2 6my+2s+6
and - 37, () dinjus ) =¥ =2 + 5y s(3) [%]
which tend to 0 as m — oo,
So the proof is complete. |
Later, we shall prove Voronoviskaja theorem on the operators (1.4) and to prove it we need the next
lemma to get the moment to the operators (1.3) which proved by Mohammed and Sadiq in 2014 in [1].
Lemma (2.3):[1] Letr € N, then for all x € R, and n € N, we have
1) rfo(x) = 1
2) T, o1 (x) = nr(x)
6nx+2r+6 4x 2x
3) Tn(x) = Tdn,r( )(W n—Gx) g
- 8r2+2(nx+1)(3r+nx+5)+42+2nx(33+7nx)+8r(nx+3) 2rXx+6 6x
4) Tn,3 (x) = Tdn,r(x)( 7n3Gx - ZG ) '
~ 5
5) Ty (x) = rdnr(x) [5 942 L 42;7 +
NGy

24 ] 12x 36x
n3Gy

n2 n3’

Now, we ready to state and prove Voronovskaja theorem
Theorem (2.4):[11]( Voronovskaja theorem)

Suppose that f € C, ;(Ry X Ry), p, qeN°, and suppose that

% f(xy) a? f(x ¥)
dx2

Then
. - 9%f(xy) 8% (x,y)
lim,,_,,, n (Ln,n(f(t: u);x,y) — f(x, Y)) =X g;y gy:;y

Proof: By using Taylors expansion for f(t,u) about (x,y) ,we have; [10]

and exist at a point (x,y) € Ry X R,.

9
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1, ., ,
ftw) =fy) + HLEE—x)+ ez -y + E(fxx(x. VIt — %)% + 2f5, (2, ) (u — ¥)?)

+o(t,u;x, )V (€ — )% — (u—y)*

where (t,u) € (0,) x (0,), and ¢(t,u) = ¢(t,u; x,y)is a function belonging to C,, ;, € [0, ) X
[0,00) and ¢ (t,u) — 0 when (t,u) = (x,y) for n,m € N.
So, by depending on L7, ,,(f; x) is a sequence of linear positive operators, we have;

Lin(F (610 2,9) = £00,y) + L2 1 (¢ - x); %)
AC y)LN(( — )

42 [a “"”m(t 0% 20 + 2L (= 0501 (= 90 7) + TEE2 1w - )% )] +

Lin(e@tw/(E —0)* + (w—»)%5x,y)
Here, using lemma (2.3), we have:

limyysco 1 (L (F (6,05 %,) = f(2,9)) =

of (x.y) 2 of(x,y) 2

%%dnr( ) + i_rdnr(x) +
3%f(x,y) 6nx+2r+6 4x\ 2x) | 8%f(xy) 2r a? f(xy)

2[ 922 {Tdnr(x) + ( 3n ZG +7‘L_Gx)_} + axdy Edn,r(x) nr( ) + {Tdnr(y) +
6ny+2r+6 4y ~ — 4

(7&120}, + noy> }] + Ly (et W -0+ w—y)%x, y)

limmn(L;n(f(t w;x,y) — f(x,y)) =
2%f (x, 2’ -
x gi’;y)+y f(xy)+11mn_>annn(<p(t Wt =0+ w—n%xy).

By using the Cauchy - Schwartz inequality; we get:
|L,~m ((p(t, w/(t —x0)*+ (u—y)*4x, y)|

1
< (Lan(@? (0w %,3)) 7 - (La((t = 0% 2 + Li((w = )% 7)) 2

< P2(Li((t = 0% 20 + Lyl — )% y) V2
Which tend to zero when n tend to oo, (by applying lemma {(2.3) (5) }.

Hence, lim,,_, nL;l,n((p(t, u)\/(t —0)*+ (u—-y)4x, y) =0.

Therefore,

. - 2f(xy) | . 8%f(xy)
limyon (Lia(F (6w, 0) = f(,9)) = x L5204+ y2LED w
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