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Abstract: In this paper, the technique of modified Sumudu decomposition method has been employed to solve a
system of Fredholm integro-differential equations with initial conditions. Two examples are discussed to show
applicability, reliability and the performance of the modified sumudu decomposition method. This study showed
the capability, simplicity and effectiveness of the modified approach.
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1. Introduction

Mathematical modeling of real-life phenomena usually results in functional equations like ordinary or partial
differential equations, stochastic differential equations, and integral and integro-differential equations. Many
mathematical formulations of physical phenomena contain integro-differential equations. The integro-differential
equations play an important role in engineering, mechanics, physics, chemistry, biology, economics and
electrostatic. Some important problems in science and engineering can usually be reduced to a system of integral
and integro-differential equations. Integro-differential equations have attracted much attention and solving these
equations has been one of the interesting tasks for mathematicians. In this research we try to introduce a solution
of system of linear integro-differential equations the following form:

UM () = 1,00+ [, (80, (0.0, 0),...0, O bt

U ™) (x) = f,(X) +L‘sz(x,t,Ul(t),Uz(t),---,Up(t))dt’ @

U100 = 1,00+ [k, (LU, 0.0, 1),... U ()t
with initial conditions:
U(x,)=U,,i=1..,p,j=01..n —1.

In literature, many researchers paid attention in solving such types of integro-differential equations and system.
Recently, Biazar in [4] used the Adomian decomposition method for solving the system of integro-differential
equations. Also Davari applied the some method for solving linear Fredholm integro-differential equations.
Maleknejad in [9] used the Galerkin methods with Hybrid Functions for solving linear integro-differential
equation system. Biazar et al. in [5] by He’s Homotopy perturbation method for systems of integro-differential
equations, Arikoglu and Ozkol in [2], by using differential Transform method, Maleknejad et al. in [8] by using
rationalized Haar functions method can be solved to integro-differential equations system. Pour-Mahmoud et al.
in [10] presented the Tau method for the numerical solution of systems of Fredholm integro-differential
equations.

The integral transform has been used to solve many different types of differential and integro differential
equations. For similar problems, Sumudu transform was introduced and further applied to several ODEs as well
as PDEs. For example, in [1], this transform was applied to the one-dimensional neutron transport equation. In
[3, 6] some properties were studied. Recently, Kilic man et al. applied this transform to solve the system of
differential equations [7], since there are some interesting properties that Sumudu transform [12] satisfies such as
if

f(t)=> at" Then F(u)=> nla u", @)
n=0 n=0
In this paper, we use Sumudu transform which is defined over the set of the following functions:
A={f(t)|3IM,z,,z, >0, f(t)|< Me"",if t e (1)’ x[0,0)} ®)
by the following formula:
G(u):S[f(t)]:jf(ut)e‘tdt,u € (-,,7,). @)
0
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We introduce a sumudu transform with modified decomposition method for solving Eq. (1). The modified
technique of Adomian decomposition method developed in [11, 14] will form a useful basis for studying the
system of Fredholm integro-differential equations. The modified sumudu decomposition method has a
constructive attraction in that it provides the exact solution by computing only two terms of the decomposition
series.

2. Modified Sumudu Decomposition Method
Consider following PDE

LU (x,t) + RU(X,t) + NU (x,t) =h(x,t),U (x,0) = f(X),U,(x,0)=9(X), )
Implementing Sumudu transform to both sides of Eq. (5), we have
S[LU(x,t)]+ S[RU(x,t)]+ S[NU (x,t)]= S[h(x,1)],

By using the differentiation property of Sumudu transform, we obtain
L SIU T~ £ (0 = =g+ SIRU (X, 1]+ SINU (x,)] = ST(x, D),
u u u

S[U (x,t)]= f (X) +ug(x) —u?S[RU(x,t)]—u?S[NU (x,t)]+u?S[h(x,t)]. )
According to ADM, the series solution U (X) is

U(x)=>U,(x), ™
n=0
The nonlinear term is decomposed as
NU (x,t)=> A ), (8)
n=0

where A, is the Adomian’s polynomials which can be determined by following formula

A= rgp| NG

Using (6), (7) and (8) we get

nZx_:,S[Un(X,t)] = f(x) +ug(x) - qu[R:ZOUn (x,t)]- u?S[ZAﬂ (U)] + u?S[h(x,t)],

S)e)cursive relations for the modified sumudu decomposition method are formulated as:
S[U, (x,t)]=k, (x,u), (10)
S[Ul(X,t)] = kz (X, U) - UZS[RUO (X’t)] - UZS[A\) (U )]1 (11)
S[U. ., (x,t)]=—-u’S[Ru_(x,t)]—u?S[A (U)],n>1, (12)

Where K, (X,U) and K,(X,u) are Sumudu transform of K, (X,t) and K,(X,t) respectively. Inverse
Sumudu transform to Eqgs. (10)- (12) gives our required recursive relation as follows

U, (x,t) =k (x,t), (13)
U, (x,t) =k, (x,t) — S *[uS[RU, (x,t)] - u?S[ A, ()1} (14)
U, (xt)=—S*u?S[RU, (x,t)] - u?S[A (U)]}n=>1. (15)

3. Numerical Applications
Two examples for testing the accuracy of the proposed technique are given.
Example 3.1 We consider the following system [15]

" 3X 1
Ul(x):E+6—j02xt(ul(t)—3U2(t))dt, -
U () =15x+g—j013(2x+t2)(ul(t) _2U, ()dt,

With initial conditions
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U,(0)=1,U,(0) =-1,U.(0) =0,U,(0) =2, a7

With the exact solution
U,(x)=3x*+1, U, (X) = x> + 2x —1.

Implementing the Sumudu transform on Eq. (16) and by using the initial conditions, we have

S[Ul(x)]:1+%u3 +6UT — U 24(U, (1) - 3U, (O)dt,

s[u, (x)]=-1+2u +15u° +gu2 —6u° [ (U, (t) - 2U, (1))dt — 3u? [ t*(U, (t) - 2U, (1) d,

(18)
With inverse Sumudu transform, we get

( (I , 1 .n.
Ul(x):l+2—0x +3X -3 [ (U, (1) —3U,(x)(t))dt,

U, (x) = -1+ 2x +gx3 +§x2 —x*[ (U, () - 2U, () @)t —gxzjjtZ(ul(t) — 20, (X)(t))dt,

(19)
Consequently, we obtain
U, (X)=3x*+1,
, (20)
U,,(x) =x"+2x -1.

and

1 1 1 1 1 3
U = xX*-=x*tU.. (t)-3U t))dt,=—x* —=x°| — |=0
L0 = ek = L LU (0~ U, 000t = - X~ (Zoj

U0 =X + 25 =X [ (U0(0) ~ 20, (0~ X [T (U, (0 ~ 20, (0 O)ek

:§x3 +zx2 - x3(§j—§x2(ij:0
2 5 2) 2 \15

(21)
and also we take
Ul,n+1(X) =0,
n= (22)
Uz,n+1(x) =0,
The solution of given system is
U, (x) =3x* +1,
(23)
U,(x)=x*+2x-1.

The graphical representation for the solution of given system (16) is
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Ul x

3

F4ig;: 32
Example 3.2 We consider the following system [15]
U.(x) = _%xz + [leu, @ + U, (o t,
(24)
. i i 1 :
U, (x) = 2x + xsin1— xesin1— Scosx+ [;[xsintU, (t) + tcosxU, (t) ldt,
with initial conditions
U,(0)=1U,(0) =0, (25)
With the exact solution

U,(x)=e*,U,(x)=x".

Taking the Sumudu transform on Eq.(24) and by using the initial conditions we have

U3 u 1 3t
S[Ul(x)]:l—? + mjotul(t)dt +20° [ tU, (t)dt,

. . u 1 . u 1
S|U. (x)|=2u? +u?sinl1—u’esinl— +Uu®[sinlU, (t)dt + tU, (t)dt,
U, ()] ) [ (1) 1+u2j0 ,(t)
(26)

With the inverse Sumudu transform, we get
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x° ) x°
U,()=1-7+ (e~ tu, (t)dt + [RERGL

x* . x* sinx  Xx* g . A
)
U, (x) =X +7sm1—?esml—T+?Lsmlul(t)dt+S|nxj0tU2(t)dt,

@7)
Following the above procedure, if we assume solution of the form (7) and using the modified recursive relation,
we obtain

U, (x)=¢",
(28)
U,,(x) = x".
and
x° « « 1 X®
U,(X) 1ot (e —1)[tU,,(t)dt + gjotuzo(t)dt
x° x*(1
=1-——-e"+(e"-1)1)+—| = |=0
12 (e 1)) 3 (4]
2 2 H 2 (29)
X" . X . SINnX X" . . 1
U, (x) =7sm1—?esml—T + ?Lsmlulo(t)dt +sin x| tU ,,(t)dt
2 2 : 2 H
=X gin1- Xesint— 3 Xsinge—1)+ XX =0
2 2 4 2 4
and also we take
Ul,n+1(X) =0,
n> (30)
Uz,n+1(x) =0,
The solution of given system is
U, (x)=e",
(31)
U, (x) =X
The graphical representation for the solution of given system (24)
1// ““ 0‘5 ‘ B 1‘0 X
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Fig: 3.4

4. Conclusion

In this paper, the modified Sumudu decomposition method is employed for solving system of Fredholm integro-
differential equations. The proposed technique produces numerical results which are of highly reasonable
accuracy. This study showed that the modified approach reduces the volume of the computational work. A
conclusion may be draw from the obtained results that the modified Sumudu decomposition method provides
with accurate approximate solutions to exact solutions.
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