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Abstract

We consider the semilinear Heat equation with a gradient term, which takes the form u, = Au + ™ — |Vu|?,

defined on a ball in R™. It has been proved before that for a special initial function, the solution of this equation

blows-up in finite time. In this paper, we use a certain change of variables to transform the equation to a linear
equation and we use the explicit Euler method, to compute the approximate blow-up solutions and times for a
numerical experiment in one dimensional space.
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1. Introduction

In this paper, we consider the following initial-boundary value problem:

u, = Mu+ e — |Vu|? ,  (xt)e By x (0.7,

ulx,t) =0, (x.t) € 8B, x (0, T) (1)

ulx, 0) = up(x), x € By

where Bz isaballin R™, with radius & = 0, and center x = 0, u, is positive in Bz, and non increasing

radial function vanish on the boundary of By.

From these properties of initial function, any solution of problem (1) has to be positive and radially decreasing, see
[6 ,7]. This problem has been studied firstly by J. Bebernes and D. Eberly, [2], they showed for a certain initial

function, that the local existence and regularity of classical solution of this problem can be guaranteed for some

time 0 = T = &=, which means the solution blows up in the blow-up time T. In other words, the solution becomes

unbounded in finite time, moreover, it has been proved that, the only possible blow-up pointis = = 0.

t=T

ie. ulD,t) — oo
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Later, in [7], it has been shown, that the upper point wise estimate takes the following form:

u(xt) < iﬁ [logC —m log(lx])]. (x.t) € Bx/{0} x (0.T),

where € = 0,m =0, & € (0.1/2]
While, the upper and lower blow-up rate estimate take the following form

log €y —log(T — &) = u(x,£) = log Oy — log(T —t), (xt) € By x (0.T)

Where C;.C; are positive constant.

In fact, these estimates are the same as the estimates of the problem (1) without gradient term, see [3,7], this means,
the gradient term has no effect on these estimates. Moreover, it is well known that, for any solution of this problem,
the gradient still bounded as long as the solution is bounded.

From above, we see that, this problem has been studied very well theoretically, while its numerical study still in
early stage. However, the blow-up solutions and times for problem (1), where the gradient term is absent, have
been studied in [9].

In this paper, we will compute the blow-up solutions and times for problem (1), in one dimensional space with a
special initial function. And that will be done, by using explicit Euler method, to compute the numerical solutions

to an equivalent problem to (1).

2. Equivalent linear problem
Problem (1) can be transformed to a linear initial value problem, which is easier to deal with, and that can be

done by using the following change of variable
v=1—exp({—ul
so, problem (1), can be rewritten as follows:

v, =Av+1, (x.£)€Byx(0.T),
vix, ) =0 (etleadBy; x0T ... ()
ulx, 0) = vplx), x € By
where, vy is a continuous function on B such that v, (8Bz} = 0, and
vp(x) =1 — exp (cuy(x)) < 1
It is clear that, if the solution of problem (1), u, blows up at the blow up time T, and at the blow-up point

xq. then
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lmerv =lim._ {1 —e"™)=1

Which means, u blows-up at (. T, ifand only if w{xp.£) = 1

It is well known that, nonhomogeneous heat equation with the initial-boundary conditions, problem (2), has a
unique global stable classical solution. That means when v attends the value 1 at the first time, T, then we can
consider this time is the blow-up time for problem (1).

ie.
lim,r u(xp.£) = lime;[—in(1 —v(xpt) )] = o0

3. Finite difference scheme

The numerical blow-up solutions and times for problem (1) in one dimensional space, where the gradient term
is absent, were studied by some authors, where the reaction term f of power or exponential types, see [1,8,9].
While, as far as we know, the numerical study for problem (1) still in the new stage.
It well known that Euler explicit method is stable and convergent, when it is used to compute the approximate
solution of non homogenous heat equation. Therefore, in order to compute the numerical blow-up times and
solution of problem (1) in one dimensional space, we will compute the numerical solution of the equivalent linear
problem (2), by using Euler explicit finite difference algorithm

It is clear that, problem (1), in one dimensional space can be written as follows:

Up = Upy + 8% — (u)* . (x.t) € (R.E) % (0.T),
ulx,t) =0, x=+R te0.T) ... (3)

ule,0) = uylx), x € (—R.R)

While the equivalent problem (2) becomes

vy =ty +1. (xt) €(—R.R)x (0, T),
vix, t) =0 x=4R te(0.T) 4)

vix,0) = vylx), x € By
We can use finite difference operators to get the discrete problem for the last problem as follows:

For J apositive integer, we set J = ZR/h , and we defined the grids:
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xg=—-R, xj=xp+ih, 0=j<], x;=R
andlet t, =0, t,., =t,+ & ,n=0,1,....

And we denote to the approximate value of v, u at the point (x;.t;} by uf. v respectively. We approximate the

time derivative u; by the forward finite difference operator, while the second order derivatives is approximated

by the standard second order center finite difference operators. Thus, problem (4) can be written in the discrete

form as follows:

So, we get

| ==

k

o

vg=v' =0 w L 5)
of =volx), =12.]
Where k and h should be chosen such that the last formula is stable
ie. r=1/2
Form the definition of v, we have
w=-mn(1-vF), j=123..] e (6)
4. Blow-up time of the discrete problem
Definition:- Let  fu™} = (u?,u?, .... u}'} and {v"} = (v ¥",.... ij“} n =0 arethe numerical

solutions of  problem (3) and (4), respectively, we say that {u™} achieves blow-up inthe finite time ",
if

lim [lu®l|l. =c0, where T =mk < e
N—=m

In fact, we will consider that T;™ is the blow-up time, when, [[+™]|. = 1

Forsome 0 =<=m e N,
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where |lu ||x—ﬂ|u1+u:+---uj | I|==—d\1|1f1 + ! + v

5. Numerical Experiment with Matlab program
In this section, we present some numerical approximation to the blow-up solutions and times of problem (3), where
R=1, with a special initial function:

up = 5(1—x%), —1=x=1,
Thus, vp=1—e"% = 1-e5¥-0, _1=x=<1
Isitclear that, g1, are positive and symmetric for —1 < x =1 |
while they vanishat = = —1.,x =1 , moreover, they non increasing in (0,1) and each of them takes its
maximumat x = 0 . So, form maximum principles, we can show that for a small time T, the solutions u and v of

problem (3) and (4), respectively, have the same above properties of iy, v .
Therefore, according to the known blow-up results for the semilinear heat equation with gradient term, (see [2]),
the blow-up in problem (3), occurs only at a single point, which is x = 0
While, the solution of problem (4) may become equal or more than one, at more than one point or in a subinterval
of (-1,1).

Our aim is to compute numerically, the first time T, when + = 1, which will be considered finally the blow-up

time of the main problem (3).
This problem will be solved numerically by using Euler explicit method, (5), (6), which was suggested in section 4,
for different values of the mesh size h, to exam experimentally, if there exist any rate of convergence for the

numerical blow-up times with using the following Matlab program:

1- numx 101; gnumber of grid points in x
2-numt = 50; S%number of time steps to be iterated over

3-dx = 2/ (numx-1) ;

4-t (1)=0;
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5-v = zeros ([numx,numt]) ;
6-x = -1:dx:1; $vector of x values, to be used for plotting

7-u0=5* (1-x."2) ;

8-y=1-exp (-u0) ;

11- dt=dx"*2/2;

12- for j=1l:numt-1

13- r=dt/ (dx"2);

14- t (J+1)=t (3) +dt;

15- for i=2:numx-1

16— v(i,J+1)=(1-2*%r)*v (i, 3)+r*v (i+1,3)+r*v(i-1,3)+dt* (1);

17- end

18- end

19- for j=1l:numt

20- if max(v(:,]J))>=1

21- cbut=t (3)

22-  m=j

23- display('the solution blows up')

24- Dbreak

25- end
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46—

end

u=zeros ([numx,m-1]);

for j=1l:m-1

s=-1*log(l-v(:,3));

for i=1:m

plot3(t (i) *ones (numx) ,x,v(:,1),'b");

hold on

end

grid

xlabel ('t");

ylabel ('x");

zlabel ('Vv');

for i=1l:m-1

plot3(t (i) *ones (numx) ,x,u(:,1), 'b");

hold on

end

grid

xlabel ('t');

ylabel ('x");
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47— zlabel('u');

In the next tables (1) and (2), we show the numerical blow-up times with respect to the meshes J=10-100, and the

iterative errors those can be got form using the error form E; = |T{}‘ - 1’}”‘ |, where m is referred to the number of

iteration, when numerical blow-up occurs.

Computed blow-up times

Table 1,

The next figures (1) and (2) show the evolutions of the numerical bow-up solutions u & v,of problems (1) & (2)

respectively, which arise from using Euler explicit method, before blow-up occurs, for different valuesto J .

Errors in the numerical blow-up times of u, using E; = |5} — T}™|

J E,

10 0.010000000000000
20 0.002500000000000
30 0.001111111111112
40 0.000000000000000
50 0.000600000000000
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J I m J rm m
10 0.020000000000000 2 60 0.007777777777778 15
20 0.010000000000000 3 70 0.007346938775510 19
30 0.008888888888889 5 80 0.007500000000000 25
40 0.007500000000000 7 90 0.007407407407407 31
50 0.008000000000000 11 100 0.007400000000000 38

Table2,
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Figure 1,

Numerical solutions of u & v before blow-up occurs, J = 80, ¢ & [0, I}”‘]

%

z % S :
e \ :
: A G v
S EER 2
05 4
-1

2 x10°
X 0

Figure 2,

Numerical solutions of u & v before blow-up occurs, [ = 100, ¢ & [0, I}“"]

6. Conclusions

In this paper, we have used a finite difference scheme with a Matlab program, to find the approximate blow-up
time for a semilinear heat equation with a gradient term and a certain initial function., Since, it well known that, the
solution of this problem, has to blow up in finite time, it is difficult to compute directly, the numerical solutions of
this problem, therefore, we have computed rather the numerical solution of the equivalent linear problem, which
has been suggested in section 2. When the computed numerical solution of the equivalent problem becomes equal
or more than the value one, at a finite time, we can consider this time is the numerical blow-up time of the main

problem. Moreover, from the numerical results, in section 5, we can point out the following conclusions
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e Increasing the values of J. leads almost to increase the number of iterations, m. when the numerical

blow- up occurs, and decreasing the errors E; .
e The table of error (2), in the computed blow-up times, shows that, there is no error can be get where
] = 40.

e The figures (1) & (2) show that, the blow-up in problem (1) occurs only at a single point and that

confirms the theoretical results see [2,7].
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