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Abstract

In this paper, we study the existence of solutions for the following fractional hybrid differential equations

x(t)
D ————— |=9g/(t,x(t , 0<td1; x(1)=x'(1)=0 ;
[f(t,x(t))J 9 (t.x(0) a; x(@)=x(1)
involving Riemann-Liouville differential operators of order 1< o < 2. An existence theorem for fractional
hybrid differential equations is proved under mixed Lipschitz and Carathéodory conditions and using the Dhage
point fixe theorem.
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1. Introduction

During the past decades, fractional differential equations have attracted many authors (see[1, 9, 10, 11, 12, 13,14,
16]). The differential equations involving fractional derivatives in time, compared with those of integer order in
time, are more realistic to describe many phenomena in nature (for instance, to describe the memory and
hereditary properties of various materials and processes), the study of such equations has become an object of
extensive study during recent years.

The quadratic perturbations of nonlinear differential equations have attracted much attention. We call such
fractional hybrid differential equations. There have been many works on the theory of hybrid differential
equations, and we refer the readers to the articles [2, 3, 4, 5, 6, 7, 17].

Dhage and Lakshmikantham [5] discussed the following first order hybrid differential equation

% % =g(t,x(t)) ae teJ=[0,1]
X(to):xo € IR

Where f eC(J XR,R\{O}) and ¢ eC*(J XR,R),( C*(J XR,R) is called the Carathéodory

class of functions). They established the existence, uniqueness results and some fundamental differential
inequalities for hybrid differential equations initiating the study of theory of such systems and proved utilizing
the theory of inequalities, its existence of extremal solutions and a comparaison results.
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Zhao, Sun, Han and Li [15] have discussed the following fractional hybrid differential equations involving
Riemann-Liouville differential operators

D¢ % :g(t,x(t)) ae tel=[0,T]

x(0)=0 e R

Where f eC (J xR, R\ {O}) and g eC, (J xR, ]R) . The authors of [15] established the existence

theorem for fractional hybrid differential equation and some fundamental differential inequalities. They also
established the existence of extremal solutions.

Hilal and Kajouni [7] studied boundary fractional hybrid differential equations involving Caputo differential
operators of order 0<a <1,

p| XU g (tx(t)) ae tea=[oT]

X X
F0x(@) " FTx(T))

Where feC(J xR,R\{O}) and geC.(JxR,R)and a,b,c are real constants with

=c

a+b = 0 .They proved the existence result for boundary fractional hybrid differential equations under mixed
Lipschitz and Carathéadory conditions. Some fundamental fractional differential inequalities are also established
which are utilized to prove the existence of extremal solutions. Necessary tools are considered and the
comparaison principle is proved which will be useful for further study of qualitative behavior of solutions.

In this paper we consider the fractional hybrid differential equations with involving Riemann-Liouville
differential operators of order 1< a <2

D” X9 =g(t,x(t)) ae 0<t<1

f(tx(t))
x(1)=x'(1)=

Where f e C(J xR,R\{O}) and g eC, (J xR,]R). Using the fixed point theorem, we give an

(L1)

existence theorem of solutions for the boundary value problem of the above nonlinear fractional differential
equation under both Lipschitz and Carathéadory conditions. We present two
examples to illustrate our results.

2. Preliminaries
In this section, we introduce notations, definitions, and preliminaries facts which are used throughout this paper.

By X=C (J , ]R) we denote the Banach space of all continuous functions from J = [O,l] into R with

the norm
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vl =sup{ly(t)] . t<3}

We denote by C. (J xR, RR) the class of functions g:JxR — R such that
(i) themap t > g(t,x) ismesurable foreach xeR, and

(i) themap t > g(t,x) iscontinuous for each teJ.

Theclass C. (J xR, R) is called the Carathéodory class of functionson J xR which are Lebesgue

integrable when bounded by a Lebesgue integrable functionon J .

By L (J , ]R) denote the space of Lebesgue integrable real-valued functions on J endowed with the norm

||, defined by

|-l = |y (s)s

Definition 2.1 [8] The Riemann-Liouville fractional integral of the continuous function h (O, +oo) —> R

of order a >0 is defined by
o . 1 t a—1

Provided that the right side is pointwise defined on (0, +oo)

Definition 2.2 [8] The Riemann-Liouville fractional derivative of order o > 0 of the continuous function

h: (0,40) — Risgiven by

1 d (n) t n—a—1
D =—| — + )s h) s
5O =yl a) R8T
Where n=[a]+1, [er] denote the integer part of number ¢ , Provided that the right side is pointwise
defined on (O, +oo).
From the definition of the Riemann-Liouville derivative, we can obtain the following statement
Lemma2.1.[8] Let >0 .Ifweassume xeC (O,l)m L (0,1) then the fractional differential

equation Dof’x(t):O has X(t):Clt”’fl+C2t“’2+...+Cnt””” . cielR, i=1...,n, asunique

solutions, where n is the smallest integer greater than or
equalto o .
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Lemma 2.2. [8] Assume XeC(0,1)nL*(0,1) with a fractional derivative of ¢ > Othat belongs to
C(0,1)nL*(0,1). Then

12Dg x(t) =x(t)+ct  +ct“? +...+cto"

forsome cieR, i=12,...,n, where n is the smallest integer greater than or equal to ¢ .

Lemma2.3.[8] Let heC ([0,1] , R) and 1< <2. The unique solution of the problem

D* {f(xiJ —h(t) ae te[0d] (2.1)

x(1)=x'(1)=0 (2.2)

is
x(t) = f (t,x(t)) [ H (t,s)h(s)ds
where
(=)'t A-8)" " st P(A-s)"*
H = —t"‘l(l—lsj)(gz+s(l—t)t“2(1—:;£a2_1) O<t<s<1l (2.3)
() r(a-1) ’

Proof Applying the Riemann-Liouville fractional integral of the order ¢ for the equation (3), we obtain

A =1"h(t)+ct* " +ct*?

)

forsome C;,C, € R . Consequently, the general solution of (2.1) is

x(t) = f (t, x(t))(ﬁ [[(t=s)""n(s)ds+ct* +czt“2j (2.4)

By x(1)=0, wehave

¢ +c, = ﬁjj(l_ s)” h(s)ds.

From (2.4), we get

74


http://www.iiste.org/

Mathematical Theory and Modeling Www.iiste.org

ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) J LN |
Vol.6, No.2, 2016 | IISTE
X'(0) F(Lx(O)-x@Of(tx() 1 e o . i
= 1- h(s)d -1)ct” -2)c,t*3

F2(Lx(1) F(a—]_)-[o( s) h(s)ds+(a-1)et”*+(a-2)c,
By
X'(1)=0

we have

(a@-1)¢ +(a—2)c, :F(:_ )jol(l-s)a *h(s)ds

Then

{ q:ﬁ [2((=s)*2—(1-5)""*)n(s)ds

ooy (ot e (s ) n(eas

Therefore
X(t) = f (t,x(t))[ﬁ [{(t=s) h(s)ds+ j:[r (t;_il)((l—s)al
-(1_3)06-2)_%((1-3)“1+%((1-s)“2_(1-sa—1))h(s)ds)
_f(t, x(t))( j;ﬁ(t_s)“u _ (t;il)((l—s)“1—(1—5)“‘2)— th;)(l—s)“
to-2 s . o et o o
+F(a—1)((l_s) -(1-5) ))h(s)ds+££r(a_1)((l—s) ~(1-5) )
S e (a1 n(e) o)
_ f(t’x(t))LJ-;[(t;(Sazz +S(l—t1)—‘t(aa2_(:;_-)_s)a— _tall(—‘l(;s))a_ Jh(s)ds
i s(1-t)t*2(1-s)"" t**(1-s)""
+J.t( = - (@) Jh(S)ds)

= £ (tx(1)) [ H (t.s)h(s)ds
The proof is complete

Lemma 2.4. The function H (t, S) defined by (5) satisfies the following conditions:

I'(a—1)H(t,s)<q(t)k(s) 25)
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2

Where q(t)=(1-t)t“? and k(s)=s(1-s)"

3. Existence result
In this section, we prove the existence results for the hybrid differential equations with fractional order (2.1)

on the closed and bounded interval J = [0,1] under mixed Lipschitz and Carathéadory conditions on the

nonlinearities involved in it.
We defined the multiplication in X by

(xy)(t)=x(t)y(t) , forx,yeX
Clearly X =C (J ; R) is a Banach algebra with respect to above norm and multiplication in it.

Lemma3.1[4] Let S be anon-empty, closed convex and bounded subset of the Banach
algebra X andlet A: X — X and B:S — X be two operators such that

(@) A is Lipschitzian with a Lipschitz constant o

(o) B is completely continuous,

(c) Xx=AxBy = xe€S forall ye$S,and

(d) aM <1  where M =||B(S)[l=sup{||B(x)]l:xeS}

then the operator equation AXBX = X has a solution in S

We make the following assumptions:
(Ho) The function is increasing in R almost every where for t € J
(H1) There existsaconstant L >0 such that

|f(t,X)—f(t,y)|£L|X—y| forall teJ and X, yeRR.
(H2) There exists a function heLl(J,]R+) such that ‘g(t,x)‘sh(t) ae ted forall xeR

For convenience, we denote: T :ﬁﬁ k( )3 (

Theorem 3.1  Assume that hypotheses (H,) and (H,) hold. Further, if

LT [|h,~<1

then the boundary value problem (1.1) has a solution define J

Proof.
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We define asubset Sof X by S={xe X | x|I<N}

FT lhil,
1—LT I hil,

where N =

and F =sup,,y, ‘ f (t,O)‘

It is clear that S satisfies hypothesis of lemma 3.1 . By application of Lemma 2.3 , the equation (1.1) is
equivalent to the nonlinear hybrid integral equation

X(t)=f (tX(1)) [, H (t.s)a (s, x(s))ds

Define two operators A: X — Xand B: S — X by

(3.3)

Ax(t)=f(t,x(t)) , tel (3.4)
and
Bx(t) = _[OlH (t,s) g(s.x(s))ds (3.5)

Then the hybrid integral equation (3.3) is transformed into the operator equation as

x(t)=Ax(t)Bx(t) . tel (36)

We shall show that the operators A and B satisfy all the conditions of Lemma 3.1.

Claim1, let X,y e X then by hypothesis (H1),

|AX(t)= Ay (1) =| f (t.x (1)) f (Ly (1)< L[x(O)-y(O)]<Llx-yl
forall t e J.Taking supremum over t, we obtain

| AX—=Ay|I= L[ X=YIl

forall X,ye X

Claim 2, B isacontinuousin S .
Let (X,) be a sequence in S converging to a point X€S . By (H,) and Lebesgue dominated

convergence theorem, we have

lirgj':H (t,s)g(s.x,(s))ds

= Jj H (t,s)limg(s,x, (s))ds

= ['H(t,s)(s.x(s))ds = Bx(t)

forall te J. Thisshowsthat B isa continuous operator on S .

limBx, (t)

Claim3, B iscompactoperatoron S .
First, we show that B (S) is a uniformly bounded setin X .

Let X € S be arbitrary. By Lemma 2.4, we have
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ST

‘Bx(t)‘

U: H(t.s)g (S, X(S))ds‘

1

q(t) P J.;k (s)h(s)ds

< Tlhi|,

IA

forall t e J. Thisimpliesthat B is uniformly boundedon S .

Next, we prove that B (S ) is an equi-continuous seton X .

Given £ >0, let

5<m|n{l w}

2 12| h|

Let xeS, t,t,e[01] with t <t,,0=<t,—t <5, wehave

|Bx(t,) - Bx(t,) U (t,,s)g(s,x(s))ds— _[ (t..8)a (s, x(s))ds|

t (tZ—S) —t; 1(1—8) -

< I | )

r e (1-s)"" dse r S(1-t) 42 (1)

s(1-t,)te % (1-s)""
+.[ r(a-1) ds

2

t F(a)

~ Itl —t""l(l s) _1d jtl s(1-t)t7* (1-s)" ds

(@)

t F(a—l)

2

F(a—l)

-2

N J-ltl_ 1—5)“1dS_J.13(1—t112t(f‘2(i)—s)“ ds
t t a—

I(a)

< |Ihl; [I;(tzr_(—syld (—)ds+(t“‘1 tet L;)ds

a) I'(a)

(ta 2 a 2 ) dS+(t“ 1 tfzfl)J‘

1(1—8) B Sj
0 F(a—l)

(@)

OF a 1)
< ”h”l téz _t1a+tézfl_t1afl+t20572_t1a72+t2afl_tlafl
L I'(a+1) I'(a) I'(a)
hil, (., .. « a-2 _ya-
< F(a-ll:l)(tz 7+ () (T -t ra(t 7 -1 ))

< MM (6 —tr+3(t -t )+ 2(t

I'(a-1)
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In order to estimate ty —t",ty ™ —t“"and t7° —t* , we consider the following cases

Casel: O0<t <o, t,<20

tr-t< 6,<(25)" <25< 6 , - i< “t( 6)2< “ 8% §
-2t R(25) <5< B

Case2: 0=t <t, <o

ty -t <t;<8 “<as 4 5, -t <X S (<a)-16 <
72—t <ty <S8 “Pa 2) 5 <5

Case3: o<t <t, <1

ty -t <ad<45, ;747 <(a-1)6<25
ty? -ty <(a—-2)6<5

Thus, we obtain
|Bx(t,)-B(t)| <&
Forall t,t,eJ andforall Xe X.

This implies that B(S) is an equi-continuous setin X .

Then by Arzel&Ascoli theorem, B s a continuous and compact operator on S .

Claim 4, The hypothesis (C) of theorem 3.1 is satisfied

Let Xe X and yeY bearbitrary suchthat X= AXBYy . Then,

x(tf=| AXfp BY X
|f 2 x(t— (D)t+ ( ,fop‘j: (HOY s g(s,%}

<[L|x t« )F]( qf"_(%—T)Iol k S(h)}(cw

<[L[x 4+ ¥ b

T |h|.
1-LT|h

Ll

Thus, |X(t)| <

Taking supremum over t,
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I = T I0
T 1—LT|h|

Ll
Then X €S and the hypothesis (C) of Lemma 3.1 is satisfied.

Finally, we have

M =[B(S)]|=sup{[Bx]: xe S} <T]h],

andso, LM <LT ||h||L1 <1

Thus, all the conditions of Lemma 3.1 are satisfied and hence the operator equation AXBX = X has a solution
in S . Asaresult, the boundary value problem (2) has a solution defined on J . This completes the proof.

4.Examples
In this section, we will present two examples to illustrate the main results.
Example 4.1. we consider the fractional hybrid differential equation

Dgx(t)= six a.es < 0t 1 (4
x()=x'(1) =0

Where f (t,x)=1 , g(t,x)=sinx andh(t) =1 . Then hypothesis (Hl) and (Hz) hold.
Since

1

1 1
T = mj.o k(S)dS =@
2

4

N

1 1
Ios(l—s)zds =

choosing L=1,then LT ||h||L1 <1 . Therefore, the fractional hybrid differential equation (4.1) has a

solution.
Example 4.2.  we consider the fractional hybrid differential equation

3

DZ{&}zcosx ae. 0<t=<1

sinx+2 4.2)

X)) =x'1)=0

Where f(t,x)=sinx+2 , g(t,x)=cosx and h(t)=1 . Then hypothesis (Hl) and (Hz) hold.

Since T = ,choosing L=1 ,then LT ||h||L1 < 1. Therefore, the fractional hybrid differential

4
357

equation (4.2) has a solution .
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