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Abstract

Let M be a 2-torsion free prime I'-ring with involution satisfying the condition
that aabfc = afbac (a, b, ¢ € M and «,8 € T'). In this paper we will give the
relation between I'*-derivation and Jordan I™*-derivation. Also we will prove that if d
is a non-zero Jordan I'*-derivation such that d(xay) = d(yax) for all z,y € M and
a € I, then M is a commutative I'-ring with involution.
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1 Introduction

The notion of I'-rings was first introduced by Nobusawa [14] who also showed that I'-rings
are more general than rings. Bernes[17] slightly weakened the conditions in the definition
of I'-ring in the sense of Nobusawa. Bernes[17], Kyuno[16], Luh[5], Ceven[18], Hoque and
Paul[8, 10, 11] and others established a large number of important basic properties on
[-rings in various ways and determined some more remarkable results of I'-rings. We start
with some definitions. Let M and I' be additive abelian groups. If there exists a mapping
M xT' x M — M defined by (x,a,y) — (zay) which satisfies the conditions

(i) zay € M.

(ii) (x +y)az =zaz+yaz, z(a+ By = zay + 2Py, za(y+ z) = zay + zaz.
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(iii) (zay)Bz = wa(ypz)

then M is called a I'-ring (see [5],[9]). Let M be a Iring. Then an additive subgroup U
of M is called a left (right) ideal of M if MT'U Cc U(UT'M C U). If U is both a left and a
right ideal, then we say U is an ideal of M. Suppose again that M is a I'-ring. Then M is
said to be 2-torsion free if 2x = 0 implies x = 0 for all x € M. An ideal P; of a '-ring M
is said to be prime if for some ideals A and B of M, AI'B C P, implies A C P, or B C P;.
An ideal Py of a I'-ring M is said to be semiprime if for any ideal U of M, UI'U C P,
implies U C P». A TI'-ring M is said to be prime if aI' MTb = (0) with a,b € M, implies
a =0 or b =0 and semiprime if aI'MT'a = (0) with a € M implies a = 0. Furthermore,
M is said to be a commutative I'-ring if zay = yax for all z,y € M and o € I'. The
set Z(M)={zx € M : zay = yax for all « € I, y € M} is called the center of the I'-ring
M. If M is a I'-ring, then [z,y]o = zay — yax is known as the commutator of z and y
with respect to «, where z, y € M and o € I'. We make the following basic commutator
identities:

(way, 25 = [z, 2lpay + zla, Bl.y + zaly, 2] &

[z, yaz]g = [z, y]gaz + yla, flaz + yaz, 2)p (2)

for all x,y,2z € M and «, 3 € I'. Now, we consider the following assumption:

(A) zayBz = zfyaz for all z, y, z € M and «, f €T
According to assumption (A), the above commutator identities reduce
to [ray, z]g = [z, z|gay + zaly, 2|z and [z, yaz|g = [z, y]gaz + yalz, 2]s.
which we will extensively used.

Bernes[17], Luh[5], Kyuno[16], Hoque and Paul[10] studied the structure of I'-rings and
obtained various generalizations of corresponding parts in ring theory. Note that during
the last few decades many authors have studied derivations in the context of prime and
semiprime rings and I-rings with involution ([6],[7],[12],[15],[4]). The notion of derivation
and Jordan derivation on a I'-ring were defined by Sapanci and Nakajima[13].

Definition 1.1. [18/ An additive mapping D : M — M s called a derivation if
D(zay) = D(x)ay + xzaD(y)), which holds for all z,y € M and a € T.

Definition 1.2. [18] An additive mapping D : M — M ‘s called a Jordan derivation
if D(zxax) = D(x)ax + xaD(x)), which holds for all x € M and o € T'.

Definition 1.3. [18] A T'-ring M is called a completely prime if al'b = 0 implies that
a=0 orb=0, where a,b € M

Remark 1. [18] Every completely prime I'-ring is prime.

Definition 1.4. An additive mapping (xazx) — (zax)* on a I'-ring M is called an
involution if (vay)* = y*ax* and (vax)™ = zvax for all z,y € M and a € T. A T'-ring M
equipped with an involution is called a I'-ring M with involution (also known as I'*-ring).

Definition 1.5. An additive mapping d : M — M is called T* —derivation if d(xay) =
d(x)ay* + xad(y) which holds for all xz,y € M and a € T'.

Definition 1.6. An additive mapping d : M — M is called a Jordan I'*—derivation
if d(zax) = d(x)ax* + zad(x) which holds for all x € M and a € T.
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Example 1 Let R be a commutative ring with chR=2 . Define M =

a b ra,be Ry and I' = @ 0 ta € Ry, then M is a I'-ring under
0 a 0 «

addition and multiplication of matrices.

. a b 0 b
Deﬁneamapp1ngd.M%Mbyd<[O a})_[() O}

To show that d is a I'*-derivation, let

_la b e dl ., |-c d
7o oY "o 'Y T o =

then d(zay) = d(z)ay* + zad(y). Hence, d is a I'*-derivation

It is clear that every I'*—derivation is a Jordan I'*—derivation, but the converse in general
is not true.

Example 2 Let M be a I'-ring and let a € M such that al'a = (0) and
zaafr = 0 for all z € M and o, € I' |, but xaaBy # 0 for some x,y € M
such that =z # y.

Define a map d : M — M by d(x) = zaa + aczx™® for all x € M and o € T,
then d is a Jordan I'*—derivation but not I'*—derivation.

In this paper we will give the relation between I'*— derivation and Jordan I'*—derivation.
Also we will prove that if d is a non-zero Jordan I'* —derivation such that d(zay) = d(yax)
for all z,y € M and a € I'; then M is a commutative I'—ring with involution.

2 [™—derivation and Jordan ['*—derivation

To prove our main results, we need the following lemmas.

Lemma 2.1. Let M be a non-commutative prime I'—ring with involution satisfying
assumption A, let d: M — M be a I'*—derivation, then d=0.
Proof. We have

d(zay) = d(z)ay” +zad(y) (3)
for all z,y € M and o € T. Replacing y by yBz in (3) we get
dxa(yfz)) = d(z)az"By* + zad(y)fz" + zayfd(z) ()
forallz,y e M and o, 3 € T and
d((zay)Bz)) = d(z)ay*Bz* + zad(y)Bz" + rayBd(z) (5)
for all z,y,z € M and o, 8 € T. By compare (4) and (5), we get
d(z)olz", 45 = 0 (6)

forall x,y,z € M and o, 8 € T, then by using [3], we get d = 0.
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Lemma 2.2. Let M be a semiprime I'—ring satisfying assumption A, and suppose that
a € M centralizes all [x,y]q for all z,y € M and o € T'. Then a € Z(M).

Proof. The proof of this lemma can be found in [3] (Lemma 2.4).

Lemma 2.3. Let M be a 2-torsion free non-commutative prime I'—ring with involution
satisfying assumption (A)and suppose there exists an element a € M such that ac[z, y]g =
[z,y]gaa for all z,y € M and o, B €T, then a = 0.

Proof. We have
aafz, yls = [2,y]paa (7)

for all z,y € M and «, 8 € I'. Replace y by zdy in (7)

aalr,xdyly = [v,20y|gaa
aa(y*olz, x5 + [z, ylgoz") = (x6[z,yls + [z, 2]gdy)aa

for all z,y € M and «a, 5,5 € ', then after reduces, we obtain
aalz, yl50z" = oz, ylsaa (8)
for all x,y € M and «a, 3,0 € M. By using relation (7), (8), we get

[z, y|paadz™ = xd[z, y|paa
[z,y|paxda = zé[z,y]gaa
[z, y]gaxda — xd|x,ylgaa =0

The substitution z = [z, zz]fy where z1, z0 € M for x in above relation
[z,y]pazda — 20[z, y|gaa = 0

gives
[[Z,y]ﬁ,ZbOéCL =0 (9)
for all z,y € M and «, 3,6 € I'. Putting yyw for y in (9)
[z, yyw]g, z]saa = 0
[z, wlp + [2,ylsyw, 2lsaa = 0
[

]
Y[z, wlg, 2lsaa + [[2, ylgyw, 2]saa = 0
yyllz, wlg, zlsaa + ([y, 272, wls)aa + [z, ylgyw, zlsaa + [[2, Y] 8, 2]sywaa = 0
y’Y[[Z, w]ﬁa Z](;Oéa + [27 y]ﬁ’ﬂwa Z](;Oéa + [Za y]ﬁ’Y[u% Z]5aa + [[27 y]ﬁa z](ﬂ/waa =0

for all z,y € M and «, 3,6 € ', then by using (9), we get
[[Z,y]g,Z]g’}”wOéa+2[Z,Z/]/3’Y[’LU,Z]50&CL =0 (10)

for all z,y,w € M and «,3,0,7 € I'. Replace w by s = [wy,ws]g for all wi,ws € M in
(10)
[[27 y]ﬁv 2]5780@ + 2[27 y],@’)/[sa Z]5aa =0
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for all z,y,s € M and «, 8,6,y € I'. By using relation (7), we get
[[2,y]p, 2lsvaclwr, wa]j + 2[z, ylgys, z]saa = 0
for all z,y,s € M and «, 3,9,7 € I'. By using relation (9), we get
2[z,y]p7[s, zlsaa =0
for all z,y,s € M and «, 8,6,7 € I'. Since M is 2-torsion free, we obtain
[2.y]g7[s, 2lsaa =0 (11)

for all z,y,s € M and «a, 3,9, € I'. Putting in relation(11) yyr for y, for all y,r € M
and a € T

[z, yyr]g[s, zlsa =0
(yv[z,rlp + [2,y]pyr)V[s, 2lsaa = 0
yylz. rlpls, 2lsca + [z, ylgyry(s, 2]saa = 0

for all z,y,r € M and «a, 8,9,7 € I'. By using relation (11), we get
[[21, 22]a, Ylgy77[s, [21, 22]alsaa = 0. (12)
for all 21, z9,y,7,s € M and «, 3,9,y € I'. Linearization (12) on z; yields
[[b1, z2]a, ylgyrys, [ba, 22]alsaa = —[[b2, 20]a, y]pyry(s, b1, 22]alsa (13)

for all by,b9, 29,y,7,s € M and «, 3,d,7 € I'. Then we have from (13) that

[[b1, 22]as Y] g7, [b2, 22]alsayry[[b1, 22]a, ylgyr(s; (b2, 22]alsaa =
—[[b1, 22]as Yl gy (17[8, [b2, 22]alsvayry[[ba, 22]a, Ylsyr)V[s, [b1, 22]alpaa =0 (14)

for all by,b9, 20,y,7,s € M and «, 3,d,7 € I'. Then by using (12), we obtain
[[b1, 22]as Yl g[8, [b2, 22]alscaryry[[br, 22]a, ylgyry(s, [b2, 22]alsa = 0
for all by, b, z0,y,7,8 € M and «, 3,9,v € I'. Since M is a prime ring, we get
[[b1, 22]a, Yl gy [s, [b2, 22]alsa = 0 (15)

for all by, b9, 29,y,7,s € M and «, 3,d,7 € I'. Now replace z3 by 1 + x2 in (15)
for all x1,x9 € M, we get ( see how (15) was obtained from (12))

[[b1, 21]as Y] gyry s, [b2, 22]alsaa = 0 (16)

for all by, be, 1, x2,y,7,s € M and «, 3,6, € I'. Putting u = [b1, 1], and
q = [b2, x2]a, the relation (16) leads to

[u, ylgyry[s, glsaa =0 (17)
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for all w,y,s,r,q € M and «, 3,9, € I'. Since M is a non-commutative prime I'-ring with
involution, then by using Lemma 2.2, we get

lean]ﬂaq](saa =0 (18)
for all wi,we,q € M and «, 8,6,y € I'. The substitution wyyw; for wy in (18)

[[w1, wiyw3]a, qlsaa =0

[lU1’Y[w1, w; as }50‘@ =0

]

[wiy[wr, wyla + [wi, w1]ayws, glsaa = 0
Jas @

Jas @

w1Y[[wi, w3la, qlsaa + [wi, glsy[wr, w3laaa =0

for all wy, w3, q,a € M and «, 3,0,7 € I'. By using relation (18) and assumption (A), we
obtain
[wh Q](S'Y[wl, w;]aaa =0

for all wi,ws,q,a € M and a, 3,6,7 € I'. By using relation (7) we get
[w, glgyay[ws, wils =0 (19)
for all wy,we,q € M and a, 3,0, € I'. Replace wy by raws; in (19)

[w1, q]gyary[raws, wils =0
[w1, q]gyay(rafws, wils + [r, wi]saws) = 0
[w1, q]gyayrafws, wils + [wi, qlgyaylr, wi]saws = 0

for all wy,r,q,a € M and «, 3,6, € I'. Then by using (19) we get
[w1, q]gyaarylws, wils = 0 (20)

for all wy,we,q,r € M and «,3,d,7 € I'. From the relation (20) one obtains ( see how
(15) was obtained from its previous relation)

(w1, q]gyaary[ws, t]s =0 (21)

for all wy,ws,q,r,t € M and «,3,0,7 € I'. Since M is non-commutative prime I'-ring
with involution, we get

(w1, q]gya =0 (22)
for all wy,q € M and «, 3,d,7 € I. Replace w; by wiar in (22)

[wiyr, glsva = wiv[r, glpya + (w1, glsyrya =0
for all wy,q,7 € M and «a, 3,d,7 € I'. Then by using relation (22) we obtain
[w1,q]parya =0 (23)

for all wy,q,r € M and o, 5,9,7 € I'. Since M is a non-commutative prime I'-ring with
involution, then from relation (23) we get a = 0.
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Lemma 2.4. If M is a completely prime I'-ring with 2-torsion free satisfying assump-
tion (A), then every Jordan derivation on M is a derivation on M.

Proof. By using [1], we have
d(zay) = vad(y) + yod(z) (24)
for all x,y € M and a € I'. By using [2], we have
d(zay) = d(z)ay + d(y)ax (25)
for all x,y € M and a € I'. If we combine the relation (24) and (25), then we get

d(zay) = d(zx)ay + zad(y) (26)

Lemma 2.5. Let M be a 2-torsion free prime I'—ring with involution satisfying assump-
tion (A) and let d : M — M be a non-zero Jordan I'*—derivation, then M is commutative
if and only if d is a I'"—derivation.

Proof. Let M be a commutative ['-ring with involution , since d is a non-zero Jordan

[™-derivation we have
d(zaz) = d(z)ax™ + zad(x) (27)

for all x € M and « € I'. Linearization of (27) yields
d(zay + yazx) = d(z)oy™ + zad(y) + d(y)ox™ + yod(x) (28)

for all x,y € M and « € T". Replace y by xdy + ySBz in (28) and since M is 2-torsion free

we get
d(zaypz) = d(z)oy* fz* + zad(y)fx™ + zayfd(z) (29)

for all x,y € M and «a, 8 € I'. Putting x + z for x in (29) we obtain

d(zayBz + zaypfx) = d(x)ay* 82" + xad(y) Bz + xayBd(z) +
d(z)ay* Bz + zad(y)Bz* + zaypd(x) (30)

for all x,y,2 € M and a, 8 € I'. Replace x by xdy and y by z in relation (28) we get

d(zdyaz + zazdy) = d(x)ay* Bz + vad(y) 82" + d(2)ay*dz" + zayBd(z) +
+zad(x)By* + zaxBd(y) (31)

for all z,y,z € M and «, 3,0 € I'. Since M is commutative, comparing the relation (30)
and (31) we get
B(z,y)az" + zaB(y,z) =0 (32)

forall x,y,z € M and «, § € T, where B(x, y) stands for d(zay) —d(z)ay* —zad(y), since
B(z,y) = —B(y,x), then from the relation (32) we obtain

B(z,y)a(z" —2)=0 (33)
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for all z,y,z € M and « € I'. Right multiplication the relation (33) by r we get
B(a,y)arf(=" — 2) = 0 (34)

for all x,y,z € M and o, € I". Since M is prime, then either d is a I'*-derivation, or
z=2z*"forall z€ M. If z = z* for all z € M, then from the relation (27) we obtain

d(zazx) = d(z)ax + xad(z) (35)
for all z € M and o € I'. Now by using Lemma( 2.4) we get
d(zay) = d(x)ay + zad(y) (36)

for all z,y € M and o € I'. Then by using the above relation and since y = y* for
all y € M, we conclude that d is a I'*-derivation. To prove the converse, assume d is a
non-zero I'*-derivation, then by using Lemma 2.1 we get M is a commutative I'*-ring.

Theorem 2.6. Let M be a 2-torsion free prime I'—ring with involution satisfies as-
sumption (A) and let d : M — M be a non-zero Jordan I'*-derivation such that d([z, yla) =
0 for all z,y € M and o € I, then M is a commutative ['*-ring.

Proof. We have
d(way) = d(yaz) (37)

for all x,y € M and a € I'. Replace y by yBz + zBy in (37) we obtain
d(xayBz + zpyax) = d(yBzax + xazfy) (38)

for all z,y,z € M and «a, 8 € I'. Using relation (30) we obtain

d(zayBz + zByax) = d(x)ay* Bz* + xad(y)Bz" + zayBd(z) +
d(z)py*az™ + zfd(y)az™ + zBfyad(x) (39)

for all x,y,z € M and o, € I' and

d(yBzax + zazpfy) = d(y)Bz"ax™ + yBd(z)az™ + yBzad(z) +
d(x)az*fy* + zad(2) By + xazBd(y). (40)

for all z,y,2z € M and o, € I'. According to (39), (40) and (38) we get

d(z)aly®, z*]s + [2, ylgad(z) + za(d(y)Bz" + yBd(z) — d(2)By" — 2B8d(y))
—(d(y)Bz" +yBd(z) — d(2)By" — 2Bd(y))az™ = 0 (41)
for all z,y,2z € M and «a, § € T'. Putting in (41) [a, b], for =, we obtain
A(y, 2)7a, b, = [a, b]avA(y, 2) (42)

for all y,z € M and «, 8 € T, where A(y, z) stand by d(y)5z* +yBd(z) —d(z)By* — zBd(y).
Now if M is a non-commutative prime I'-ring with involution, then by using Lemma 2.3
we get from (42)

Ay, z) =0 (43)
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for all z,y,z € M and «, 8 € T'. Using relations (37) and (28) we get

2d(ypz) = d(y)Bz"+ypd(z) + d(z)By" + zBd(y) (44)

for all y,z € M and € I'. Since M is a 2-torsion free, then using (43) and (44) we
conclude that d is a I'*-derivation, then by using Lemma 2.1 we get d = 0, which is a
contradiction. Then the proof is complete.

Corollary 2.7. Let M be a 2-torsion free prime I'-ring with involution and let d :
M — M be a non-zero Jordan I'*-derivation such that d([z,yls) =0 for all z,y € M and
a €T, then d is a I'*-derivation .

Proof. By using Theorem 2.6 we get M is commutative prime I'-ring with involution,
also by using Lemma 2.5 we get d is I'*-derivation.
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