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Abstract:-

In this paper we study the growth of entire functions represented by Taylor series of several complex variables.
The characterization of their order and type has been obtained.
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1- Introduction

We denote complex N-space by C". Thus , z € C" means that z =( z3,2,.....,zn), Where 21,2, ......,zy are complex
numbers.

A function f (z), z € C" is said to be analytic at a point &€ C" if it can be expanded in some neighborhood of &

As an absolutely convergent power series .if we assume £=(0,0,....,0) then f(z) has representation :

(D)= 120 Ter oy 21" Zp2s e s 23" 2o @i 25, (see[1]) (1.1)

Where k= (K, Ky......, ky) € NY and  n=||k|| = ky+ky +.....+ k. M. M.Dzrbasyan ([2], p.1) has shown that
the necessary and sufficient condition for the series (1.1) to represent an entire function of variables z,,z,.....,z
is that :

1
lim,,_, o (|ax |)»=0, Or 1.2)

. loglag|_
lim, o, ——=-

For r>0, the maximum modulus M(r , f) and central index of entire function f(z) is given by (see[3],p.321)
M(=M(r.H=sup{lz,|* + |z,|* + -+ |zy|* =72 (13)
v(r)=v(r,k) ,where k is the index with maximal length n for which maximum term is achieved .

The order of entire function f (z) is defined as [4]:

loglogM (1) ., p = lim, ., .sup loglv(r)| (1.4)

=lim su
p rooSUp logr

logr
Also for an entire function f (z), we define the lower order X of f (z) as:

loglogM(r)

. . ploglv(m)l
D = lim, o inf 220l (1.5)

A=lim,_ ,inf ogr

A.A.Golderg [5] obtained the order in terms of the coefficients of its Taylor expansion as
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Susheel Kumar and G.S.Srivastava ([6], p.157) proved the following theorem
Theorem 1.1

The lower order A of the entire function (1.1) satisfies

A > lim,,_ inf _;l;’ﬁ’:k“ 1.7)

Also if la| , Where ||k'|| = n+1, is non-decreasing function of n, then equality holds in (1.7). If the order of

Jail
entire function (1.1) is equal to the lower order of (1.1) then the function (1.1) is said to be of regular growth.

Proof

Write

nlogn
—logllakll

O=lim,,_,,, inf
First we prove that A>®. The coefficient of an entire Taylors series satisfy Cauchy's inequality, that is
llaell < M()r™ (1.8)
Also from (1.5), for arbitrary £>0 and a sequence r=rs—0o0 as s—oo, we have
M(N< exp(r?), 2 =\+e
So from (1.8), we get
laell < = exp(r?)

Putting r= (= /2 in the above inequality we get
A

laxll < G)Fexp (W/2)

-1 nlo_gn _ logz _ 1
Log llayl|™ = "7 [1 — 22 — -]
. . nlogn ey
<
lim,,_ inf “oglal = A.
®< 1.

Since >0 is arbitrarily small so finally we get ®< 4.

Now we prove that 4 < ®. Let

llagll
Y (n) = ,
) eyl
Then y (n) —o0 as n—oo, also
Also Y (lk'])>y (n).
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Now suppose that ||ak1||r|"1| and that ||akz||r|"2| are two consecutive maximum terms. Then

|k < |k?| -1
Let
k'] < n < |k?|
Then lv(r)| = |k?| for y (|k1* ) <7 < P(|k]). Where |k1* =k - 1.

Hence from (1.5), for arbitrarily £>0 and all r>ry(€),we have
Ikl = lv@)|>rY ¥ =21—e.
Ik = [v(r)| = Pk — q}* Where q is constant.

Log p(IK*]) < o(1) + 22l
Further we have PAKD =k + 1) ... p(n — 1).

Now we can write

PARD .l ) = ol < el wherelke| = n -

larll —

1and n > |k°|.
log llax|l* < nlogy(lk*]) + o(1)
1 -1 < logn
—log [la, |7 = —7=[1+o(1)]

< nlogn
A= Zogiag T o]

Now taking limits as n—o0, we get < @ , Hence the theorem (1.1) is proved .

In this paper we generalized the work of Salimov [1] , where we consider have a system of entire functions
represented by Taylors series of several complex variables as follows:-

fi(2)=Xoal” z5 . =12, (1.9)

Then we obtain some relations between the function represented by (1.1) and the system of entire functions
(1.9) and study the relations between the coefficients in Taylor expansion of entire functions and their order.

2-Main result

Theorem 2.1

Let f; (2) =Xm0 ag) zk i=1,2,.. , s of regular growth then the necessary and sufficient condition that the
orders of these functions are same is:

Log {|at"|/|a%"|3} =o (llkllloglikll ), As ||k]| - oo . 2.1)

43


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) ] '.i.!
Vol.5, No.12, 2015 Ils E
Proof
Since the functions f; (z) , i=1,2,....... , s are of regular growth , therefore

||k|| logllkll Ikl Logllkll /. _
llm”k”_m sup | (L)| = pi= 7»‘— lll’n”k”_,oO lnfw (l—l, 2,....,5).

a

Let the functions f;(z) , i=1, 2,....... , S , have the same order that is to say:

p= pi=Ai=A, i=1,2,....... ,S,or

—log|a(1) 1 —log| (i~ l)l 1

lim sup—1kLl=2 , lim sup———— ==, Hence
kll=e SUP (iiogiiel ~ o lkll=e SUP Tpiogiiel ~ o

Log lai jai ™ _

or
Ik]| =00 likllloglikll

Log {|a®’|/|al~|3 =o (llkliloglIkll ), As ||k]| — oo . Let us prove the converse

Let fi(z),i=1,2,....... , s, have the orders p; (i=1,2,...,s) respectively then

1__1 —M =0 asaresult o . D:
i Pia lklloglikIl ' Pi=Pi1 -
Theorem 2.2

Let each function of system (1.9) be entire function of order p;, A; (i=1,2,....,8) respectively then under the
condition

~TIa® L S e =1, =12 2.2
Iakl l=1|ak | ’ lelal - , 151,2,....,8 ( ' )

The function (1.1) is an entire function of order p and lower order A such that

1 a
;225=1p_i :_<Zl 12'

Proof

Since each function of system (1.9) is entire then by (1. 2)

oolef’] _
Il

,(i=1,2,.....9) (2.3)

Where M > 0, from (2.3) we have
a®|™ < e~Mllkle: oy

-
s_|a®|" < e MIKIZia  Where $5_ a; =1 and |al~TTq|a®]™, i=1,2.....s
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loglay|

Then we have
(1]

< —M , so we proved that the function (1.1) is entire function.

From (1.6), we have

®

i —log|ak
lim ———=_=— Then
Well=< yeliogllrell ~p;
%
. —log|ak a;
lim ——— ==t Or
Well=%"ykioglikl ~ p;
. _log|al((l) al
1imyj k500 =— , Then for large number N such that n> N=max (N1 No,....,N;) , £>0 we have

nlogn pPi

—log|a§:) “ a;
—_— >t , Summing the last inequality on i=1,2,...,s , we obtain

nlogn — p;
~log I 1|“(l_) >ys %,
nlogn = 4i=1
Since (|ay |~ |am "y Then we have
-1 .
“oglad g @ o
nlogn pPi

% > Y5_ =L | Further it is easy to prove %< ¥s

ai
i=1 2

Theorem 2.3

Suppose that each function f; (z) of the system (1.9) of order p; and lower order A; (i=1.2,....,s) respectively
then under the condition

s (logla, ™)™ ~ i, (log|a’| (2.4)
The function (1.1) is entire function of order p and lower order A, such that

TiZi A < (S0, sp-ps) < XiZi pi (2.5)

Proof

Integrity of function (1.1) is proved similarly to theorem (2.2) using conditions (2.4). According to (1.6) we have

% <pte , (i=1,2,...,8) for €0, k>N , where N is large number . (2.6)

log|a

Summing in (2.6) for i=1,2,....,s we obtain

s lxlitoglik|l
=1 (i)|‘1

s
i=1 Pi tes s Or
log|ak

lklllogllkell £5-1(log|a®| )=t <Xy p; +es

Taking into account the condition (2.4) in the last inequality we obtain
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Sp— P s< Nis1 Pi (2.7)

And also easy to prove

SA-As S X2t pi, X3t A S sh— A,

sp—ps= Nisi A (2.8)
From (2.7) and (2.8) we obtain the proof of theorem 2.3.

Theorem 2.4

Let each function f; (z) of the system (1.9) of order p; and lower order ; (i=1.2,....,s) respectively and if

Loglag ™'~ [T (log|a®| )« (2.9)
k i=1 g\ .

Where 0< 0;<1, }'7_; @;=1, then the function (1.1) is entire function of order p and of lower order A, such that

M2 A7 < (s o) < T o] (2.10)
Theorem 2.5

Let each function fi (z) of the system (1.9) of order p; and lower order A; (i=1.2,....,s) respectively and if
s (0%
Log|a|~logl T, |ay (2.11)

Where ;= constant, for i=1,2,...,s, then the function (1.1) is entire of order p and of lower order A, such
that

s—1%i {1 as 1 as } s—1%i
i = <o .
21 pi = Lo s’ Zi=1 A

Theorem (2.4) and theorem (2.5) is proved as theorem (2.3).
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