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Abstract

In this paper, a mathematical model consisting of a prey-predator involving a prey refuge and infectious disease
in the predator has been proposed and analyzed. Two types of functional responses are used to describe the
feeding of the predator on the available prey. The existence, uniqueness and boundedness of the solution of the
system are discussed. The dynamical behavior of the system has been investigated locally as well as globally
using suitable Lyapunov function. The persistence conditions of the system are established. Local bifurcation
near the equilibrium points has been investigated. The Hopf bifurcation conditions around the positive
equilibrium point are derived. Finally, numerical simulations are carried out to specify the control parameters

and confirm the obtained results
Keywords: Prey-Predator, Disease, Refuge, Stability, Bifurcation.

1. Introduction

It is well known that the term ecology deals with the study of the interactions of organisms (individual
living creature, either unicellular or multi-cellular) with their physical environment and with one another. The
interaction between predator and their prey is one of the important subjects in both ecology and applied
mathematics due to its wide existence in our life and importance. Although such problems may appear to be
simple mathematically, they are very challenging and complicated [1]. Since the pioneering work of Lotka (1925)
and \olterra (1926) on predator-prey system, the field of mathematical ecology has reached at the top level in
theoretical biology and many research works have been down in literature, see for example [2-4] and the
references therein. Moreover, later on Kaewmanee and Tang [5] studied the dynamics of an age-structured
prey-predator system incorporating cannibalism. However, Tian and Xu [6] proposed and analyzed a
predator-prey system with Holling type Il functional response and stage structure in predator, and many other
research works involving different factors have been proposed and studied.

On the other hand, epidemiology is the study of the spread of diseases in species. It is well known that after
the pioneering work of Kermack—Mckendrick [7], which is based on classical susceptible, infected, recovered
model, the field of epidemiology has come into sight and received a lot of attention from the researchers see for
example [8-9] and the references therein. Moreover, later on Naji and Shafeeq [10], studied the effect of
treatment and immigrants on the dynamics of SIS epidemic model. Zhou and Yao [11], investigated a host-vector
epidemic model with stage-structure for the vector. Further investigations have been published in the field of
epidemiology.

In fact recently there is increasing interest from the researchers by combining these two fields in one field
that called eco-epidemiology, which has become a major field of study, see for example [12-19] and the
references therein. Recently, Pal et al [20], presented an investigation deals with a predator—prey model with
Sl-type of disease that spreads among the predator species only. They assumed that the disease transfers by
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contact according to mass action law and the predator has another sources of food.

Finally according to nature, the prey population prefers staying in a safe area where the predation is
prohibitive. This is known as prey refuge, which reduces the chance of extinction in prey species due to
predation and damp the oscillation in the system. Therefore the existence of refugees will increase the size of
prey population and then stabilizing the real world system. The effect of prey refuge on the behavior of
prey-predator systems has been studied by many researchers in literature see for example [21-22] and the
references therein. Recently, Pal and Samanta [1], proposed and analyzed a prey-predator model incorporating a
prey refuge with disease in the prey-population.

In this paper however, we proposed and studied a mathematical model for prey-predator system involving
prey refuge and SIS-type of disease in predator. It is assumed that the disease transfer through contact between
the susceptible and infected individuals as well as through an external resources.

2. Model Formulation

In this section, a prey-predator system incorporating a prey refuge and disease in a predator is formulated
mathematically. The following hypotheses are adopted in constricting the mathematical model that describe the
dynamics of the above real world eco-epidemiological system.

1. In the absence of predator, the prey population that denoted by X(t) grows logistically with carrying
capacity K >0 and intrinsic growth rate r >0.

2. In the presence of infections disease, the predator population is divided into two compartments, namely
susceptible predator that denoted by S(t) and infected predator, which denoted by | (t) . Therefore at
time t the total predator population is P(t) = S(t) + 1(t) .

3. The disease doesn’t transfer to prey population instead of that it spreads among the predator species by
contact between the susceptible predator individual and infected predator individual with contact
infection rate ¢, >0, in addition to an external resources (air, food, etc) with external infection rate
C, > 0. The infected predator doesn’t become immune and may be recovers and becomes susceptible
again with recovering rate ¢ >0.

4. It is assuming that there is a refuge protecting nX of the prey species where ne (0,1) denotes the
refuge rate constant. Thus there is (1—n)X of prey species available to the predator.

5. Since the susceptible predator is more efficient compared with the infected predator, it is assuming that
the susceptible predator consumes the prey according to Lotka-Voltter type of functional response with
attack rate a; >0. However the infected predator consumes the prey according to Holling type-II
functional response with maximum attack rate a, >0 and half saturation constant b >0. The prey
converts into predator with conversionrate 0<e<1.

6. In the absence of prey the susceptible predator decays with natural death rate d; >0, however the
infected predator decays with death rate (natural death + disease death) d, >0

According to the above hypotheses the dynamics of the above described eco-epidemiological real
world system can be represented by the following set of differential equations.

X _ rx( —%j—ala—n)xs X

dt b+(@—n)X
ds
Ezeal(l—n)XS—clSI —CyS —d;S +¢4l 1)
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dl _ea,(1-n)XI

= +¢,Sl +¢,S—d,| —c,l
dt b+@-nmX * SR

with initial data X(0)>0,5(0)>0 and 1(0)>0.
Clearly the interaction functions in system (1) are continuously differential functions on the domain

R® = {(X ,S,1)eR?: X(t)>0,5(t)>0,1(t)> 0}. Hence they are Lipschitzian. Therefore the solution of system (1)

exits and is unique. Moreover all solutions of system (1) initiated in Rf are uniformly bounded as shown in the
following theorem.

Theorem (1): All the solutions of system (1), which initiate in Rf, are uniformly bounded.

Proof: Let (X(t), S(t), I(t)) is any solution of system (1) initiated in Rf, and let W is a function defined by

W(t)= X (t)+ S(t)+1(t). Then by differentiate this function with respect to time gives

—+—<(r+)X

aw _dx ds d
dt dt  dt dt

X
1- 2w
51} #

here ¢, = K(r +1)

and u=min{l,d,,d,}. Now since we have

2
sup.(r +1)x|1- 2 | < THDS K(r+1) =5,
o 4 4r
Thus
dw
—_—t <0
ot HW <6,

So by using Grownwall lemma we obtain that
0<W < ﬁ(1— G )+ e“'W(0)
where W (0)=W(X(0), S(Osf 1(0)). Therefore for t — oo we obtain
0 <W(X(t)S(t) 1)< 5_;
Thus all the solutions of system (1) are uniformly bounded and enter the region

rlz{(x,s,l)eRf:ws5—2+g,g>o} u
U

3. Stability and persistence
In this section, the stability analysis of all possible equilibrium points of system (1) is investigated. The
persistence conditions of system (1) are established. Now straightforward computation shows that the system (1)
has at most three nonnegative equilibrium points. The existence conditions for each of them can be summarized
as follows:
1. The vanishing equilibrium point, say E, =(0,0,0) always exists.
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2. The predator free equilibrium point, namely E, =(X,0,0) = (K,0,0) always exists.

3. The predator can’t survive in the absence of the prey, therefore there are no equilibrium points on the
S —axis, | —axis or in the interior of SI —plane. Moreover, since the external infection rate ¢, and
the recovering rate c; are assumed be positive, hence there are no equilibrium points in the
XS —plane and XI — plane.

4. The positive equilibrium point that denoted by E, = (X "85 *), exists uniquely in the interior of Rf

provided that the following algebraic system has a unique positive solution.

r 1_1 _al(l_n)S_M:
K b+(@1-n)X
ea; (1-n)XS —¢;SI —(c, +d;)S+c5l =0 2
SA=MXL o) 6,8 —(dy +65)1 =0
b+@-n)X
From the second equation we get
| {ealmx—(c2 ﬁLdl)}S 3)
¢S —Cg

here m=1-n for simplicity and ¢,S—c5 #0.
Now by substituting Eq.(3a) in the first and third equations gives the following two isoclines respectively.

f(X,S)=rcgmX 3 —rc;msX ? + [rcl(Km —b) —a,Km?(c; + aze)]XS
+rcs[b— Km|X + K[rbe, + m(aybe, +a, (c, +d,))]s (3b)
—abc,KmS? —a,c,Km?S?X —rKbcy =0

9(X,S)=ea;m?[ea, — (d, +c3)|5X ? +ea,c;mS> X ?
+m[(d, +c3)(c, +d, —eba;) —ea,(c, +d;) —C,C5]SX (3c)
+c,m[ea;b —d, |S?X —be,d,S? +b[d,(c, +d;) +c5d; |S =0

Note that, in order to obtain a unique positive equilibrium point for system (1) in the interior of R®, it is

sufficient to show that the two isoclines (3b) and (3c) have a unique positive intersection point, namely
(X*,8%).
Itis clear from Eq. (3b) that,as X — 0 we obtain

0,82 +0,8+03=0 (3d)

where o, =—abc;Km<0; o, = K[rbe, + m(abc; +a,(c, +d;))]>0; 05 = —rKbe; <0.

Straightforward computation gives that Eq. (3d) has two positive roots given by

o 1
S, =——2%+—\Jo% —40y0
1 2 193
20, 20y
o 1
S, =——2—— |62 —40,0
2 2 193
20, 20y
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Provided that the following condition holds
o2 > 40,0, (3e)

Moreover Eq. (3d) has a unique maximum positive value given by

2

o
-2 +o3=n (3f)
4o,

Similarly,as X — 0, Eqg. (3c) gives that
0,82 +055=0 (39)

where o, = -hc,d; <0; o5 =b[(c, +d;)d, +d,c;]>0. Clearly Eq. (3g) has a zero root and a positive root
given by:
83 = _ﬁ
Oy
Further Eqg. (3g) has a unique maximum positive value given by

2
o

_%s (3h)
4o,

Consequently the two isoclines (3b) and (3c) has a unique positive intersection point, denoted by (X*,S™)

provided that condition (3e) holds along with the following two conditions
S, <S3<S; 3i)
Y2<n (31)

Thus by substituting the value of (X*,S*) in Eq. (3a) gives the value of 1", which is positive provided that

one set of the following sets of conditions hold

X*>m and S* >3 (43)
ea;m o
or
X*<m and S* <3 (4b)
ea;m o

In the following the local stability analysis of the above equilibrium points is carried out. The Jacobian
matrix of system (1) at the point (X,S,1) can be written as

IX,8,1)=(uy), ®)

here

Uy = X{_L.FLMZIZ}. r[l_Lj—al(l—n)S _a(l-n)l
K (b+(1—n)X) K b+(1—n)X

Uy =—ay (1-n)X
_ 3,(1-n)X
B hi@-n)X
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Uy =€a,(1—n)S
Uy, =ea;(1-n)X —¢;l —(c, +dy)
Uyz =—C;S +Cq
_ea,b(l-n)l
Ugp, =Gl +Cy
ea,(1-n)X
BT ra-n)X
Therefore the Jacobian matrix at E; is

+¢,S—(dy +¢3)

r 0 0
J(Eo)= 0 _(Cz + d1) C3 (6a)
0 c, —(cs+d,)

Clearly the characteristic equation of J(E, )can be written as:

(r = 70)% ~Tod + Do) =0 (6b)
where T, =—(c, +d;)—(c; +d,)<0; Dy =(c, +d; )d, +c5d; >0.
Accordingly, the eigenvalues of J(EO) inathe X —direction, S —directionand | — direction can be written

respectively

/’i«ox =I’>0

T, 1

Aos :?°+?/T02 —4D, (6¢)
T, 1

Aol =70—§\/T02 —4D,

Since Agx =r >0 with other two eigenvalues have negative real parts, then E, is a saddle point.
The Jacobian matrix of system (1) at the predator free equilibrium point E,; can be written as:

—r —a,(1-n)K - —k?i((ll_—r:\))lf(
J(E)=| 0 eay(1-n)K-(c,+d,) (1 )}23 = (by) (72)
ea,(1-nK
0 2 o K 92+ %)
Hence the characteristic equation of J(E;) is:
(r-a)z-Ta+Di=0 (70)
here
T, =ea,(1—-n)K —(c, + d1)+%—(c3 +d,)
1= %[az(eal(l— MK —(c; +dy))-a;(c; +d, )b+ (-n)K)]

+(c, +dq)d, +c5d;

Therefore, the eigenvalues of J(E,;) inthe X, S, and | —directions respectively are
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Ay =-r<0
Mg :%H%JTE - 4D, (7c)
T, 1]

A =?l_5 le —4D,
Straightforward computations show that, 4, and 4;, have negative real parts if the following conditions are
satisfied.

ea;(1-n)K < (c, +d;) (8a)

M<(C3+d2) (8b)

b+@1-n)K

e(l-n)K
————|a,(c, +d; —ea; (1-n)K
b+(l—n)K[ 2( 2 1 1( ) ) (8C)

+a,(c3 +d, b+ @-n)K)]<(c, +d;)d, +cqd;
Accordingly, the predator free equilibrium point E, is locally asymptotically stable under the above conditions.

Theorem (2):  Suppose that the positive equilibrium point E, exists, then it is locally asymptotically stable in

R3 if the following conditions hold:

_ 2 * *
R* K Jeab+c " +c,
ea;(L-n)X" <¢ 1™ +c, +d; (9b)
w+cls*<c3+d2 (9c)
c3 <¢,S” (9d)
(c,1" +¢,)S"R* <b(c;S* —¢c3)1” (%)
here R* =b+@-n)X".
Proof: According to Eq. (5) the Jacobian matrix at E, is given by
I(E,)=ay), (10a)
where
2 * *
* - * - X
a;; =X {—%+M:l;alzz—al(l—n)x <0;a13:—%<0
R*

ay =ea, (1-n)S* > 0;ay, =ea;(1-n)X* —¢;1* —(c, +d; ) @y =—¢;S* +¢5

_eab(l-n)l”

ea,(1-n)X"
R*Z *

>0:84, =C 1" +C, > 0184, = +¢,S" —(d, +¢
31 32 1 2 33 1 2 3
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Therefore the characteristic equation of J(E, ) can be written as:
2+ A+ Agdy + Ay =0 (10b)

where

A = _(311 +axn+ ass)

Ag = ay18p, —ayy8p1 +8py833 — 8383y + 811833 — 8383

Ag = —a33(a11857 — 19871 ) — 8p3(a19831 — 81183, )~ 813(22183, — Az933:)

A=AA - Ay =—(ag; + a22)(a11a22 —ay,8y,)- (311 + a33)(a11a33 —ay33y)

— (a2 +833)(@20835 — By383, ) — 2811899833 + 1893831 + 81387183,

According to Routh-Hurwitz criterion Eq. (10b) has roots (eigenvalues) with negative real parts if and only if
A >0,A;>0and A>0.
Straightforward computation shows that all the requirements of Routh-Hurwitz criterion are satisfied provided
that the condition (9a)-(9e) hold. Hence E, is locally asymptotically stable.
Now, the global dynamics of system (1) is investigated using suitable Lyapunov functions as shown in the

following theorem.
Theorem (3): Assume that the predator free equilibrium point E; is locally asymptotically stable, then it is a

globally asymptotically stable in R® provided that

K<min{ dy , db } (11)
ea;(1-n) ea,(1—n)

Proof: Consider the positive definite function

L1=e(X—K—K|n[%D+S+|

Itis clear that L, : R® >R and L;(K,0,0)=0 with L;(X,S,1)>0; V(X,S,1)=(K,0,0)

in R?. Since the derivative of L, with respect to time can be written as

n . a,(1-n)K
L el x kP —[dl—eal(l—n)K]S—[dz —e%}'

Therefore, by using condition (11) we get dd—Lg is negative define in R. Thus according to Lyapunov second

theorem E, is globally asymptotically stable. [

Theorem (4): Assume that the positive equilibrium point E, =(X*,S",17) is locally asymptotically stable,

then it is globally asymptotically stable in  R® provided that

a,(1-n)?1* T
bR* K

2
R +& RG| Jo! GRS (12b)
b s b | ss* | bl
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Proof: Consider the following positive definite

L, :[X—X*—X*lnij+l(8—8*—S*Ini]+ R [I —I*—I*InL)
X* e S* eb I*

Clearly L, :R® 5 R and L,(X*,S*,1)=0 with L,(X,S5,1)>0; ¥(X,S,1)=(X*S*,1%) in R?. Now,

by differentiating L, with respect to time and then simplifying the resulting terms we obtain that:
dy (X-X")dx 1fs-st)ds R(1-1")di
dt | X Jdt el S Jdt eb| I Jdt

=_{L_M}(x xPotEl (s gy

K RR* e SS*

+1HF: ‘1j01 +C§3+RT*CI_Z}(S—S*XI —I*)—ECZR*S* (-1f

e e bll”

Consequently by using conditions (12a)-(12b) we obtain

%S —{%—M}(x —x+f —1[ i(s —s*)- ¢;R’S™ (1-1 )]

bR* el ySss” bl I

which is negative definite function. Therefore according to Lyapunov second theorem E, is a globally
asymptotically stable. [

It is well known that, the persistence of an ecological system means the coexistence of all the species for all
positive time. Since the coexistence of all the species for all the positive time is satisfied mathematically if the
solution of the system doesn’t has omega limit set on the boundary planes, therefore the conditions of the
persistence of the system (1) are established in the following theorem.

Theorem (5): Suppose that

_ed-mK_ [a,(c, +d; —ea; (1-n)K)

b+@-n)K (13)

+a,(cg+dy)(b+(1- n)K)]>(c2 +d;)d, +cgd;

Then system (1) is uniformly persistence.
Proof. Let p be any point in the positive octant and let o(p) be the orbit through it. Let Q(p) denotes the
omega limit set of the orbit through the point p. Clearly Q(p) is bounded due to the boundedness of the
system (1). We claim that E, ¢ Q(p). If Ey; € Q(p) then according to the Butler-McGehe lemma [23], there

is a point g e Q(p) "W*°(E,), where W*(E,) represents the stable manifold of E,. Now since 0(Q) lies

in Q(p) and W*(E,) isthe Sl —plane, then the orbit through g, which denoted by 0(q) , is unbounded

orbit which leads to contradiction.
Now we claim that E; # Q(p), otherwise E; e Q(p) . Since E; is saddle point due to condition (13) with

stable manifold represented by X — axis, hence again by Butler-McGehe lemma there is a point

qeQ(p) "W*(E;), where W*(E,) is the stable manifold of E,. Moreover since o(q) lies in Q(p) and
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W?S(E,) isthe X —axis then the orbit through q that denoted by o(qg) is unbounded orbit which leads to
contradiction too.
Therefore Q(p) doesn’t intersect any of boundary planes of the R®, then system (1) is persistent. In addition

to that since system (1) is bounded system then according to theorem of Butler et al [24], system (1) becomes
uniformly persistent. [

4. Local bifurcation

It is clear that system (1) consisting of three first order nonlinear differential equations, which depends on
parameters that characterize properties of the real worlds system being modeled. The bifurcation theory is
concerned with changes in the qualitative behavior of the solution of system (1) as a control parameters varied.
Therefore it is important to determine the set of parameters that control the system’s behavior. In this section, the
occurrence of local bifurcation near the equilibrium points of system (1) is investigated, with the help of
Sotomoyor’s theorem [25], in case of varying one parameter keeping the others fixed. It is well known that the
existence of a non hyperbolic equilibrium point is a necessary but not sufficient condition for occurrence of
bifurcation. Therefore the parameters that change the equilibrium points E, and E, from hyperbolic to non
hyperbolic equilibrium points are considered as a candidate bifurcation parameters of system (1) as shown in the
next theorems.

Consider first the general Jacobian matrix of system (1) that is given in Eq. (5), then it is easy to verify that

DZF(V’V): (Ujj)za 14)
here
p— 2 p—
Upg = —ZLvl2 + ZLn)Isle —2a,(L-n)vyv, — ZMWVS
K (b+(@-n)X) (b+@—n)X)

Uyq = 268, (L—n)vyv, —2CvqVg

Uz =

— 2 p—
5 ea,b(l—n)“l N ea,b(1-n)

ViVq + 2C,V,V.
bra-nx)® ' “b+ra-nx)> 1 T

with V =(v;,v,,v5)" is any vector in R® and F(X,S,1)=(f,, f,, f3)'; f,(i=123) are given in the right

hand sides of system (1).
Now, since D, is always positive in Eq.(6a), therefore the determinate of J(E;) can’t be zero an hence E,
is a hyperbolic equilibrium point which indicates to non existence of local bifurcation near E,.

Theorem (6): Suppose that conditions (8a)-(8b) hold together with the following condition

D, D, (c; +d,) + Dyc, > DyCyd, + Dy Dy (15)
where D, =ea;(1-n)K, D, =b+(1-n)K, Dy =ea,(1—n)K . Then as the susceptible predator natural death

rate parameter passes through the value d, =df , system (1) near the predator free equilibrium point E;
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undergoes transcritical bifurcation but neither saddle node nor pitchfork bifurcation can occur.

x _ (151 (c3+d;)—cyd,) 152 + Ij3(‘32 - l51)

d < ~ (16)
D,(c; +d,)— D,

Proof: It is easy to verify that D; =0, in Eq.(7b) at the value of d;, which is positive under the conditions
(8a), (8b) and (15). Therefore the Jacobian matrix of system (1) at E, and d, becomes
J(Erd7) = (0)3

C,C5D,

where b =b; in Eq. (7a); forall i, j =123 with b, =—— 23-2
v # (c3+d,)D, + D,

<0.

Clearly det.[J(E;,d;)]=0, and hence J(E,,d;) has zero eigenvalue, say A=0. This means that E,
becomes a non hyperbolic point at d;" .

Let V =(0,,V,,V5)" be the eigenvector of J(E;,d;) that corresponding A=0,then JV =0, which gives:

A

V = (193, 4,93,Vs) (17a)

where V; be any nonzero real number and d1=%<0 under condition(8a) with a, :—%>O
under condition(8a).

Let v =(@.¢,.¢3) be the eigenvector of [J(E;,d;)]" that corresponding =0, then JTy7 =0 that
gives that

Y= (O! 303,93 )T (17b)

where @, be any nonzero real number and ¢4 = —% >0 under condition (8a).
22

Now, by computing the derivative of F(X,S,1) with respect to dl, we obtain

0
FOG) b nay-|-s| L A-xsn e
adl O
0
Thus Fy (Ey,di)=|0
0

Therefore 1" F(E;,d;) =0 and hence according to Sotomoyor’s theorem saddle node bifurcation can’t occur.
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Further by determining the Jacobian to Fg, (A,dy) given by (17c) we get

0 0 0
DF, (A,d})=|0 -1 0
0 0 0

Hence " [DF(E;,d;" W] =-d,45030; #0

Now by substituting E, and d; in Eq (14), then after doing some algebraic calculations we get that:

. “\nF g s 2 A . X A 85b . .
v [D?F(Ey, d7)V V)] = 205° 3 {e(l— n)al[ala2a3 +§]+Cla2 (1_053)] #0
2

Therefore system (1) undergoes transcritical bifurcation near E, at d, =d,, but no pitchfork bifurcation can

occur. [
Theorem (7): Suppose that conditions (9b)-(9d) hold together with
* _ 21*
(Lj ¢l +i:2 - a,(l r;) I _r (18)
K/eab+cl™ +c, R K

Then as the infected predator death rate parameter passes through the value d, =d; , system (1) near the

positive equilibrium point E, undergoes a saddle bifurcation but neither transritical nor pitchfork bifurcation

can occur.

* * * * * * * * * * *

dr = a3(a1,831 — 311837) + Ay3(Ax183, —Ap0831) | [ €A, (1—N)X s* 19

2= P + * +CS —C3 (19)
a;187, — 178

Proof: Itis easy to verify that Ay =0, in Eq. (10b) at the value of d;, which is positive under the conditions
(9b)-(9a) and (18).

Therefore the Jacobian matrix of system (1) at E, and d, becomes
J*(Ep,dy) = (a;})3x3
where aj =ay; inEq. (10a) with ag; =as3(d;) <0.
Since det.[J"(Ez,d;)Jz—A3 =0. Then J*(E,,d;) has a zero eigenvalue, namely A" =0 and hence E,
is a non hyperbolic equilibrium pointat d, =d;.

Let V*=(v;,v;,v3)" be the eigenvector of J*(E,,d,) that corresponding A*=0. So J*V* =0 gives
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that

V™ = (ayvs,a1V3,V3) (20a)

where o} :%w under given conditions (9b), (9d) and (18), while conditions (9c), (9d) and (18)
119227 A1 2421

Wk ok kRN Lk k%
_ aro(ays8r1—a1133)+ar 3 (31135731 5331) <0

uarantee that o, = e
g 2 ay1(81182,—81581)

* * * * \T - - *T - - *
Let v = (gol ,¢2,¢3) representing the eigenvector of J° that corresponding the eigenvalue A" =0, then,
J" v =0 gives that
£ ¥ £ * £ £ T
4 =(0'2(037O'1¢73y(/’3) (20b)

where @; be any nonzero real number and oy =-—22-%#% <0 under the condition (18), while the
119227912921

s

_ 31(ar,331-811335)+ 31 (31132531 2371) >0
PR .
ay1(81182,—81581)

conditions (9b) and (18) guarantee that o, =

Now, since

0 0
-1 1"

oF(A,dy)
Moreover, Since
' Fa, (Ep,d3)=—1"p5 %0
Hence according to Sotomoyor’s theorem, system (1) satisfied the first condition of saddle node bifurcation near

E, when d, =d;.

Finally, by substituting the value of E, and d, in Eq. (14), and then doing some algebraic computations, it is
observed that

.« abl-n)?1* 2,
0‘202——R*3 ap 02

«T 2 * * * 2w T
v [DTF(E, d2)(V7.V )] = -2V 3 - -

. a,-nb

* % * % * k% * %
+a1(1— n)al 0,0, + 2 Q,0, —eal(l_n)alazo-l +Cla1 (]

3 2 2 2 — Gy

J— 2 * —
+ea2b(1 n)I a*z_eazb(l n)a*_ *}to
R R*

Thus saddle node bifurcation occurs but neither transcitical nor pitchfork bifurcation can occur and hence the
proof is complete. [
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5. Hopf-bifurcation

In this section, the possibility of occurrence of a simple Hopf bifurcation near the positive equilibrium point
of system (1) is studied. It is well known that, system (1) undergoes a simple Hopf bifurcation near E, if and

only if there exists a parameter say I, such that the following conditions hold.
1. The Jacobian matrix J(E,) of system (1) has a simple pair of complex conjugate eigenvalues

A°(r) =& (r)£i&,(r), which become pure imaginary at r =r", while the third eigenvalue remain real

and negative.

dé, (r)
dr

Consequently, in order to satisfying the above conditions we should have that

# 0, which is known as transversality condition
r=r*
A(r)=AA, — A3 =0 (1)

where A, A, and A; are given in Eq. (10b). Therefore the characteristic equation (10b) at the specific value

of the bifurcation parameter that satisfies Eq. (21), say r =r", will be written as

Py(4)=(A+ A N2 + Ay )=0 (22)

which gives that

A7) =-A (23a)
L) =iyA, =i& () (23b)
") =—iA, =-i&(r") (23c)

Then the first condition of Hopf bifurcation accrued when A >0;i=123 and condition (21) are hold.
Moreover to establish the conditions that guarantee the occurrence of the trasversality condition, the following is
down.

It is well known that in the neighborhood of r=r" the complex eigenvalues can be written as
A'(r) = &(r) £i&,(r) . Substituting the value of 2° (r) in Eq. (22) and determine the derivative with respect to

the bifurcation parameter I and then comparing the two sides of the resulting equation with equating their real
and imaginary parts we obtain that

Hy (r)&i(r) —H, ()&, (r) = —Hs(r)

(24)
H (r)ei(r) +Hy(r)éa(r) = —H,(r)

here
Hy (r) =352 (r) =325 (1) + Ay (1) + 25 (NAL(Y)
H,(r)=64(r),(r)+25,(rA M)
Ha(r) = & (A () + & (NA () = &3 (A () + (A (N Ay (1))’
H, (1) = 25(N& (N A (N + & (N Ay (1)
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Thus by solving system (24), its obtain that
Hl(r)H3(r)+ Ha(r)H,(r)

’ r - _
A e ) o
&(r)=2 Hy(r)H,(r)+ Ha(r)Hs(r)
HE()+ HE(0)
Clearly in order for the transversality condition holds, we should have
Hy{r Halr )+ Holr R, ()20 (26)

Consequently the Hopf bifurcation conditions of system (1) near E, are derived in the following theorem.
Theorem (8): Suppose that conditions (9a)-(9d) are satisfied together with

"+, 5" R > b(e,s" —cy)1” (272)
M; <0 (27b)
where M;, M, and Mj are given in the proof. Then system (1) undergoes a Hopf bifurcation around the

positive equilibrium point E, in the interior of Rf when the intrinsic growth rate parameter r passes

through the value.
¢ = Mo +i1/Mf —4M; M,
2M;  2M;
here M;, M, and Mj are given in proof.
Proof: Clearly according to the J(EZ) conditions (9a)-(9d) guarantee that A >0, Vi =1,2,3. while condition
(27a) guarantees that a;,a,5857 + 81385783, <0, otherwise A >0 always.

Now, straightforward computation shows that A = A/A, — A; can be written as a function of parameter r in
the form

A(r)=Mr2 —=M,r + M, (28)

where

a,(1-n)°

*

—2(ay; +ag3)

<

N

Il
TN
=
~—
[ —

sy ok 2
X717 + 21,8y + 843851 — (A, +333) :l

2
a,(1-n? ..
M3=—(azz+a33){2(R—*)X I }

a,1-n)? . .
+[312321+a13331—(azz+333)2]|:—2 = X1 }

+ [azz(alzan +8,383,) — A0833(8p, + Ag3)
+833(a383, +813837) + 81893837 + a13"31215‘32]

*

Therefore due to condition (27b), r=r" represents the positive root of Eqg. (28), that satisfies
A(r)=A(rm)A(r") - Ag(r) =0.
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Consequently, the Jacobian matrix J(Ez,r*) has two pure imaginary eigenvalues with the third real and

negatives given in Eq. (23a)-(23c).
Now in order to complete the proof we have to satisfy the transversality condition as given in Eq. (26). Thus by
substituting the value of r* in Eq. (26), we get after doing some calculations that

Hy(r) =-2A,(r")

Ho(r") =—2(ay; + @y, +agg)y A (r'")

E

" X
Ha(r’) = —(? [a11825 —@q5851 + 891835 — 813331]

%

Hy(r") = —[X?](azz + aas)\/ Ay (r)

Thus by substituting theses values in Eq. (26), its observed that

Hy(r)Ha (1) + Ha (F)H, () =2{X7JA2(F)

2
X(Zall(aZZ +833) + (82 +833) " — Q0851 — a‘13331)9’: 0

Therefore all the conditions of Hopf bifurcation near E, are satisfied when r = r*, and hence the proof is

complete. [

6. Numerical simulation

In this section the dynamical behavior of system (1) is investigated numerically. Two objectives are assigned
from such type of investigation, the first is verification of our obtained analytical results and the second is to
specify the control set of parameters that characterize the behavior of the system. It is observed that for the
following hypothetical biologically feasible set of parameters the solution of system (1) approaches
asymptotically to the positive equilibrium point as shown in Fig. (1).

r=1,K=100,a =1,n=0.6,a, =0.75,b=4,e = 0.5,
¢, =02,c,=01d,=0.1c;=04,d,=02

According to Fig. (1), system (1) has a globally asymptotically stable positive equilibrium point for the set of
data (29), starting from three different initial points. This is verifying our obtained analytical result regarding to
global stability and persistence of the system. Now in order to investigate the effect of varying each parameter on

(29)

the system’s behavior we start varying one parameter at a time from the set (29) and drawing the solution of
system (1).
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Fig. 1: The solution of system (1) approaches asymptotically to E, =(1.14,2.17,1.73) for the data (29) starting
from three different initial points. (a) 3D positive point attractor. (b) The trajectory of X as a function of time.
(c) The trajectory of S as a function of time. (d) The trajectory of | asa function of time.

For varying the parameter r keeping the rest of parameters as in (29), its observed that, decreasing the

parameter I has no effect on the dynamical behavior of the system while increasing the value of r in the
range r>2.27 destabilizes the positive equilibrium point and the solution of system (1) approaches
asymptotically to periodic dynamics as shown in Fig. (2) for r=2.3 and Fig. (3) for r =2.5. Clearly the last
two figures show the occurrence of Hopf bifurcation around the positive equilibrium point. In fact as the
bifurcation parameter r increases the period size of limit cycle increases too.
Now increasing the parameter a; above the given value in (29) keeping the rest of other parameters fixed do
not has effect on the solution of system (1) and the system still approaches to a positive equilibrium point.
However decreasing the value of a; in the range & <0.43 destabilizes the positive equilibrium point and
again Hobf bifurcation occurred as shown in Fig. (4).
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Fig. 2: The solution of system (1) for the data (29) with r =2.3. (a) 3D periodic attractor. (b) Time series of the

attractor in (a).
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Fig. 3: The solution of system (1) for the data (29) with r =2.5. (a) 3D periodic attractor. (b) Time series of the

attractor in (a).
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Fig. 4: The solution of system (1) for the data (29) with a =0.5,0.4,0.3 respectively. (a) The trajectory of
system (1) approaches to positive point when a; =0.5. (b) The trajectory of system (1) approaches to periodic
attractor when a; =0.4. (c) The trajectory of system (1) approaches to periodic attractor when a; =0.3.

Note that, although the parameter a; do not used as a bifurcation parameter analytically, system (1) still
sensitive to the changing in this parameter. This indicates to important of simulation study to specify the control
set of parameters. In addition to that the forms of bifurcation parameters given in Eq. (16) and Eq. (19) depend
on different parameters of the system so any change in those parameters my causes changing in the bifurcation
parameter it self and then leads to changing in dynamical behavior of the system (1).

Further numerical analysis shows that, increasing the parameter n or decreasing the parameter e causes
destabilizing of the positive equilibrium point and the solution of system (1) approaches asymptotically to the
predator free equilibrium point as shown in Fig. (5). Clearly the Fig. (5), indicates to occurrence of bifurcation in
system (1) as changing in the parameters n and e respectively. Moreover, it is observed that the parameters
a, and c; have the same effect on the dynamical behavior of system (1) as that of the parameter r. While the
parameter b has similar effect, as that of a; , on the dynamics of system (1).

Finally for the same set of data (29), it is observed that changing the other parameters, one at a time, do not
affect the behavior of the system. However these parameters may have clear effect on the dynamics of system (1)
for other set of hypothetical data.
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Fig. 5: The solution of system (1) for the data (29) with n=0.999 and e=0.001 respectively. (a) The
trajectory of system (1) approaches E; =(100,0,0) when n=0.999. (b) The trajectory of system (1)
approaches to E; =(100,0,0) when e=0.001.

6. Discussion and conclusion

In this paper, an eco-epidemiological model consisting of prey-predator system with infectious disease in
predator has been proposed and analyzed. The effect of existence of prey’s refuge on the system is included in
the model. Two types of functional responses are used. The existence, uniqueness and boundedness of the
solution of the system are studied. The local stability and global stability of the all possible equilibrium points
are investigated. The persistence conditions of the system are derived analytically and shown numerically. Local
bifurcation near the equilibrium points and the Hopf bifurcation around the positive equilibrium point are
investigated. Finally, numerical simulations are carried out to specify the control parameters and confirm our
obtained analytical results using biologically feasible set of parameters given in (29). Finally in the following we
summarize the obtained numerical results.

1. The system (1) has only to types of dynamics approaches to an equilibrium point or approaches to a
periodic dynamics.

2. Decreasing the intrinsic growth rate parameter of the prey don’t change the dynamical behavior of
system (1) and the solution still approaches asymptotically to the positive equilibrium point, however
increasing this parameter causes destabilizing of positive equilibrium point and the solution approaches
asymptotically to a stable limit cycle in the interior of positive octant, which indicate to occurrence of
Hopf bifurcation. Consequently, system (1) still persists for all values of intrinsic growth. Similar
behavior has been observed in case of varying the maximum attack rate of the infected predator and
contact infection rate as that of intrinsic growth rate.

3. Increasing the attack rate of the susceptible predator don’t change the dynamical behavior of system (1)
and the solution still approaches asymptotically to the positive equilibrium point, however decreasing
this parameter causes destabilizing of positive equilibrium point and the solution approaches
asymptotically to a stable limit cycle in the interior of positive octant, which indicate to occurrence of
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Hopf bifurcation too. Again, system (1) still persists for all values of attack rate of the susceptible
predator. Similar behavior has been observed in case of varying the half saturation constant as that of
intrinsic growth rate.

4. Decreasing the value of prey’s refuge rate or increasing the value of conversion rate don’t have any
effect on the dynamical behavior of the system (1) and the solution still approaches to the positive
equilibrium point. However, increasing the value of prey’s refuge rate or decreasing the value of
conversion rate lead to destabilizing the positive equilibrium point and the solution approach to the
predator free equilibrium point, which means that system (1) losses its persistence . This is indicates
to occurrence of local bifurcation in the system (1).

5. For the set of hypothetical data (29) it is observed that changing other parameters don’t have affect on
the dynamical behavior of the system (1) and the system still persists at the positive equilibrium point.
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