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Abstract

The aim of this work, given the general common positive solutions of some types of adjointable bounded
operator equations define on complex Hilbert space, also introduce the general common positive solutions
for system of operator equations upon some necessary and sufficient conditions for existence these solutions
via g-inverse operator.
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1. Introduction

The subject of positive solution studied in initial on matrix equations after that this concept introduce on some
types of bounded operator equations such as, Jacobe C, Andre C and Arie L in 1993, studies the matrix equation
X + A"X*A=Q and found positive define solution, where @ is positive define and finally given the
number of solutions[1],in 2005 Xiam Zhang introduce the necessary and sufficient conditions to get the
nonnegative define solution of operator equations AXA™ = BB and CXC™ = DD"[4], Qingxiang Xu, in
2008 given the general common Hermition and positive solutions for bounded linear operator equations AX
= Cand XB = D, also given the represented of this solution[5], in this work, we introduce the general
common positive solutions for the adjointable operator equations AXA"=B"B and CXC* =D'D, (1)
appeared in [4], by using g-inverse operator, also the general common positive solutions for system of
adjointable operator equations BXB* =D'D, AXA"=C"C, AXB" =E'E, BXA"=F'F. (2), it
generalization to the adjointable operator equations (1).

At first we must introduce some basic concept of operator such as, adjoint of operator was define by: let
A: H —s K be a bounded operator from a Hilbert spaces H onto K then adjoint operator denoted by A* and
A":K —H such that < Ax,y>=<x, Ay >, where for all xeH and yeK [2] also, the
generalize inverse of operator A:H — K is denoted by A~ « B(K,H) satisfying the condition
AA“A= A [3] and an operator A:H — K s said to be positive operator if < Ax,x> >0, for all
X € X anddenoted by A >0, [2].

Proposition (1) :-
If A:H——H positive operator, it follows A >0 then, x"Ax>0 forany xe H. [5]

1- general Common positive Solutions for some types of adjointable Operator Equations.

In this section, we introduce the common positive solution of adjointable bounded operator
equations, AXA™ = B'B, CXC”™ = D"D (1) via g-inverse operator these equations appeared in [4],

Theorem (1.1):

Let ACeB(H,K), B, DeB(K,H) and A C,M have g-inverse operators, then the adjointable
operator equations (€))] have a common positive solution if and only if

AA B'B=B"B, D'D-S—MM S(M )" M "—=0, (B"B, DD =0), where,
S=CA B'B(A)C” ald M =C(l - A A).
Proof:-

We claim Xo=ABB(A) +(I -A"AMCA'B'BC'(A) (M) (1 —A A) be a

common solution to the adjointable operator equations (1), since B*B, D"D = 0 then by using proposition
(1), we can have Xo s positive and substitute Xo in the left side of adjointable operator equations (1) we
get;
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AX,A"=AAB'B(A ) A"+ Al —-A"AM CAB'BC' (A ) (M) (-AA A
= AAB'B(A ) A
=AA BB
By the condition aAaA-B"B=B"B, SO AX,A"=B'B
And, cx,c*"=CA BB(A ) C +C(l — A A)IM CA B'BC (A ) (M) (I —A A)C"
=S+MM S(M )Y M~
And By the condition D'D—S—MM S(M~)"M”* =0, S0 CXC"=D"D.
common solution of adjointable operator equations (1).

Conversely; let Xo is a positive common solution to the adjointable operator equations (1), then it is satisfy
this equation, ax A" — B"B Ssince Xo =0 and by proposition (1) we get B B=0

AX A" =B'B
AA B B(A)Y A +A(l —A"AM CABBC"(A)Y(M)U-AAA=BB
AA B B(A ) A"=B"B,S0 AA B'B=B"B
Also, cxc*=D'D, Since x_ = o and by proposition (1) we get; oD = o.

CXC"=D'D
CA B'B(A)C +C(l —A"AM CABBC"(A)Y (M) (I —-AA)'C"=D'D
S+MM (S—D'D(C ) C")=D"D.
Thus we can have DD —S —MM S(M")"M" =0.
Now we show the general common positive solution of adjointable operator equations (1), with same
condition appeared in above theorem.
Theorem (1.2):-
Let A CceB(H,K), B_DeB(K,H) and A C,M have g-inverse operators, then the adjointable
operator equations (1), have a general common positive solution if and only if,

AA"B"B=B"B, D'D-S—MM S(M )M" =0 and B'B,D'D,Z >0, where,

S=CABB(A)C", M=C(l—A A ad (1 -UU)=—-AAU-M M).
Proof:-

We claim X =X+ —A" AU -M"M)ZU-M"M) (I —A"A)" pe 3 general common
solution to the adjointable operator equations (1), since B*B, D"D, Zz = 0 then by using proposition (1), we
can have X is positive and substitute X in the left side of adjointable operator equations (1) we get;

AXA" = A(Xy +(I1 —A AU —-M MZ(A-M M) (I -A A)HA"

=AX A+ A —A AN -—M MZ(-AAN-—M MHA"

= AX, A", thusfrom theorem (1.1) we can have; AXA™ = B'B.
And, cxcr — CX,C +C(—A AU -—M MZA-—M M(1 —A AC”

—CX,C " +MU—-—M MZ( —-—M " MYM"
—=cx,c”, thus from theorem (1.1) we can have; CXC” = D"D.

Therefore; X = Xo + (1 —A A1 =M "M)Z(I =M M) (I = A A)" s 3 general positive common
solution of adjointable operator equations (1).
Conversely; let X is a positive common solution to the adjointable operator equations (1.6), then it is satisfy
this equations, AXA™ = B"B, since X >0 and by proposition (1) we get; B"B = 0.
AXA™ = B'B,
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AX,+(1-UUZ(O -UU))A " =B"B

AX, A" — BB, thusfrom theorem (1.1) we can have; AA B'B = B'B.

Also, CXC”™ = D"D, since X =0 and by proposition (1) we get D*D = 0.
CXC"=D'D

C(X,+(1-UU)Z(1 -UU))C" =D'D

CX,C" =D’D, Thus from theorem (1.1) we can have; PD*D —S — MM “S(M~)"M™ =0, and since
X is positive common solution to (1), then from [5] one can have Z s positive.

2- General Common positive Solutions for system of adjointable Operator Equations.
Theorem (2.1):-

Let A BeB(H,K), D,C,E,FeB(K,H) and A B,N,M have g-inverse operators, then the
system of adjointable operator equations (2) have a positive common solution if
DD-MM (S+Y)(M )M =0, AAEE(B)B =E'E, CC-T—(N N)TN N =0,
BA E'E(B ) A" = F'F, A" (A)'B =B" and A E'E(B)",S,T,Y =0, where,
W =BAE'E(B)'B", S=BE'E(B)B", T=AAEE(B)A, Y=BAEEMB)A,
M=B(l—-AA) ad N=(1 —-B B)"'A".

Proof:-

We claim
Xo=AAAEEB)AA +U-AAMSM)YU-AA +(U-B BN )TN (I -BB)
+(I—AAMYM ) U—-AA)". be acommon solution to the system of adjointable operator
equations (2), since A"E"E(B7)",S,T,Y >0, then by using proposition (1), we can have Xo is positive,
to show that, we substitute in the system of adjointable operator equations(2), thus;

*

BX,B"=BA A(AE'E(B) (A A)'B +B(I—-AAM S(M ) (I-AA'B"
+B(I—B BN )TN (I1-B BB +B(Il—-A AMY(M ) (I-AAB"
=B'AEE(B)B +MM S(M )M +MM Y(M )YM"
=S+MM (S+Y)(M )M~
And, by using the condition, D'D-MM (S+Y)(M )" M" =0 weget; BXB" =D'D.
Also, AX,A"=AAA(AE'E(B) (A A A +A(l —A AM S(M)'(1 —A A)A
+A(l =B BN )TN (1 =B B)YA"+A(l —A AMYM ) -AA A"
=AAE'E(B)A"+N"(N )TN N
=T+N"(N)TN N
Since c'C—T —(N"N)"TN"N =0 Weget; AXA"=C"C
And, AX .B" = AA"A(A E'E(B) (A A)'B"+A(l —A " AM S(M ) (I —AA)'B”
+A(l =B BN )TN (1 -B BB "+ A(l —AAMY(M)'(I —AAB”
=AM E'E(B)YAA)YB +AU—AAM S(M )M "+N (N )TN (1 -B B)'B"
+A(l —A AMYM )YM"
=AA E'E(B)A(A)B’
By the condition, A"(A™)"B" =B" Wweget; AX B = AA E'E(B)'B”
and by condition, AA"E'E(B")'B"=E'E weget; AXB" =E'E
Finally, BX,A" = BA"A(A E'E(B) (A AA +B(I —AAM S(M ) (I —-AAA
+B(I =B BN )TN (I1—-B B)A +B(I—AAMY(M ) (I -—AA A
=BA E'E(B)A +MM S(M ) (I —-A A A +B(l —B B)(N )TN N
+MMY(M ) (1 —A A)A
=BAE'E(B) A"
And By using the condition BA"E"E(B") A" = F'F onecanhave BXA" =FF
Therefore;
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Xo=AAAEEB)YAA +U-AAMSM)U-AA +{-B BN )TN (I -B B)"
+(I—AAMYM ) (I —A A)". isapositive common solution of the system of adjointable operator
equations (2).

Now, we show the general common positive solution of the system of adjointable operator equations (2),
with same condition appeared in above theorem.

Theorem (2.2):-
Let ABeB(H,K), D,CEFeB(K,H) gng ABN,M hae ginverse operators, then the
system of adjointable operator eqbatlons ﬁvl have a general positive common solution if
AAE'E(B7) B" =E'E, (S+Y)(MT )Y M =0, A (A)Y' B =B,
CC-T—(N'N)TN'N=0, BAEE(B)YA —FF 49 AEE®B),ST,)Y,Z=0,
where, W =BA'E'E(B")'B", S= BE'E(B)'B", T=AAEE(B)A, M=B(l-AA),
Y=B'AE'E(B)A and N=(1 —B B) A"
Proof:-
We claim X = Xo + (I = A" A1 =M "M)YZ( —M M) (I —AA)" pe a common solution to the
system of adjointable operator equations (2) since A E E(B7),S,T,Y,Z =0, then by using proposition
(1) we can have X is positive and substitute X in the left side of adjointable operator equations (2) we
get;
BXB" = B(X,+( —A A1 —MM)Z( _NN)(I —B B))B"
=BX,B"+M({U-M"M)Z(I _NN)(I1 —B"B)'B”
=Bx,B", thusfrom theorem (2.1) we can have; BXB™ = D"D.

Also, AXA™ = AX A"+ Al —A A (I —M MZ(I —M M) (1 —AA)A

= AXA + A —A AU -—M MZU_M MU —-AA)HA"

= AX A", thus from theorem (2.1) we can have; AX A" =C’C.
And, AXB" = AX,B "+ A(l —A A1 —M M)Z(1 —M M) (I —A A)'B”

=AX B "+ A —A AU —-—M MZU_M M —-—AAB"
— AX,B", Thus from theorem (2.1) we can have; AXB" = E"E.

Finally, BxaA* = BX A"+ B(I — A A —M M)Z(I —M M) (1 — A A A"
=BX,A"+M(U —-M " MZ(_M M) —A A )HA"

—Bx,A", thus from theorem (2.1) we can have; AXA"=C’C.
Therefore; X =Xo+(I —=A AN =M "M)Z(I =M M) (I —=A A)" s 3 general positive common
solution of the system of adjointable operator equations (2).

Remark (2.3):-
The converse of theorems (2.1), (2.2) not necessary to be true. To illustrate this consider the following example.

Example (2.4):-
2 1 24 24 24 72
let A_|2 1 g= o] 24 28] oo [ 2] pEl — then
{6 3} [2 1} 24 24 7|72 216/ 72 72 24 72/

X = {3 2} is a common positive solution of the system of adjointable operator equations (2).
2 4

wer-[2 12 22 2] [z 2
woc[23]2 22 S 2
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S A

BXA" =

24 24
72 72

24 72
72

2l 5l

6
3
5 24 241025 0 6 0| . . .
But, AE'E(B™)" _[ }[ }[ }:[ } It Is not positive operator.

72 72025 0 0 0
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