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Abstract

In the present paper, we introduced a new class of meromorphic multivalent functions Wpl(,B) defined by
Ruscheyeweh derivative operator. We obtained some properties, like , coefficient inequalities , distortion and
growth theorems ,convex set , Convolution property and radii of starlikeness and convexity.
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1.Introduction
Let Y, be the class of functions f of the form
f@=z7P+3X a2z, (PENk2p), (11)
which are meromophic multivalent in the punctured unit disk U* ={z € C;0 < |z| < 1}. Let W, be the
subclass of ¥, of functions of the form

f@) =zP+3¥ a2, (ax—p 20,p ENk 2p), 1.2)
The convolution (Hadamard product) of two functions of f(z) and g(z) [6], is given by
(fx9)(@) =277 + Tily Qp_pbr—p 277, (1.3)

where g(2) = z77 + X321 bi—p 277 and f(2) is given by (1.2) .We must recall a Ruscheweyeh derivative
operator [1] , as follows:-

Z
Df'pf(z)zm*f@). A>-p,.fEW) (1.4)
The equation (1.4) can be written as follows:-
DI¥f@) =27 + 35, (* ' Vawp 2P (> -p.f €W,) (1.5)

Now, we denote a new class I/I/p’l(ﬁ) of functions f of the form (1.2) which satisfies the condition
Z*2 (D} f(2))" - p? —p
(DI f(2)) + DIPf(2) +p
where 8(0< B8 < 1).For [ 6], f be p-valently meromorphic starlike of order §(0< § < p) if

{Zf (2)
—Re
f(@)

Also, f is p-valently meromorphic convex of order §(0 < § < p) if

(1.6)

} > 6§, f(z)#0 for z € U* (1.7)

zf "(Z)}
—Rejl+———>4,z€ U". 1.8

{ F@ 9
Many authors were studied and discussed another classes consisting of meromorphic univalent and meromorphic
multivalent functions , like, Atshan [ 1,2,3,4 ], N. E. Cho and I. H. Kim [5], Frasin and M. Darus [7] , J. L. Liu
and H. M. Srivastava [8,9], Miller [10] , Mogra [11] and Raina and H. M. Srivastava [12].

The geometric properties of the class VI/,,A([?) are discussed as following:-
2. Coefficient inequality

Theorem(2.1): Let f € W,.Then f € Vl/p’l(ﬁ) if and only if

w (A+k
S (7 ) (e =Pk —p = D+ Ble—p) + Bl <5, (21)
where 0<B<1,1>-p,k=p andp €N.
The result is sharp for function
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fz)=z7"? z¢P, (ay-p =20,p ENk =p)

(“") [(c = p)(k —p = 1) + Bk —p) + ]
Proof: Assume that inequality (2.1) is hold. Then from (1.6), we have

22D} £(2))" — p* — p| = B |77 (D2 (@) + DIPf(2) +9|

= |72 [p@ + D272+ 5 (M) @y (k= )= p = D242 = p? = p| - x

1 [+ s () a7 1] 277 4 5y (¥ 1)

@ + D+ S (M) k=) —p = D24 = p = |- B1=p + Ziea (M T ) @y (k- 17 +
A+k

zZ7P+ YT 1( " )ak_pzk_p +p| . Then

S (M) arcp e = 30— p = 24 = B[S (M F) @y k= pz* 427 4

L= 1(1 N k) ak—ka_p| :

< Yk=1 (A-;C_k) ag-p(k —p)(k —p—1) + B k=1 (A-]I;k)ak p(k—p) =B +BXk= 1(/1+k)ak—p
<32, (M H) - p) Kk =p = 1)+ Bk =)+ Blas, — .50,

Y1 (’1 + k) [((k=p)(k—p—1)+ Bk —p) + Blay_, — B < 0, by hypothesis. Hence, by the of maximum

modules pr|n0|ple we get f € WA(,B)

Conversely, assume f € l/l/p’l(ﬂ) is hold. From (1.6), we have
DI f(2) —pP—p

(DI f(2)) + DIPf(2) +p

<B.

Therefore,

2P (DIPf(2)) + DIPf(2) +p
Now, choosing values of z on the real axis as z— 1 —, then we get the inequality (2.1).Sharpness of our result
follows by setting
B

f@) =27
(“")[(k Pk —p—1)+ Bk —p) + ]

Re{ 20N @) = p } <

z*?, (ay-p =2 0,p €N,k = p)

Corollary (2.1): Let f € W;*(B) . Then
B

(k—p)k—p—1)+ Bk —p) +p]

Ag—p < (/1+k)[ ,(@k—p =2 0,p EN,k = p), (2.2)

3. Distortion and growth property
Theorem(3.1): Let the function f € Wp’l(ﬁ). Then

1
f@I< 2™ +—

[SrS

)

1
lf )| = |z|! - YZEETN 3.1

1)

Proof: Let f(z) be a function in Wpa(ﬁ) of the form (1.2).Hence
If @) = 1277 + Eiey ax—p 2P| < |27P| + | By @x—p 2°7P| < 2| 7P +12|" P 3L @y
By theorem (2.1) , we get

and

iakl’g /1+1 ’ :
=] ") =p)(=p) + B —p) + 4]

Therefore,
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_ B _
f @I <12l + g 2]
(*THa-»p) + BA-p) +5]
Similarly , we get
_ B _
f @I = 12l = 2= 2P
(*THIa-pEp) + BA-p) +5]
Since k= p,k=1andp € N, then p=1.Hence,
1
-1
fF @I < 2™ + = )
1
Similarly , we get
1
-1 _
If ) = Izl GD)
1
Corollary (3.1) : Let the function f € WJ(ﬁ). Then
If' @] < |z|7
and
If' @I = ||~ (3.2)

4, Convex set

Theorem(4.1): The class W, (B) is convex set.
Proof. Let functions f and g be in the class VI/;,A([%). Then for every 0< m < 1, we must show that
(1 - m)f(2) + mg(2) € W (B). (4.1)
Therefore, we have
A-m)f(z2) + mg(z) = z7P + X2, [(1 —m)ag_p, + mby_,] zK=P Therefore by theorem(2.1)
w (A+k
S (P TV ke =)k —p = 1) + Bl —p) + BII(L — m)ay_, + mby_ ]

k
= -m S (M) k- —p =D+ BU=p) +Blar, + mEe (V) k-G -p- D+

Bk —p) + B] by
<A-m)pB+mp=4.

5. Arithmetic mean

Theorem (5.1): Let f;(2), f1(2), ..., f(2) defined by

fi@) =zP + Tty 2P (5.1)
where (ay_, = 0,i=1,2,...,r , k > p) be in the class Vl/,,’l(ﬁ). Then arithmetic mean of f;(z) (i=12,..,7)
defined by

h(z) = 2 X1 fi(2) (5.2)

is also in the class W, (B).
Proof. By equations (5.1) and (5.2) , we can write h(z) = % Tz + ¥R Ay 287P)
=zP 4+ Z,;”ﬂ(ézir:lak_p,i)zk‘p . Since f; € W;}(B) for every ( i=1,2,....r) then by using Theorem (2.1), we

get 3 (M ) Gk =)= p = D+ B = p) + FICZLs 1)

r o (A+k r
=L (T (U ) k=) =p = D) + Bk —p) + Blay ) < TTia B = B
6.Convolution Property
Theorem(6.1):Let f(2) = zP + Y ap—p 2°7P and g(2) = z7P + X321 by—p, z*7P are in the class Vl/p’l(ﬁ),
then the hadamard product f « g is in the class W, (y), where

_ B*(k —p)(k —p—1)
V=15 k
("7 =PIk —p =D + Blk—p) +B12 = B2k — ) — B2

(6.1)
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Proof: For functions f and g in the class W;}(B) , we get

<1

-p

o A+ ke [(k=p)(k—p — 1) + Bk —p) + B] A+ ey [k =)k —p —1) + Bk —p) + B]
;( x ) 5 ak,pSIandZ( K ) B by,

by using theorem (2.1) .Then we must find a smallest y such that
i(l+k>[(k—P)(k—P—1)+ y(k = p) +v]
k 14
k=1
By Cauchy — Schwartz inequality, we get

Z(Azk)[(k—p)(k—p—lﬂﬂﬁ(k—p)+/3] [-kpbkp<1 (6.2)

k=1
To prove our theorem, we have to show that
A+ k\[(k=p)k—p—1)+ y(k —p) +7] A+ky[(k=p)k—p-D+ Bk=p) + 8] |
( k ) y ak_pbk_p < ( k ) ﬁ ak_pbk_p
So, this inequality to have be shown

W y[tk—p)k—p -1+ Bk —p)+ B]
KPPk =Bk —p)k—p—D + y(k—p) +7]

B
Ag_pbp_p <
m (,1+k)[(k k—-p-1+ Bk - P)"‘ﬁ]

ak_pbk_p <1

From (6.2) , we get

It is sufficient to show

B Mk-—p)k—p-1+ plk—p) +p] (6.3)
(Azk)[(k—p)(k—p—1)+ Bk —p) + B] T Bk —p)k—p—1+ y(k—p) +7v] '
Therefore, from (6.3) we get
2(k —p)(k —p —
Bl —p)k—p—1) — o0 (6.4)

(“") [Ge = p)Ce —p = 1) + Bl — p) + BI — f2(k — p) — B2
Since ¢ (k) is decreasing function of k (k> 1),setting k=3 in (6.4) , we get
p*B-p)2-p)
(*37)G-pe-p+ pG-p +AP - FG-p) -

y=9@3)=

So, the proof is done.

Theorem(6.2): Let the functions f; (j=1,2) defined by (2.1) be in the class W,,’l(ﬁ) .Then the function h defined by

h(z) = 27P + T ((@r—p1)? + (@ 2))Z"P, (6.5)
belong to the class W,f‘(e) , Where
2(k—p)k—p-1)

T Atk (Ik—p)(k—p—1) + Blc—p) + Bl
( k )( B ) ~k-p-1
Proof: We must find the smallest € such that

i(z+k)[(k—p)(k—p—1)+ etk —p) + €]

k €
k=1
Since f; € WH(B) (j = 1,2), we get
0 2
k—p)k—p—1 ke —
((A+k) [Ce—p)e—p— 1) + fC p)+b’]> (@)’

((ak—p,l)z + (ak—p,z)z) <1

& B
© 2
k — k—p—1 k —
< (At [k —p)(k—p—1)+ Blk —p) +B] (ak_,,,l)) <1
and

IA

; (6.6)

k=1
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© 2
A+ k) [(k—p)k—p—1)+ Bk —p) + B]
;(( k ) B > (ak—p,z)z

i 2
k—p)k—p—1 k—
- <Z (F+ i L= ;;)+ Bl —p) + ] (ak_p‘z)) -1 7

k=1

Combining the inequalities (6.6) and (6.7), gives

® 2
1 k—-p)k—-p—-1 k —
5! <(/1 kL= )Ce—p ﬁ) + Bk —p) +B] ) (@ )? + (@p2)?) < 1. 8
k=1
But h € W, (e) if and only if
N k—p)k—p—1 k—
Z (/1 ‘]t k) [( p)( p 6) + E( p) + E] ((ak_p,l)z + (ak—p,z)z) S 1 i (69)

k=1

The inequality (6.9) will be satisfied if

2
A+ [(k—p)k—p-D+elk—p)+el 1{p+k\[(k—p)lk—p—1)+ plk—p)+p]
( k ) c S§<( M ) 2 ) (6.10)

so that,

2(k—p)k-p-1)
A+ky([(k=p)k=p—1 + Bk —p) + B\’
(40 ; ) ~-p-1
Since M (k) is decreasing function of k (k> 1),setting k=3 in (6.10) , we get
23 -p)(2—p)

(13 (Cne=nt ﬁ(3—p)+B]>2_(3_p)_1

= M(k) (6.11)

e=>M@Q3) =

So, the proof is done.

7. Radii of starlikeness and convexity
The following results giving the radii of starlikeness and convexity of the functions f(z) € Wp’l(ﬁ).

Theorem(7.1): If f € Wp"(ﬁ) , then f is meromorphic multivalent starlike function of order p(0 < p < 1) in the
disk |z|<ry, where

[N

L)k -pE-p -1+ B(k—p)+l?](p—p)>§

(7.1)

i) = "”f< Bl=p—p+2)

Proof: It is sufficient to show that

zf'(2) |
+1l<1-p, O=<p<),
| f@ P P
for |Z|<T1 (A' k' p)
Therefore,
zf'(2) zf'(z) + f(2) —pz P + X (k= p)ax_p 2P + 2P + T ap_pz¥ 7P
v - _ Py 20 4 2
f(2) f(2) Z7P + gl AgpZ P

_|A-p) + Xk —p+ Darp 2"
1 + ZI;.O=1 ak_pzk

(P -D+ Xk —p+Dag,p 2"
1= ¥k= Gyep |2"]

The last expression must bounded by 1 — p if
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o(k—p— 2)a,_, |z¥
2=k —p—p+2)ax_, |z lSl.

p—p
The last inequality will be true if
AR [k - )k 1 k
(=p=p+2) k|<( 2 ) [e=p)(k —p = 1) + Bk —p) +B]
zZ
p=p B B

Hence,

-

(Azk)[(k—p)(k—p—lH Bk —p)+ Bl - )"
|z| < Blk—p—p+2)

Putting |z|=ry, we get the result.

Theorem(7.2): If f € Wp’l(ﬁ) , then f is meromorphic multivalent convex function of order p(0 < p < 1)in
the disk |z|<r,, where

-

(,1+k
(L k,p) = inf( k

Proof: It is sufficient to show that

)Gk =p)e—p =D+ Bl —p) +ﬂ]p(p—p)>E
(7.2)

Blk—p)k—p—p+2)

zf"(z)
e +2|S1—p, 0<p<),
for |zl<r, (4, k, p).
Therefore,
2f"@) | | - 2f"(2) + 2f'(2)
f'(2) f'(2)

_|p+ Dz P+ ¥ (k—p)k —p — Dag_pzk P~ —2pz7 P~ + 237 (k — p)ak_pzk‘p‘1|
B —pz P+ X7 (k — p)ag_pzF P |

_ ‘p(p = 1)+ X,k = p)(k — p + Dag_pz"
-p+ Zl?:l(k - p)ak—pzk

_ ‘p(p - D+ X (k= p)(k —p + Dag_pz*
p— Z;c.o=1(k - p)ak—pzk

PP =D+ 521k = p)(k —p + Dayyl2*
- P — Xi=a(k — p)ag—plz|*
The last expression must bounded by 1 — p if
Tk =) —p = p+2)apy |24 _
(P —p) T

The last inequality will be true if

(") k= p)k=p = D+ ple—p) + 5]
g

(k—p)k—-p—p+2)
p(p—p

|z]* <

Hence,
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[uN

< (A:k)[(k—p)(k—p—lﬂ Bk —p) + Blp — )\
|z| < Bk —p)(k—p—p+2)

Putting |z|=r,, we get the result.
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