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SUMS OF HAZARD FUNCTIONS OF
EXPONENTIAL MIXTURES AND
ASSOCIATED CONVOLUTIONS OF MIXED
POISSON DISTRIBUTIONS

Moses W. Wakoli ! and Joseph A. M. Ottieno 2

Abstract

A Sum of hazard functions of exponential mixtures characterizes a convolution of infinitely
divisible mixed Poisson distributions which is also a convolution of compound Poisson distri-
butions.

For each sum of two special cases of Hofmann hazard function, the following have been ob-
tained:

e the probability generating function (pgf) of the convolution of the mixed Poisson distri-
butions.

e the pgf of the independent and identically distributed (iid) random variables for the
convolution of the compound Poisson distributions.

e the recursive form of the convolution of the compound Poisson distribution.

We also wish to find out whether Panjer’s recursive model holds for all cases.

Key words: convolutions, exponential mixtures, mixed Poisson distribution, Hofmann hazard
functions, characterization, compound Poisson distribution, Panjer’s recursive model, Laplace
transform

1 Introduction

The objective of this paper is to show that a sum of two hazard functions of exponential mixtures
gives rise to a convolution of infinitely divisible mixed Poisson distributions and hence a convolu-
tion of compound Poisson distributions. Pairs of Hofmann hazard functions have been considered
to identify the convolutions.

The rest of the paper is organised as follows: Section 2 briefly discusses the relationship between a
hazard function of an exponential mixture and the corresponding infinitely divisible mixed Poisson
distribution. Section 3 proves that a sum of two hazard functions of exponential mixtures gives
rise to a convolution of two mixed Poisson distributions and a convolution of two corresponding
compound Poisson distributions. Section 4 is an illustration of the results obtained using sums of
various cases of Hofmann hazard function. Concluding remarks are given in section 5.

2 A Single Hazard Function of an Exponential Mixture

A mixed Poisson distribution can be expressed in terms of a Laplace transform as

palt) = (—1)"= L™ p) n=0,1,2,.. (2.1)

n!
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where L (t) is Laplace transform of the mixing distribution

and
ey 4"
L00(6) = = L) (2.2)
When n = 0, we have
po(t) = La(t)
= 671n ﬁ
=00 (2.3)
where,
1
0(t)y=1 2.4
0 =g (24)
L)
0'(t) = -4 2.5
0 =-15 (25)
= h(t)

which is a hazard function of the exponential mixture.

Since h(t) = €'(t) is completely monotone and 6(0) = 0, then py(t) is a Laplace transform of an
infinitely divisible mixing distribution.

Hence the mixed Poisson distribution py(t) is also infinitely divisible (Feller, Chapter XIII, Vol.
2, 1971).Furthermore, an infinitely divisible mixed Poisson distribution is a compound Poisson
distribution (Feller, Chapter XII, Vol. I, 1968; Ospina and Gerbes, 1987) whose pgf is given by

H(s,t) = e 01=C(s1) (2.6)
where G(s, t) is the pgf of the iid random variables.

Since the pgf of the mixed Poisson distribution is

H(s,t) = e 0t=t9) (2.7)
by equating the two formulae for pgf, H(s, t), we get
O(t —ts)
t)y=1— ———= 2.
G(s.1) 0 28)
Therefore the probability mass functions (pmfs) of the iid random variables are
1 d*
9a(t) = ldst G(s,t)|s=0
r—1 t el(t)
=(— — =1,2,3... 2.
U G TS 29)
and
go(t) =0 (2.10)

Let z = ¢ + 1, which implies that x — 1 = 4, and hence
ti+1 0i+1 (t)
@+ o)’

The recursive form for the compound Poisson distribution is

i

Gia(t) = (- i=0,1,2,3... (2.11)

n pu(t) = 0(1) Z T gz (t)pn—z(t) n=123..
x=0

or

(n+ Dppya(t) = 0(t) Z (i 4 1)gip1(t)pn—i(t)

= zn: (=1)" =0 (B)pa—i(®) n=01,23.. (2.12)

7
Using the recursive relation, p, () can be obtained iteratively.
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3 A sum of two hazard functions of exponential mixtures

3.1 Derivations of key results for convolutions

Let
hi(t) =60,(t)  and  ho(t) = Oy(t) (3.1)

be two hazard functions of exponential mixtures.

Further, let
0(t) = 61(t) + 02(t) (3.2)
Applying equation (2.7), the pgf of the mixed Poisson distribution is

H(S, t) —_ e—@(t—ts)
— o {01 (t—ts)+02(t—ts)}

— o 01(t—ts) ,—0s(t—ts) (3.3)
which is a product of two pgfs of mixed Poisson distributions.

Hence a sum of two hazard functions of exponential mixtures gives rise to a convolution of two
random variables from mixed Poisson distributions.

Since infinitely divisible mixed Poisson distributions are also compound Poisson distributions,
then the pgf can be expressed as

H(s,t) = e~ 101()+02() H1-G(s,0)}
— o1 (O{1-G(5,t)} ,—02(){1-G(s,t)} 5.4

implying a convolution of two compound Poisson random variables.

Equating the two formulae for H (s, t), we get the pgf of the iid random variables for the convolution
of the compound Poisson random variables

01(t — tS) + 92(t — tS)

G(s,t)=1— 3.5
(>0 0 (0) + a0 (35)
with corresponding pmf of the iid random variables being
go(t) =0 (3.6)
and
1 7 07(t) +05(t)
= (—1)x—t A\ T P2 -1 )
9:(t) = (-1) " ) , T ,2,3 (3.7)
or
p+l it (p) 4 gitl(y .
gi+1(t) = (- AOhL MU i=0,1,2,.. (3.8)

(14 1)! 0(t) ’

The recursive form for the compound Poisson distribution is either given by

npa(t)=>_ (=1)" @—1) (07 (t) + 05(1)) Pn—s(t), n=123,.. (3.9a)
n i+1
(n 4 D)pngi(t) = Z (—1) t; (0771 () + 0571 (t)) pr—i(®), n=0,1,2,3..
=0 ’

(3.9b)

Using this recursive relation, p,(t) can be obtained iteratively.
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3.2 A Special Case

When the first hazard function is a constant, we have:

ha(t) =01(t) =46 (3.10)

and hence
01(t) = ot (3.11)

Therefore,
01(t) + 05(t) = 6 + 05(t) (3.12a)
01 (t) + (92(75) =0t + 92(t) (3.12b)

and

H(s,t) = e 0t1=3) g =02(t=ts) (3.13)

which is a product of the pgf of a Poisson distribution with parameter §t and a pgf of a mixed
Poisson distribution.

The pgf of the iid random variables of the convolution of the compound Poisson distributions

01(t — tS) + 92(t - tS)

G(s,t) =1—
() 01(2) + 0a(t)
dx (t—ts) + O2(t — ts)
=1- .14
5t + 0a(1) (3:-14)
By differentiating G(s, t)
9 G(s,t) =0t —thy(t —ts)
ds 6t + 02 (t)
Ot 0y (t — ts)
Ot 6a(t) (3.15)
2 _£201(+ —
0% G(s,1) _ 204 (t — ts) (3.16)
0s? 5t + 02(t)
we obtain
o (ST — ts) -
G%(s,t) = 5T 0o(0) =23, .. (3.17)
and the pmfs of the iid random variables
g9o(t) = G(0,1) =0 (3.18a)
9 G(s,t ot + t05(1)
t) = s=0= .18b
a(t) = 2 o= T (3.15D)
_ (_ L—lﬁal G(S7t)
7 03(t)
=(-1)" =2 =2,3,... 1
e s L (3.18¢)
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The recursive form of the compound Poisson distribution is

npn —0 Z xgac pn ac()

= 0(0)g1(O)pn—1(t) +6(t) ), @ gu(t) Pna(t)

(=) 1 65(1)

NERINGE

= (0t +105(8)) pra () + ) ———7—— Pu—a(t)
r=2 ’
~ (1) 03 (1)
= Gt + 650D paa(t) + Y (3.19)
=2 :
as given by Walhin and Paris (2002)
Replacing n by n+ 1 in (3.19), we have
ntl z 14z 9&0( )

(n+ 1) Pt (t) = (9t + t05(t) )+ Z @=1) Prn—(z—1)(t) (3.20)

Let x = ¢+ 1, which implies that x — 1 = 7, and therefore
n —1)F il 9i+1 t
(041 pn(®) = @Gt 1050 () + > TV O e —on2. @ay
i=1 ’
4 Sums of Hofmann hazard functions
Walhin and Paris (1999) defined Hofmann distribution as:
po(t) = e 0)
and
Tbtn n
pn(t) = (—1) P (t) n=123,..
where
/(t)i(l—&—pct) p>0, ¢>0, a>0
and
6(0) =0

Wakoli and Ottieno (2015) determined that €’(¢) is in fact a hazard function of an exponential
mixture and referred to it as Hofmann hazard function. Let the sum of two hazard functions of
exponential mixture be in the form of Hofmann hazard functions; i.e,

p1 b2
h(t) =
( ) (1 +Clt)a1 + (1 —|—C2t)a2

We wish to obtain the following:
e the pgf of mixed Poisson distribution.
e the pgf of the iid random variables.
e the recursive form of the compound Poisson distribution for cases of a;, where i = 1,2

We also wish to find out whether Panjer’s recursive model still holds for all cases.
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4.1 When the first hazard function is a constant

4.1.1 The case of a; =0 and as = %

ht)=0() =pr + —22 >0, p2>0, >0
() () b1 (14_02”% b1 b2 2

where the second hazard function is that of an exponential-inverse Gaussian distribution.

Therefore
2 ,
0.(t) =pit 0,(t) = 22 ((1 +oeot)d — 1) (4.1a)
C2
O1(t —ts) =p1 * (t —ts) ; O(t — ts) = 202 ((1 + cot — cots)? — 1) (4.1b)
c2

The pgf of the convolution is

H(S7 t) — e—Gl(t—ts)e—Gz(t—ts)

_ mt(i-s) (22 ((test-cats)d-1) (4.2)

The the sum of hazard functions of exponential distribution and that of the exponential-inverse
Gaussian distribution, therefore, gives rise to the convolution of the Poisson distribution and the
Poisson-inverse Gaussian (Sichel) distribution. Using (3.5) the pgf of the iid random variables of
the convolution of the compound Poisson distribution is

1 2
Gs,t) =1 — —— {p1t — prts + Cij {(1+ cat — cats)® — 1}

o(t)
G'(s,t) = % {plt + % (cat) (1 + eat — czts)%}
6" (5:1) = g (5) 22 (cat (14 cat — cats) 3
G"(s,1) = % (%)(g) i—j (cat)®(1 + cat — cats) ™3
G"(s,t) = % (%)(g)(g) ]z—z (cot) (1 + cot — cots) ™3
G(s,t) = % 2'32_ ! 2'22_ ! 2'12_ ! i—; (cat) (1 + cat — cats)™ o
G (s,1) = ﬁ (2(30 —21) - 1) (2(a: —22) - 1> (2.22— 1) <2.12_ 1>
P2 eat) (1 + cot — eots)™

(D) ) () )

P2 (o)™ {(1 + cot — cots) ™73

- <—;+x—1> <_;+x_z)...(_;+x_x+z) <—;+x—x+1)

L (CQt)w{(l + cot — Cgts)_w—i_%
2

(z=1! (—I+2-1\ p . 1,
() r—1 2 (c2t)"{(1 4 cat = cats)?
z—1)! Lig—-1-1 cot o 1 i
Gt L pat (277 _ ( - — ' — )2
0(t) z—1 (1 + cot — cots (1+ cot — cots
forx=23,.. (4.3)
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Therefore the pmfs of the iid random variables are

1 1 Cgt . 1
2(t) = — t 2 — =1 (1 t)"2 =2,3,...
5 =g 2ot ([ 3) G Z T an T fora=2s
where
0(t) = 01(t) + 62(t)
_ 2p2 1
=it (1 + et 1)
And so
1
1 2 (_ cot )ac—l
9:(t) _ 7 (501) (et
gl’*l(w 1 _% (7 cat )172
(z—=1) \pz—2 (14cot
_1
2
z—1 (21) —cot
= 1 ( )
€T -3 <1+02t
xr — 2
@l oy el
B T x—1" "1+ cot
Czt 302t 1

(I+eot) 2(1+cot) x
which is in Panjer’s recursive form with

a= 702t and b= —§ 70215
(1 +eot) 2 (1+eat)

The recursive form for the convolution of compound Poisson distributions is
npa(t) = 0(t) Y 7 9a(t) Pos(t)
r=1
n
= 0(t) g1(t) Pa—1(t) +0(t) Y @ gu(t) Poa(t)
r=2

- <p1t+ u’”t) Pai(t)+

+ cot)?
(14 cot)™ 2 pot é (a:_—%l) (—(lii"’tcﬂ)’ﬂ—1 Prz(t) n=12,..
4.1.2 The case of a1 =0 and a; =1
h(t):p1+p72 p1 >0, p2>0, c2>0

(14 cot)

where the second hazard function is that of Pareto.

(4.4a)

(4.4D)

(4.4¢)

(4.6)

This sum of hazard functions can be obtained by considering an exponential mixture whose mixing

distribution is the shifted-gamma distribution. The mixture is constructed below:
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The pdf of the shifted-gamma distribution is

g(\) = % e PO (X — p)ot A>p, a>0, >0 (4.7)

The survival function of the exponential mixture is

S(t) = / S(A) g(n) dA
A=0

— / e—)\t % e—ﬁ(A—/t) ()\ _M)a—l d\

Let Yy=A—pu hence A=y+p and dh=dy

o0

S(t) = % / e~ Wt t o=y o=l gy
y=0
_ B wt Ji —y (B+t) ,a—1
=—ce€ e y dy
To y_/(;
_ Bi "y la
Ta®  Broe
=B e "t (B4+1t)" (4.8)
—S(t) =B () e (BT B e () (BT
_g
) — S(t<;>

B e Mt (BH) B e M (a) (BHt) !
= ﬂa e—kt (ﬂ +t)—<l
=p+a(B+t)"

(6%

= + —
BTt

%

B
=+ 4.9
H 1 % P (4.9)

which is the hazard function of the exponential-shifted gamma distribution.

The hazard function of the exponential-shifted gamma distribution is therefore the sum of Hofmann
hazard functions given by

P2
h(t) =
( ) P + ]. —+ Cgt
where p1 = U, po = % and cy = %
Therefore
O.(t) =pit 5 Oolt) = %2 In(1 + eat)
2
01(t — ts) = p1 * (t — ts) ; O2(t — ts) = b2 In(1 4 cot — cats)
C2
The pgf of the convolution is
H(s,t) = #tD o5 In(mreziams)
_emtten Lz
1+ cot — cots
1 £y
— eplt(s—l) < 1+eot )
ct
L= s
P2
1 co
_ opit(s—1) 1+eot 4.10
. (1 = ) (4.10)
c2
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Therefore the sum of hazard functions of exponential distribution and that of the exponential-
gamma (Pareto)distribution gives rise to the convolution of the Poisson distribution and the
Poisson-gamma (negative binomial) distribution.

By differentiating the pgf of the iid random variables of the convolution of the compound Poisson
distribution:

1
G(s,t) =1— — {p1t — p1ts + b2 In(1l + cot — cots)}
c2

0(t)
G (s,t) = % - —% {~pit + i—z (—cat)(1 4 ot — cots) ™1}
G (s,t) = —% {(—1)% (—cat)2(1 + cat — cats)~2)}
G (s.1) = = e {=D(D2 (—eat)*(1 + cat = eata) )}
G (5,4) = % @12 #ﬂi% (4.11)

we obtain the pmfs of the iid random variables
go(t) = G(0,t) =0 (4.12a)
91(t) = G'(0,1)

‘ .

I
e
S

-
+

t
b2 ) (4.12b)
1+ ot

(x)(sv t)‘s:()

>
—~
QS

| = 2]

9x(1)

L 1)!% (1+ cat) ™ (cat)™!

1o (et \T
G(t) C2 1 +02t

1 P2 Cgt v
— =2,3,.. 4.12
<p1t+i’jln(1+02t)> Co <1+Czt> T = 2,9, (4.12¢)

gz(t)  x—1 cot

Gu—1(t) z 14 cot

Bl 8= 8

ct — et
= Lteat =23, ..
1+ cot T
which is Panjer’s recursive model with
cot cot
a=—2 and h=——2
1+ ecot 14 cot
Remark 1 This Panjer’s model is the same as that of a logarithmic series distribution with pa-
rameter 1fct2 ;

The recursive form for the convolution of compound Poisson distributions is:

n pn(t) = Q(t) Z z gz(t) pnfx(t)

= 0(t) g1(t) pu1(t) + 0(t) Y @ gu(t) pu—a(t)

—000) 515 (p1t+ ﬂtt) P00 3 o T (1 f;t) Pualt)

Cgt
1+ cot

=0(t) 1(t) pu—1(t) + ) % (

> pn—a:(t) f07‘ n = 1,2,3,...

(4.13)
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po(t) = e~
—plt—}c% In(1+cat)

=e
P2
et (L) (4.14)
1+ cot
Replace n by n+ 1 in (4.13)
sy P2 cot B
Dpn o(t 2 2 e (t
O RCPICIRCRD Dhl () I
and let x =i+ 1,sothat x — 1 =1
n P Cot i+1
Dpni1 = 0(t) g1(t) pa(t = 2 it 4.15
e+ Do =00 O+ 3 2 (725) vt (1.15)
To obtain p,(t) explicitly, we use
Method 1: The iteration technique
For n=1
t t t 4.16
pi(t) = (p1+1+2t)p() (4.16)

P2 Cot
— (pt+ 22 t
(pl e 1+02t) Po(?)

— e i) + 2 (125)

Co 1+ cot

Substituting (4.14) into (4.16), we obtain

0 P2 Py
D1 (t) ja— e*mt (plt)l Czt 1 co n e*plt plt)o ]2 C2t 1 o
1! 1+ cot 1+ cot 0! ¢o 1+ eot 1+ cot

21: pltpltlk 2y o1 ot \F [ 1 \®
k 1+ cot 1+ cot

k=0

For n=2

20 = (mt+ 122 ) m + 2 (12 oo

Using (4.12)

2 2
pat P2 cot po(t)
; P2 417
{(m +1+Czt> T (1+C2t) } 2 e
2 2
pat pat P2 caot Po(t)
= t 2 pit -
{(pl) +2p1 1+ +(1+c2t> +Cg (1+02t) } 2
D2 cot p2\° et \° | p cat Pof
t 2pt — — o
{(pl) ten o (1+02t>+(62) <1+C2t> +02 1+62t }
(p1t)? P2 ot P2 P2 cat po(t)
= t t = t —+1) ==
5 po(t) + p1 o \T+ oot po(t) + 62—1— ol B
p2
_ t)? 1 2 P2 cat 1 2
§) = e-mt (P10 Pt gt 22
pa(t) =e 5 tat) ¢ P \Trat) Uxat) ©
2 2
le*plt P2 +1 p2 cot 1 ’
2 o co \ 1+ cot T+ eat
+

B i e Pt (pt)2~F 21k-1 et \" 1 &
B (2—k)! k 1+ecot 1+ecot
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For n=23
pat D 2 cot *
2 2 2
3p3(t) = t t —= 3_ (T
p3(t) (P1 + T+ ot pa(t) + o 322 (1+62t) P3—z(1)
pat p et \° P et \°
2 2 2 2 2
= t t — t — t
(p1+1+02t () + <1+02t) pl)+ (1+cgt> po(t)
2 2
pat pat P2 cot po(t)
= t t —
(’” M (pl +1+c2t> T (1+cQt> } >

2 Co

BTL(t)+pi (p1t+ P2t ) < cal >2 p02(t)+

1+ cot 1+ cot

? pat et 1\’
t t t
(me+ 225 ) mtt+ (£25) )

2 3
po(t) | 3 p2 pot cat P2 cat
- —= t t —= t
2 +2 C2 P +1+02t 1+02t pO()+CQ 1+Cgt pO()
2 2
5 Po(?) 2 pat po(t) D2l D2 ot po(t)
= )3 3 t —_— t<3 | ——— 3—
)" == 3t (755) 2 T T+at) 2o Uit 2 "
pat \° pat P2 et \? P2 et \*| po (1)
+3 = +oB2
1+ cot T+et) e \1+cat ez \1+cat 2
2 2 2
Po(t) o P2 cat po(t) D2 cat D2 cat
= (p1t)? 3 (pit)? = 3pitd (& =
(pl ) 2 + (pl ) Co 1+ Cgt 2 + P Co 1+ CQt + C2 1+ Cgt
P2\’ et \° p2\° et \P o et \° po(t)
= +3(2 +oB2
Co 1 + CQt C2 1 —+ CQt Co 1 + CQt 2
2
Po(t) 2 P2 cat '\ po(t) P2 P2 cat po(t)
= (pt)? 3?22 (2 3mt) (2+1) (2
(pl ) 2 + (pl ) C2 1 + Cgt 2 + (pl ) C2 + C2o 1 + Cgt 2 +
P2 et \? polt)
C2 1 + Cgt 2

, P2
- t)° 1 \= o (mt)? pe [ et 1\ %
1) = e P1(®) (P1 p1(t) e
ps(t) = e 31 \11et) € N ey \1tcgt) \T1et)

)
)
)
2 (5 +tt) {mo+ (2250} mon+2 (; +tt) po(t)
)
)
)

"L et (ppt)ynh B2 g et \* 1 2
nt = _— c2 :1,27 PR
pn(t) Z (n—k)! k 1+ cot 14 cot " 3
(4.18)

Method 2: The pgf technique

oo

H(s,t) = Z pr(t) s™
=0

n
1\ 4
_ —pit(l—s) 14cot
—e _~Tceat
1— s
1+4cot
1

P2 P2

=e Pt ae’“tS 1-— ct s -
1+Cgt 1-’-021;
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But
t t)2 )3
pits 1+p% (plz) 52+ (p13) 53+"
-y {<p1t>”-k}
_ |
= L=k

ct ) —B2\  —cot —b2 —cot \? 9
1-— S =1 C2 c2
< 1+ cat ) +<1> Treat’ " 2> <1+cQt> ot

00 P2 n _ k
Z e Pt 1 02 Z M o —Cat s”
— 1+ cot pars (n—k)! k 1+ cot
b2
n B t)n k __ D2 —CQt k 1 ey
n t p1t (pli C2
pa(t) = kzoe (n—k)! k 1+ cot 1+ cot
zn: - p175 (_1)k —[c)—; cot k 1 -
— (n—k)! k 1+ cot 1+ cot

k P2
o—pit plt %-f—k—]. cot 1 i1
(n—k)! < k 1+ cot 1+ cot (4.19)

which is a convolution of a Poisson distribution and negative binomial distribution.

()
N

()
MY

M:

k=0

4.1.3 The case of a1 =0 and as = 2

p1>07 p2>0a 62>O

/ _ D2
h(t) =6'(t) *lerm

where the second hazard function is what we have called Polya-Aeppli hazard function (Wakoli
and Ottieno 2015, p. 234)

01(t) =pit 5 0:(t) = % (1 —(1 +02t)71)

O1(t —ts)=p1*(t—ts) ; Oa(t—ts)= ZCQ (1= (1+cot —cots) ™)
2
The pgf of the convolution is
H(s, 1) = e~P1t(1=9) oo (1-(teat=cats) ) (4.20)

Therefore the sum of hazard functions of the exponential distribution and that of Polya-Aeppli
distribution gives rise to the convolution of the Poisson distribution and Polya-Aeppli distribution.

The pgf of the iid random variables of the convolution of the compound Poisson distribution is

Gls,t) =1~ W —1- % (pit — pits + ’C’—z (1= (1+ cat — eats) ™))
G (s.1) = —% (—plt = P2(1) (—eat) (14 cat - C2ts)2)
G (5,4) = —ﬁ (-i’j(—n(—z) (—eat)? (14 eot — czts)_g)
G (s.1) = — a5 =22 (=1(=2(=3) (—ea)® (1 + eat — cate)™)
G (s, 1) = % P2l (cat)” (1+ cat = cate) "=+
=L p oy cat @ ! x=23,..  (421)

0(t) ¢ (1+ cot — czts)) (1 + cot — cots)’
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The pmfs of the iid random variables are

go(t) =0 (4.22a)
gi(t) = % <p1t+ % (1_525225)2) (4.22b)
L 2 Cgt 1

g:(t) = 00 o ((1+02t)$ 0T o) x=23,.. (4.22¢)

And so
92(t) < et )”” (1+ cglt))gH _ ot
gr—1(1) 14 cot (cat) 14 cot
Cgt 0
= - =2,3,..
(Grei™ ) r=2.3,

which is Panjer’s recursive form with

Cgt

= and b=0
1+ cot

The recursive form for the convolution of compound Poisson distribution is:

npn Z pn GE(t)
= a(t) gl(t) Pn— 1 Z xgz pn—x(t)
. P2 cot (. 1
t - n— - n—x t
(pl e >p 0+ 3 ) ey P
t n—
<p1 -l—c2 1+02t2>p 1(
) Pr—z(), n=12,.. (4.23)

b2
P EE— x
(1 + Cgt) Co ; ((1 + Cgt

4.1.4 The case of a; =0 and as — o©

h(t) =0'(t) = p1 + lim p2(1+c2t)™™  p1 >0, p2>0, c2>0

=p+ Jim p Z ( 2) (cat)®

=0
h(t) = p1 +pa e (4.24)
where
b= lim asco
az — o0

The second hazard function is that of the Gompertz distribution and the sum is known as the
Gompertz-Makeham hazard function.

) =pt i GH="2 (11—
O1(t —ts)=pi*(t—ts) 5 Ot —ts) = p—; (1 - e—bt(l—s))

The pgf of the convolution is:

—bt(l—s))

H(s,t) = e Prt(1=s) o= (1=¢ (4.25)
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Thus the sum of hazard functions of exponential distribution and that of the Gompertz distribution
gives rise to a convolution of the Poisson distribution and the Neyman type A (Poisson-Poisson)
distribution.

The pgf of the iid random variables of the convolution of the compound Poisson distribution is:

B O(t —ts) Pk (t—ts) + 22 (1 — e P1-9)
G(s,t)_l—e(t)_l_{ Gb(t)

et —pits+ B2 (
- { 70
. { (

pit —pits + 5 (1 — bt gbts) }
(

1— bts)

0(t)

bts)”
!

=1-

oo
pit —pits + B2 — B2 et
x=0

0(t)

bt o~ (bts)”
O(t) — prit +pits — B2 + B2 e Zo pas
o

o(t)

But
0(t) = pit + P2 (1—e)
Therefore

pit+ 22 (1—e ") — pit + pits — B2 4 B2 = Z (pte)”

G(s,t) = 50
,PT 7bt+p1t5+p2 —bt Z th)T
_ z=0
a 9(?5)
p1t8+p2 —bt Z (bts)T
= r= 4.26
0 (4.26)
By differentiating G(s,t)
pit+ 52 e bt Zl (bgj 1’)'
x z—1 _z—1
it B et (b)) 3 M
B 0(t)
x 25:1: 2
p2 ,—bt (bt)2 2_32 (bt)(z_Q)!
G’ (s,t) = 9?;)
o0 T—x 5172
et (o) 2_22 =
G*(s,t) = 932;)
bz o=bt (pt)®
=b - V7 4.27
5 (4.27)

and the pmfs of the iid random variables are
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go(t) =0 (4.28a)
pit + B2 et bt
gi(t) = ATt e = 7
o(t)
1 _
=50 {pit+pot e "'} (4.28b)

1 poe (bt)”
9:(t) = @ b 7!

=23, .. (4.28¢)

By power series expansion and using (4.22), the pmfs of the iid random variables are
9o =10

the coefficient of s
1 t 9( ) lt 2l €

the coefficient of s!

2(l) = —= = 2a37
=0 =50 "5 *
the coefficient of s*
9:() _ 1 bt
go-1(t) @
:O—|—@ r=12,..
T

which is in Panjer’s recursive form, with parameters 0 and bt

The recursive form for the convolution of compound Poisson distribution is:

(n + 1) pn+1(t) = e(t) (Z + 1) gz+1( ) pnfi(t) n=0,1,2,..

,M:

N
Il
=)

n

= 0(8)g1(t) palt) +0(t) Y (i +1) gisa(t) pui(t)

B n efbt 1+1
— 000 { 5 (o +pzte“)}pn<t> #00) S+ {5 gy} P
= (p1t + pate™ +Z i+1) {me ((bfz?)l } Pn—i(t)
= (pit + pate ") pu(t) + b bt Z 1 {
= (p1t + pate™ ") pa(t) + pot Z e b @ pnoi(t)  n=0,1,2.. (4.29)

4.2 When the first hazard function is that of a Pareto
4.2.1 The case of a1 =1 and as =1

4! P2
h(t) = 0 0 0 0
( ) (1 +C1t) + (1 +C2t) p1 >0, p2 >0, c1 >0, Co >

The second hazard function is also that of a Pareto.

)= rat) ;0 @) =2TIn0+ )
C1 C2
b1 P2
01 (t —ts) == In (14 c1t — c1ts) ; 02 (t —ts) = = In (1 4+ cat — cats)
Cc1 C2
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The pgf of the convolution is

_P1 — __ b2 _
H(S,t) — e In(l4cit—cits) e on In(l4cat—cats)

Pl P2

1 o 1 o
=| —F _— 4.30
<1+clt—c1ts> (1+02t—62ts> ( )

Therefore the sum of hazard functions of two Pareto distributions gives rise to the convolution of
two negative binomial distributions.

When c¢; = ¢y = ¢, then we have a single hazard function

P1+ D2
h(t) = where +p2>0 and c>0
(t) 1+ ct P1 T P2
Its associated Poisson mixture is a negative binomial distribution with parameters @ and ﬁ

whose pgf is

p1+p2
1 c

T+ct
H(s,t) = <1ct

- 14ct s

The pgf of the iid random variables of the convolution of the compound Poisson distribution is

1
G(s,t)=1— — {]91 In(1+ c1t — eits) + b2 In(1 +czt—02ts)}

0t) la Co
and
1 D1 cit Do cot
G*(s,t) = —= -l = v -1 = v
(5:7) 0(t) {(x ) c1 (1+clt) +z-1) Co (1—1—0215) }
refer to (4.11)
The pmfs of the iid random variables are
go(t) =0 (4.31a)
1 1 D1 cit P2 cat ‘
=(t) = — — e 4.31b
9:(1) x 0(t) {cl (1+clt) Jrcz <1—|—02t> } ( )
where
o(t) = In ((1 feat)a (1+ CQt)%)
P1 c T P2 cat v
gz (1) a ()" + & (1+2cQt> x—1
gz—1 t) B c T— c o=t xz
e e ()

which is not in Panjer’s recursive form, since the term in the curled bracket is not a constant.

However, in the case where ¢y = ¢y = ¢

9 (t) _{x—l ’“ng(litct)x}
) | =

g;c—1(t leCrm (litct)w_l

B {x;I (1j-t6t)}
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which is Panjer’s recursive model with

ct ct
a= and = —
1+4ct 1+4ct

The recursive form for the convolution of compound Poisson distribution is:

n 1 1 p1, it D2 cat \”
— ot ek T+ n—all
();xzﬁ(t) {61(14-6175) +02 (1+C2t) }p W

~ (p1, at ., D ot \”
= —\7 T - n—z (1
Z {Cl (1+Clt) +CQ (1+02t> }p <)

r=1
= it Py — cot v
1 1 2 2
= (7 - — =1,2,3,...
c1 ;(1+01t) Pr-s(®) + o o <1+02t) Pa-a(l) "
(4.32)
4.2.2 The case of a; =1 and az = %
W) =0'(t) = —2— + L2 p1>0, p2>0, >0, >0

(I+ct)  (1+cot)z

where the second hazard function is that of an exponential-inverse Gaussian distribution.

This sum of hazard functions can be obtained by considering reciprocal inverse Gaussian as the a
mixing distribution in an exponential mixture as described below:

Let X = % where X is a random variable from an inverse-Gaussian distribution. We wish to
determine the distribution of A.

The pdf of A is
g(\) = f(@)|J]
dz
= f@)l5
90 = F@)-53)

The pdf of an inverse Gaussian distribution is

f(a:):( ¢ )QGXP{—W} >0, 0>0, —co< pu<o0

2 a3 2 u?x

The pdf of the reciprocal inverse Gaussian distribution is

=

=

g(N)

Nl

o eG-w) 1
2 P 2p2 5 A2
6 oA (1 2
<2m P T\ Tyt
1
¢ \*? ¢ 2
<27r)\ X\~ g0y (1 —2pA + (uA)?)
1
(¢ o(1 — pA)?
—<27T)\ exp 52\ A>0
The survival function of an exponential mixture is the Laplace transform of the mixing distribution.
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That is
S(t) = La(t)

0
T AN o(1—p )’
_/et (271_)\) exp{— 32 }d)\
0

_ P ~1 o1 — pA)?
= (%) /)\ {—M—MH }d/\

N ¢ % % 172#)\4’#2)\2)
= (ﬁ) exp{ —tA— SYER) } d\
_ <z>% - 6 oA
_(27r) exp{ —t A m 2} X
o [ © o o
z(ﬁﬁ /)\ 2 exp{ 2 B +M}d/\
0

2
C s [ [l o 1
=(3-) O/A { (5 +8) A+ (£ /\)}d)\
:(i)% e 70/\é exp{(¢+t) A+ ¢ 1)}d)\
21 2 (¢+2t) A

Lt A=\ 2 o A= iy d
o, T 1 [o(6+2t) 1
eﬁ (\/?) / 2'2 1exp{—2 T (Z+Z)} dZ
e\ G+ 2t)
12 (¢ + 2t) p?

where K, (w) is the modified Bessel function of the third kind of order v.

h
>
—
=

I

/N

o

3 ‘@

N———
¢

e

2K

Il
N
©-
S~
N

N

2w

But = /55 e~ (Watson, 1952).

m\»—A

(p+2t)

In this case w = e
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Therefore

L,\(t):e% (gb exp{ W —— ¢+2t }
27 ¢+2t ) ¢>+2t)
=2ek ¢ 1 ex ¢+2t
- 1 (¢—|—2t) 305720 P

_ e, 0 1 (o +2t)
=k () exp{< 4 )}
RIS S Sl Al L ;} ¢ _ 14 2pt {¢_¢ ¢+2f;}
—a+ 2ot e {2 a2t e {f- 2222
i+ 20 exp{jjim; )3
:(1+%t)—% exp{z(1—(1+;t)%)}
2 1 2 1 1 2 1 2
L0 = (1+ 2 07 exp{fj (1—(1+¢t)2)} .%5 (207 )+
e {fa-a+2onl cparotd)
f(1+%t)’% exp{¢(1(1+;t)%)} . < i(u%t) 3 ;(1+;t)1)
and
_ L
(o) = - =2
“las iy lagt
—M(l+¢t) +¢(1+¢t)
S
_ w
BCEEDERNEEY)
_ M P2
_1+c1t+(1+02t)%
Ql(t):%ln(l—i-qt) ; eg(t):%(( 1+ cot)? — 1)
91(t—ts):%1'n(l+clt—clts) ; Oa(t — ts) = 2022 ((1+02t—02t3)%—1>
The pgf of the convolution is
H(s,t) = e L In(l4ert-cits) 22 ((1+eat—cats) 2 —1)
it o 2p ((1+ t—cots)? 1)
= (et )& o ((Heateats)2 = 4.33
()R e (4.33)

The sum of the hazard functions of the exponential-gamma and that of the exponential-inverse
Gaussian distribution, therefore, gives rise to the convolution of the negative binomial and the
Poisson-inverse Gaussian (Sichel) distributions.
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The pgf of the iid random variables of the convolution of the compound Poisson distribution is

1 2 1
G(s,t)=1— 0] (22 In(1 4 c1t —eits) + ci; [(1+ cat — cats)2 — 1])
(z—1)  pm et N

T 1) = £ 41t
G*(s:t) 0(t) c1 1+clt—02ts) +

<;+x—1—1> P cat )7 ( ! )"2})

z—1 co (14 cot — cots)” (1 + cot — cots)

(z—1)! p1 cit N
C0(t) {01(1-i-01t—02ts)}Jr

e e Y e )

N[=

|

o(t) x—1 1+ ot — cots) (14 cot — cats)
(4.34)
Therefore, the pmfs of the iid random variables are

go(t) = (4.35a)

1 P1 cit l+567171 cat 1 1 1

L() = Pl T t|2 T

9x(t) x@(t){cl(l—i—clt) t P2 ( x—1 ) ((1+02t)) ((1—|—02t))2

x=1,2,3,.. (4.35D)

where

2 1
o(t) = % In(1+ c1t) + 0%2 ((1 +eot)? — 1)

Panjer’s recursive model does not hold in general case, unless p; =ps =p sayand c¢; =cg =c.

In this case the Panjer’s model is

gz(t) x—1  ct )

go1(t) =z (1—|—ct

The recursive form for the convolution of compound Poisson distributions is:

n

npa(t) = 0(t) Y @ gu(t) poa(t)

=1
n
p1, cit Liz—1-1 cat 1 1 1
= - * t|?2 o 2 n—x t
;{01(1+C1t) + P ( xz—1 )((l—i-czt)) ((1+Czt)) Pas(t)
n=123,.. (4.36)

4.2.3 The case of a1 =1 and ay; =2

P1 T P2
(T4 c1t) (1 + cat)?

where the second hazard function will be referred to as Polya-Aeppli hazard function (Wakoli and
Ottieno 2015, p. 234).

h(t) =0'(t) = pr>0, p2>0, ¢ >0, 23>0

) =2 m(+at) 5 6 =21-1+ean)
1 2
01(t —ts) = by In(l+ 1t — eqts) ; O2(t — ts) = b2 (1— (L4 cat —erts)™)
C1 C2

The pgf of the convolution is

H(57 t) =e (% In(HFCltiClts)) e 7022 (17(1+62t702t5)_1)

P1

1 c1
(el ) oB-Gretan ) (4.37)
1- Trets
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The sum of hazard function of a Pareto distribution and the Polya-Aeppli hazard function, there-
fore, gives rise to the convolution of the negative binomial distribution and the Polya-Aeppli
distribution.

The pgf of the iid random variables of the convolution of the compound Poisson distribution is

G(s,t)=1-— e(tﬁ(_t)té;) =1- % (ii In(l+ a1t — erts) + % (1—(1+cot — Clts)_l))

- (;m it z! D2 cot cot
(5:%) 6(t) c1 (1 + it — clts) + 0(t) |2 (1 + cot — 02ts) 1 4 cot — cots

=i (-0 B =y 2 et g 1
—9@)(< LN P4 P2 ) )

1+ cit —cits ca (1 + cot — cots)” (1 + cot — cats)

(4.38)
and the pmfs of the iid random variables are
go(t) =0 (4.39a)
(1) = i 1 & cit 1 P2 cot v 1
9z o(t) x 1+t (t) cos \ 1+ cot 1+ cot
for x=1,2,. (4.39b)

Again Panjer’s recursive model is not satisfied, unless ¢; = ¢co = ¢, in which case

9 (1) _{:v—l T“ng(litct)x}
) | =

gu—1(t P1Jcrpz (lJcrtCt)m—l

_a:—l ct
Tz 1+ct

The recursive form for the convolution of compound Poisson distributions is

Npn (t) = 9(15) Z T gz (t) Pn—a (t)

=0(t) Z T % (1 by ( at )*+ % ( ca! )" ! )> Pr—z(t)
t

z c; 14yt (IT+eot)” (14cat

n x n x
b1 C1 D2 cot 1
= n—x t - n—x t = 1,2,3,...
c1 Z <1+C1t> P ()+02 Zx ((1+02t)> (1+02t))p ®) "

z=1 r=1
(4.40)
4.3 The case of a; =3 and ap =1
h(t) =0/ (t) = — 2L P2 >0, p2a>0, >0, c>0

+
(1+et)d  (L+cpt)?

Both hazard functions belong to the exponential-inverse Gaussian distributions.

2 1 2 1
o =" (0rant-1) 1 6m=72 (0rent-1)
2 1 2 1
01(t —ts) = P ((1+clt—clts)§ —1) ; O2(t — ts) = bz ((1+02t—clts)§ —1)
C1 C2

The pgf of the convolution is

H(s,t) = ¢ 5 ((ratmaizg) ~5 (areat-aia) (4.41)

and therefore the sum of two hazard functions of exponential-inverse Gaussian distributions gives
rise to the convolution of two Poisson-inverse Gaussian distributions.
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The pgf of the iid random variables of the convolution of the compound Poisson distribution is

L m Cents)E — 2p2 PRE
G(s,t) =1 a(t){q ((1+C1t c1ts) 1)+ ((1+cQt eats) 1)}
1

C2
G*(s,t) = 55 (@ = Hpt _% (*L)mfl I+at—-c ts)féJr
T IR (1+ et —erts r=a

_1 cot 1

t 2 A S | t —cots) "2

p2 (xl) ( (1+02t—02t3) (1+e cats) 2}
1

-1 cit 1
= — _]_ ! 2 t _ 1 rz—1 1 t— t -3
O (x—l) Pt o) (et —ats) =t

cot _1 1
t(——m———)* 1 t — cot 2 4.42
pat ( (1+62t702ts) (14 cot —cots) ™2} (4.42)

and the pmfs of the iid random variables are

(4.43a)

pat (x_%1> (= (1 (ftcmt)x_l (1+cot)™%} (4.43b)

3

oz — 55— —cot
= )(a:—l)(1+02t)
Cgt 302t 1

(I+cot) 2(1+cot)

which is in Panjer’s recursive form with
Cgf,

e 2t g o __3ct
(14 ct) 2(1 4 et)

The recursive form for the convolution of the compound Poisson distribution is:

npn(t) = e(t) Z x gz(t) pnfm(t)

x=1

=St () g (e

(1 + Clt

pt (7)) e e i)
= pit (1+e1t) ™2 Z (x__21) (_(l%tclt)x_l Pr—a(t)

+ pat (14 cat)™ n <_5) (¢ cat

N

=1

4.4 The case of a1 =2 and ay; = 2

P1 P2
ht)=0(t) =
() () (1+Clt)2+(1—|—02t)2 p1 >0, p2>0, ¢ >0, ¢c3>0
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Both are the Polya-Aeppli hazard functions

0,(t) = % (1—Q+at)™) 5 )= % (1= (1+ct)™)
01 (t — ts) :%(17(1+01t—clt5)*1) : O5(t — ts) :%(17(1+02t701t5)*1)

The pgf of the convolution is

r2

H(s,t) = ¢~ (- (tet—ats) ™) —G (1-(test—ciis) ) (4.45)

and therefore the sum of two Polya-Aeppli hazard functions gives rise to the convolution of two
Polya-Aeppli distributions.

The pgf of the iid random variables of the convolution of the compound Poisson distribution is

= —Ltits)— —i Preg c1t — cits) 7t P2eg cot — cyts) ™t
G(S,t)—l G(t) =1 G(t) <01{1 (1—|— 1t 1t) —|—02{1 (1—|— gt 1t) >

|
(s, 1) = o {pl L }
x

a 1+cit—cits” 14 cit — cqts

' xr
: P2 cat 1

4.46
+ (t) {02 <1+62t_c2t3> (1+62t—c2t8)} ( )

and the pmfs of the iid random variables are

90(t) =0 (4.47a)
1 fp, at 1
90 = 5 { () 1+clt} ;
1 D2 ot \° 1 B
ﬁ {(32 <1+62t) (1—|—c2t)} for w=1,2,.. (4.47b)

Panjer’s recursive model does not hold, unless ¢; = ¢s = ¢, in which case

ot t l1+ect), t
g() :( C )x(( +C))m 1267 =23, ..
Gu—1(t) 1+ct (ct) 1+ect
ct 0
= — =2,3,...

which is Panjer’s form with

ct

a=-—— and b=0
14 ct

The recursive form for the convolution of the compound Poisson distribution is

npn(t) =0(t) > ga(t) puul(t) n=12..

8

- 1 P1 Clt 1 P2 Czt v 1
=0t —= v = —
®) ; 6(t) <c1 (1+clt) 1+c1tJr Ca <1+cQt> 1—1-6225) Pa-s(t)

= P c1t 1 p ot z 1
1 1 T 2 2
1 (Cl (1+Clt) 1—|—Clt+32 (1+02t) 1+Czt> Dn :z:()

n

1 = cit r 1 cot T
at E 1 D2 9
- ~al? —a(t =1,2,3,...
c1 14+t €T <1+Clt) Pn w()“!‘fcz 1+ oot Iz::l x <1+Cgt> Pn x() fOT n ,2,3,

(4.48)
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5 Concluding Remarks

Sums of two hazard functions gives rise to convolutions of infinitely divisible mixed Poisson distri-
butions which are also convolutions of compound Poisson distributions. The sums can be extended
to more than two hazard functions. The sum of the hazard function of exponential distribution
and that of Pareto distribution is the same as the hazard function of exponential-shifted gamma
distribution. Similarly, the sum of the hazard function of Pareto and exponential-inverse Gaussian
is the same as the hazard function of exponential-reciprocal inverse Gaussian.

It is easier to express the convolutions in terms of pgfs and recursive forms rather than obtaining
pmfs explicitly. Panjer’s recursive model holds for Hofamman hazard function when:

e one of the two hazard functions is a constant.
e when aj; =as, p;=p2 and c; =co

Further work is to identify other families of hazard functions of exponential mixtures, which are not
necessarily members of the family of Hofmann distributions, and whose sums of hazard functions
give rise to convolutions of Poisson mixtures.
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