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1. Introduction

In 1943, N. A. Shanin [9] offered a new separation axiom called R,-space. In the same year, J. W. T. Youngs [5]
introduced the first separation axiom between T, and T; spaces. In 1965, O. Njastad [10] introduced the concept
of a-open sets in topological spaces. In 1970, N. Levine [8] first considered the concept of generalized closed
sets were defined and investigated. In 2012, L. A. Al-Swidi and B. Mohammed [6] introduced the separation
axioms via kernel set in topological spaces. In 2014, M. Mathew and R. Parimelazhagan [7] introduced the
concept of a™-closed sets in topological spaces. The purpose of this paper is to introduce the concept a™-kernel
set and to study some of its properties in topological spaces. We also investigate some of the properties of a™-
separation axioms like a™-R;-space, i = 0,1 and a™-T;-space, i = 0,1,2. Also in this paper we introduce
topological a™-kr-space iff a™-kernel of a subset A of X is an a™-open set. Via this kind of a topological
space, we give a new characterization of separation axioms lying between a™-T;-space, i = 0,1,2.

2. Preliminaries

Throughout this paper (X, t) or simply X will always denote a topological space. For a subset A of a topological
space (X, 1), int(A), cl(A) and A€ represents the interior of A, the closure of A and the complement of A in X
respectively.

Definition 2.1:[3] The intersection of all open subsets of a topological space (X,7) containing A is called the
kernel of A (briefly ker(A) ), this means that ker(A) = N{G € : A € G}.

Definition 2.2:[4] Let (X, t) be a topological space, a point x is an adherent point of A € X if and only if for
each U € 7,x € Uthen ANU \ {x} # ¢.

Definition 2.3:[10] A subset A of a topological space (X, ) is called alpha open set (briefly a-open set) if
A c int(cl(int(A))) and alpha closed set (briefly a-closed set) if cl(int(cl(A))) € A. The a-closure of a set A
of (X, 7) is the intersection of all a-closed sets that contain A and is denoted by acl(A).

Definition 2.4: A subset A of a topological space (X, 7) is called:

(i) generalized closed set (briefly g-closed set) [8] if cl(A) € U whenever A € U and U is open in X.

(ii) alpha generalized closed set (briefly ag-closed set) [2] if acl(A) S U whenever A < U and U is open in X.
(iii) generalized alpha closed set (briefly ga-closed set) [1] if acl(A) € U whenever A € U and U is a-open in
X.

Remark 2.5:[8,10] In a topological space (X, 1), the following hold and the converse of each statement is not
true:

(i) Every closed set is a-closed.

(ii) Every closed set is g-closed.

Remark 2.6:[1,2] In a topological space (X, 1), the following hold and the converse of each statement is not
true:

(i) Every g-closed set is ag-closed.

(ii) Every a-closed set is ga-closed.

(iii) Every ga-closed set is ag-closed.
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Definition 2.7:[7] A subset A of a topological space (X, 1) is called a™-closed set if int(cl(A)) S U whenever
A € U and U is a-open. The complement of a™-closed set in X is a™-open in X, the family of all a™-open (a™-
closed) sets of a topological space (X, 7) is denoted by a™-0(X) (a™-C(X)).

Definition 2.8:[7] The intersection of all «™-closed sets in X containing A is called a™-closure of A and is
denoted by a™-cl(4), a™-cl(A) = N{B : A € B, B is a™-closed }.

Remark 2.9:[7] In a topological space (X, 1), the following hold and the converse of each statement is not true:
(i) Every closed set is a™-closed.

(ii) Every a™-closed set is a-closed.

(iii) Every a™-closed set is ag-closed.

(iv) Every a™-closed set is ga-closed.

Theorem 2.10:[7] A set A is a™-closed set iff int(cl(A)) — A contains no nonempty a™-closed sets.

Theorem 2.11:[7]Let B € Y C X, if B is a™-closed set relative to Y and Y is open then B is a™-closed set in X.
Theorem 2.12:[7] If A is a™-closed setand A € B < int(cl(A)) then B is a™-closed set.

Theorem 2.13:[7] The intersection of a™-closed set and a closed set is a™-closed set.

Theorem 2.14:[7] If A and B are two a™-closed sets defined for a nonempty set X, then their intersection ANB
is a™-closed set in X.

Remark 2.15:[7] The union of two a™-closed sets need not be a™-closed set.

Remark 2.16: The following are the implications of a™-closed set and the reverse is not true.

g-closed LN ag-closed — ga-closed
A A A
| | )
closed <« a™-closed N a-closed

3. a™-Kernel and a™-R;-Spaces, i = 0,1

Definition 3.1: The intersection of all a™-open subset of X containing A is called the a™-kernel of A (briefly
a™-ker(A)), this means a™-ker(4) = N{G € a™-0(X): A € G}.

Definition 3.2: Let x be a point of a topological space X. The a™-kernel of x, denoted by a™-ker({x}) is
defined to be the set a™-ker({x}) = N{G: G € a™-0(X) and x € G}.

Lemma 3.3: Let (X, ) be a topological space, then y € a™-ker({x}) if and only if x € a™-cl({y}) for each
x*y€eX.

Proof: Suppose that y & a™-ker({x}). Then there exists a™-open set U containing x such that y ¢ U.
Therefore, we have x & a™-cl({y}). The converse part can be proved in a similar way.

Definition 3.4: A set A in topological space (X, 1) is called a™-neighborhood (briefly a™-nhd) of a point x if
there exists a™-open set B such that x € B € A.

Lemma 3.5: Let (X,t) be a topological space and A be a subset of X. Then, a™-ker(A) = {x € X: a™-
cl({x)HNA # ¢}.

Proof: Let x € a™-ker(4) and a™-cl({x})NA = ¢. Hence x & X — a™-cl({x}) which is a™-open set
containing A. This is impossible, since x € a™-ker(A).
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Consequently, a™-cI({x})NA # ¢. Next, let x € X such that a™-cl({x})NA # ¢ and suppose that x & a™-
ker(A). Then there exists a™-open set U containing A and x ¢ U. Let y € a™-cl({x})NA. Hence, U is a™-nhd
of y which does not contain x. By this contradiction x € a™-ker(A) and the claim.

Definition 3.6: Let (X, t) be a topological space. A point x is said to be:

(i) a™-adherent point of A € X if and only if for each U € a™-0(X),x € U then ANU \ {x} # ¢.

(if) a™-kernelled point of A € X (briefly x € a™-ker(A)) if and only if for each F a™-closed set contains x
then FNA # ¢.

(iii) boundary a™-kernelled point of A (briefly x € a™-ker,4(A)) if and only if for each a™-closed set F
contains x then FNA # ¢ and FNA® # ¢.

(iv) derived a™-kernelled point of A (briefly x € a™-ker,,(A)) if and only if for each F a™-closed set contains
x then ANF /{x} # ¢.

Definition 3.7: By definition (3.6)(ii), we have the following: For every two distinct point x and y of X, a™-
ker({x}) = {y:x € F, ,Fy € a™-0(X)}.

Theorem 3.8: Let (X, 7) be a topological space and x # y € X. Then x is a™-kernelled point of {y} if and only
if y is an a™-adherent point of {x}.

Proof: Let x be an a™-kernelled point of {y}. Then for every a™-closed set F such that x € F impliesy € F,
then y € N{F:x € F}, this means y € a™-cl({x}). Thus y is an a™-adherent point of {x}.
Conversely, let y be an a™-adherent point of {x}. Then for every a™-open set U such that y € U implies x € U,
then x € N{U: y € U}, this means x € a™-ker({y}). Thus, x is a™-kernelled point of {y}.

Theorem 3.9: Let (X, t) be a topological space and A € X and let a™-kery,.(A) be the set of all derived a™-
kernelled derived points of 4, then a™-ker(4) = AUa™-kery, (A).

Proof: Letx € AUa™-ker,,-(A) and if x € a™-kery,.(A), then for every a™-closed set F intersects A (in a point
different from x). Therefore, x € a™-ker({x}). Hence, a™-ker, (A) € a™-ker(A), it follows that AUa™-
kers-(A) € a™-ker(A). To demonstrate the reverse inclusion, we consider x be a point of a™-ker(A4). If x €
A, then x € AUa™-kery,(A). Suppose thatx ¢ A. Since x € a™-ker(A), then for every a™-closed set F
containing x implies FNA # ¢, this means ANF/{x} # ¢. Then,x € a™-ker,,.(A), so thatx € AUa™-
kery,(A). Hence, a™-ker(A) € AUa™-kery,(A). Thus, a™-ker(A) = AUa™-kery, (A).

Theorem 3.10: Let (X, ) be a topological space and A € X and let a™-ker;,;(A) be the set of all boundary a™-
kernelled points of 4, then a™-ker(A) = AUa™-ker,,(A).

Proof: Letx € AUa™-ker,;(4A) and if x € a™-ker,;(A), then for every a™-closed set F intersects A,
therefore x € a™-ker({x}). Hence, a™-ker, ;(A) € a™-ker(A), it follows that AUa™-ker,,(A) € a™-
ker(A). To demonstrate the reverse inclusion, we consider x be a point of a™-ker(A4). If x € A, then x €
AUa™-kerq(A). Suppose that x & A, implies x € A°. Since x € a™-ker(A4), then for every a™-closed set F
containing x implies FNA #=¢ and FNA® # ¢. Thenx € a™-ker, (4), so thatx € AUa™-kery,(4).
Hence, a™-ker(A) € AUa™-ker,q(A). Thus, a™-ker(A) = AUa™-ker,,(A).

Definition 3.11: In a topological space (X, 1), a set A is said to be weakly ultra a™-separated from B if there
exists a™-open set G such that GNB = ¢ or ANa™-cl(B) = ¢.

By definition (3.11), we have the following: For every two distinct points x and y of X,
(i) a™-cl({x}) = {x : {y} is not weakly ultra a™-separated from {x}}.
(ii) a™-ker({x}) = {y : {x} is not weakly ultra a™-separated from {y}}.

Definition 3.12: A topological space (X, 1) is called a™-R,-space if for each a™-open set U and x € U, then
a™-cl({x}) c U.

Definition 3.13: A topological space (X, 1) is called a™-R;-space if for each two distinct points x and y of X
with a™-cl({x}) # a™-cl({y}), there exist disjoint a™-open sets U,V such that a™-cl({x}) € U and a™-

cl(yh V.

Theorem 3.14: Let (X, t) be a topological space. Then (X, ) is a™-R,-space if and only if a™-cl({x}) = a™-
ker({x}), for each x € X.
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Proof: Let (X,7) be an a™-R,-space. If a™-cl({x}) # a™-ker({x}), for each x € X, then there exist another
point y # x such that y € a™-cl({x}) and y & a™-ker({x}) this means there exist an U, a™-open set,y & U,
implies a™-cl({x}) € U, this contradiction. Thus a™-cl({x}) = a™-ker({x}).

Conversely, let a™-cl({x}) = a™-ker({x}), for each a™-open set U, x € U, then a™-ker({x}) = a™-cl({x}) S
U [by definition (3.1)]. Hence by definition (3.12), (X, ) is a™-R,-space.

Theorem 3.15: A topological space (X, 1) is a™-R,-space if and only if for each F a™-closed set and x € F,
then a™-ker({x}) € F.

Proof: Let for each F a™-closed set and x € F, then a™-ker({x}) € F and let U be a™-open set, x € U then for
each y ¢ U implies y € U€ is a™-closed set implies a™-ker({y}) € U¢[by assumption]. Therefore x ¢ a™-
ker({y}) implies y & a™-cl({x}) [by lemma (3.3)]. So a™-cl({x}) € U. Thus (X, t) is a™-R,-space.
Conversely, let (X, 7) be an a™-R,-space and F be a™-closed set and x € F. Then for each y € F impliesy € F€
is a™-open set, then a™-cl({y}) € F€[since (X, ) is a™-R,-space], so a™-ker({x}) = a™-cl({x}). Thus, a™-
ker({x}) € F.

Corollary 3.16: A topological space (X, t) is a™-R,-space if and only if for each U a™-open set and x € U,
then a™-cl(a™-ker({x})) € U.

Proof: Clearly.

Theorem 3.17: Let (X, 7) be a topological a™-R-space. Then the following statements are equivalent
(i) Every a™-kernelled point of {x} is an a™-adherent point of {x}.
(ii) Every a™-adherent point of {x} is an a™-kernelled point of {x}.

Proof: (i) Let (X, 1) be an a™-R,-space. Then, for each x € X, a™-cl({x}) = a™-ker({x}) [by theorem (3.14)].
Thus, every a™-kernelled point of {x} is an a™-adherent point of {x}.

Conversely, let every a™-kernelled point of {x} is an a™-adherent point of {x} and let F be a™-closed set,
x € F. Then a™-ker({x}) € a™-cl({x}), for each x € X. Since a™-cl({x}) = N{F:F € a™-C(X),x € F},
implies a™-ker({x}) € F. Hence by theorem (3.15), (X, 7) is an a™-R,-space.

(i) Let (X, t) be an a™-R,-space. Then, for each x € X, a™-cl({x}) = a™-ker({x}) [by theorem (3.14)]. Thus,
every a™-adherent point of {x} is an a™- kernelled point of {x}.

Conversely, let every a™-adherent point of {x} is an a™-kernelled point of {x} and letU be a™-open set
and x € U. Then a™-cl({x}) € a™-ker({x}), for each x € X. Since a™-ker({x}) = N{U:U € a™-0(X),x €
U}, implies a™-cl({x}) < U. Hence by definition (3.12), (X, t) is an a™-R-space.

Theorem 3.18: Every a™-R,-space is a™-R-space.

Proof: Let (X,t) be an a™-R,-space and let U be a™-open set, x € U, then for each y ¢ U implies y € U is
a™-closed set and a™-cl({y}) € U¢implies a™-cl({x}) # a™-cl({y}). Hence by definition (3.13), a™-
cl({x}) € U. Thus (X, t) is a™-R,-space.

Theorem 3.19: A topological space (X, t) is a™-R,-space if and only if for each x # y € X with a™-ker({x})
# a™-ker({y}), then there exist a™-closed sets G;, G, such that a™-ker({x}) S G, a™-ker ({x})NG, = ¢ and
a™-ker({y}) € G,, a™-ker({y}H)NG, = ¢ and G, UG, = X.

Proof: Let (X, 7) be an a™-R;-space. Then for each x # y € X with a™-ker({x}) # a™-ker({y}). Since every
a™-R;-space is a™-R,-space [by theorem (3.18)], and by theorem (3.14), a™-cl({x}) # a™-cl({y}), then there
exist a™-open sets U;,U, such that a™-cl({x}) < U; and a™-cl({y}) € U, and U;NU, = ¢ [since (X, 1) is a™-
R;-space], then Uy and Us are a™-closed sets such that UfUUS = X. Put G;=Uf and G, = Us5. Thus
x €U, € Gy,andy € U, € G, so that a™-ker({x}) € U; € G, and a™-ker({y}) € U, € G,.

Conversely, let for each x # y € X with a™-ker({x}) # a™-ker({y}), there exist a™-closed sets G;, G, such
that a™-ker({x}) € G,, a™-ker({x})NG, = ¢ and a™-ker({y}) € G,, a™-ker({y}NG, = ¢ and G, UG, =
X, then Gf and G are a™-open sets such that GF N G5 = ¢. Put Gf = U, and G5 = U;. Thus, a™-ker({x}) € U,
and a™-ker({y}) € U,and U;NU, = ¢, so that x € U; and y € U, implies x ¢ a™-cl({y}) andy & a™-
cl({x}), then a™-cl({x}) € U, and a™-cl({y}) € U,. Thus, (X, 1) is a™-R,-space.

Corollary 3.20: A topological space (X, t) is a™-R;-space if and only if for each x = y € X with a™-cl({x}) #
a™-cl({y}) there exist disjoint a™-open sets U,V such that a™-cl(a™-ker({x})) €U and a™-cl(a™-
ker(fy})) cV.
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Proof: Let (X, ) be an a™-R;-space and let x # y € X with a™-cl({x}) # a™-cl({y}), then there exist disjoint
a™-open sets U,V such that a™-cl({x}) € U and a™-cl({y}) € V. Also (X,1) is a™-R,-space [by theorem
(3.18)] implies for each x € X, then a™-cl({x}) = a™-ker({x}) [by theorem (3.14)], but a™-cl({x}) = a™-
cl(@™-cl({x})) = a™-cl(a™-ker({x})). Thus a™-cl(a™-ker({x})) € U and a™-cl(a™-ker({y})) S V.
Conversely, let for each x = y € X with a™-cl({x}) # a™-cl({y}) there exist disjoint a™-open sets U,V such
that a™-cl(a™-ker({x})) € U and a™-cl(a™-ker({y})) € V. Since {x} € a™-ker({x}), then a™-cl({x}) €
a™-cl(a™-ker({x})) for each x € X. So we get a™-cl({x}) € U and a™-cl({y}) € V. Thus, (X, t) is a™-R;-
space.

4. a™-T;-Spaces,i =0,1,2

Definition 4.1: Let (X, 7) be a topological space. Then X is called:

(i) a™-T,-space iff for each pair of distinct points in X, there exists a™-open set in X containing one and not the
other.

(if) a™-T;-space iff for each pair of distinct points x and y of X, there exists a™-open sets G,H containing
x and y respectively such that y ¢ G and x ¢ H.

(iii) a™-T,-space iff for each pair of distinct points x and y of X, there exist disjoint a™-open sets G, H
inXsuchthatx e Gandy € H.

Remark 4.2: Every a™-T;-space is a™-T;_,-space, i = 1,2.
Proof: Clearly.

Theorem 4.3: A topological space (X,7) is a™-T,y-space if and only if either y ¢ a™-ker({x}) or x & a™-
ker({y}), foreachx # y € X.

Proof: Let (X, 7) be an a™-T,-space then for each x # y € X, there exists a™-open set G suchthat x € G,y € G
orx &G,y €G.Thuseitherx € G,y & G impliesy € a™-ker({x})orx & G,y € G impliesx & a™-ker({y}).
Conversely, let either y & a™-ker({x}) or x € a™-ker({y}), for each x # y € X. Then there exists a™-open set
Gsuchthatx € G,y € Gorx € G,y € G. Thus (X, ) is a™-T,-space.

Theorem 4.4: A topological space (X, 1) is a™-T,-space if and only if either a™-ker({x}) is weakly ultra a™-
separated from {y} or a™-ker({y}) is weakly ultra a™-separated from {x} for each x # y € X.

Proof: Let (X, 7) be an a™-T,-space then for each x # y € X, there exists a™-open set G suchthatx € G,y ¢ G
orx & G,y€G.Nowifx € G,y & G implies a™-ker({x}) is weakly ultra a™-separated from {y}. Or if x ¢ G,
y € G implies a™-ker({y}) is weakly ultra a™-separated from {x}.

Conversely, let either a™-ker ({x}) be weakly ultra a™-separated from {y} or a™-ker ({y}) be weakly ultra a™-
separated from {x}. Then there exists a™-open set G such that a™-ker({x}) € G andy & G or a™-ker({y}) <
G,x¢Gimpliessx€EG,y¢Gorx &G,y €G.Thus, (X, 1) is a™-T,- space.

Theorem 4.5: A topological space (X, 1) is a™-T,-space if and only if for each x # y € X, either x is not a™-
kernelled point of {y} or y is not a™-kernelled point of {x}.

Proof: Let (X, 7) be an a™-T,-space. Then for each x # y € X there exists an a™-open set U such that x € U,
y & U (say), implies y € U¢. Hence U° is a™-closed, then y is not a™-kernelled point of {x} [by definition
(3.6)(ii)]. Thus either x is not a™-kernelled point of {y} or y is not a™-kernelled point of {x}.

Conversely, Let for each x # y € X, either x is not a™-kernelled point of {y} or y is not a™-kernelled point of
{x}. Then there exist a™-closed set F such that x € F,FN{y} =¢ or y € F,FN{x} = ¢, implies x ¢ F¢,y €
FCorx € F°,y ¢ F°. Hence F¢ is an a™-open set. Thus, (X, t) is a™-T,-space.

Theorem 4.6: A topological space (X, t) is a™-T;-space if and only if for each x =y € X, a™-ker({x}) is
weakly ultra a™-separated from {y} and a™-ker({y}) is weakly ultra a™-separated from {x}.

Proof: Let (X,7) be an a™-T,-space then for each x # y € X, there exist a™-open sets U,V such that x €
UyyeUand xegV,y eV. Implies a™-ker({x}) is weakly ultra a™-separated from {y} and a™-ker({y}) is
weakly ultra a™-separated from {x}.

Conversely, let a™-ker({x}) be weakly ultra a™-separated from {y} and a™-ker({y}) be weakly ultra a™-
separated from {x}. Then there exist a™-open sets U,V such that a™-ker({x}) € U,y ¢ U and a™-ker({y}) €
V,xgVimpliesxeU,ygUandx ¢ V,y € V. Thus, (X, 7) is a™-T,-space.
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Theorem 4.7: A topological space (X, t) is a™-T,-space if and only if for each x € X, a™-ker({x}) = {x}.

Proof: Let (X,t) be an a™-T,-space and let a™-ker({x}) # {x}. Then a™-ker({x}) contains another point
distinct from x say y. So y € a™-ker({x}) implies a™-ker({x}) is not weakly ultra a™-separated from {y}.
Hence by theorem (4.6), (X, T) is not a™-T;-space this is contradiction. Thus a™-ker({x}) = {x}.

Conversely, let a™-ker({x}) = {x}, for each x € X and let (X, t) be not a™-T;-space. Then by theorem (4.6),
a™-ker({x}) is not weakly ultra a™-separated from {y}, this means that for every a™-open set G contains a™-
ker({x}) then y € G implies y € N{G € a™-0(X) : x € G} implies y € a™-ker({x}), this is contradiction.
Thus, (X, t) is a™-T;-space.

Theorem 4.8: A topological space (X, t) is a™-T;-space if and only if a™-ker,,.({x}) = ¢, for each x € X.

Proof: Let (X,7) be an a™-T;-space. Then for each x € X, a™-ker({x}) = {x} [by theorem (4.6)]. Since a™-
kerg.({x}) = a™-ker({x}) — {x}. Thus a™-kerg ({x}) = ¢.

Conversely, leta™-kery, ({x}) = ¢. By theorem (3.9), a™-ker({x}) = {x}Ua™-kery ({x}), implies a™-
ker({x}) = {x}. Hence by theorem (4.7), (X, t) is a™-T,-space.

Theorem 4.9: A topological space (X,7) is a™-T;-space if and only if for each x # y € X, x is not a™-
kernelled point of {y} and y is not a™-kernelled point of {x}.

Proof: Let (X,7) be an a™-T;-space. Then for each x # y € X, there exist a™-open sets U,V such that x € U,
yeUand yeV, x &V implies x e VS, {y}NV° =¢ and y € U, {x}NU° = ¢. Hence, Ucand V¢ are a™-
closed sets. Thus x is not a™-kernelled point of {y} and y is not a™-kernelled point of {x}.

Conversely, let for each x # y € X, x is not a™-kernelled point of {y} and y is not a™-kernelled point of {x}.
Then there exist a™-closed sets F;,F, such that x € F, ,F;N{y} =¢ andy € F,, F,N{x} = ¢, implies x €
Fy,y & F5andy € F{ ,x & F{. Hence Ff and Fy are a™-open sets. Thus, (X, t) is a™-T;-space.

Theorem 4.10: A topological space (X, t) is a™-T,-space if and only if for each x # y € X, y € a™-ker({x})
and x & a™-ker({y}).

Proof: Let (X,t) be an a™-T;-space then for each x # y € X, there exists a™-open sets U,V such that x € U,
yeUandy eV,x & V.Impliesy € a™-ker({x}) and x & a™-ker ({y}).
Conversely, let y ¢ a™-ker({x}) and x & a™-ker({y}), for each x # y € X. Then there exists a™-open sets
U/Vsuchthatx e U,y g Uandy € V,x & V. Thus, (X, 1) is a™-T;-space.

Theorem 4.11: A topological space (X,7) is a™-T;-space if and only if for each x # y € X implies a™-
ker({x})Na™-ker({y}) = ¢.

Proof: Let (X,7) be an a™-T;-space. Then a™-ker({x}) = {x} and a™-ker({y}) = {y} [by theorem (4.7)].
Thus, a™-ker ({x})Na™-ker ({y}) = ¢.

Conversely, let for each x = y € X implies a™-ker({x})Na™-ker({y}) = ¢ and let (X, t) be not a™-T;-space
then for each x #y € X implies y € a™-ker({x}) or x € a™-ker({y}) [by theorem (4.10)], then a™-
ker({x})Na™-ker({y}) # ¢ this is contradiction. Thus, (X, ) is a™-T,-space.

Theorem 4.12: A topological space (X, 7) is a™-T;-space if and only if (X, t) is a™-T,-space and a™-R,-space.

Proof: Let (X, t) be an a™-T;-space and let x € U be a™-open set, then for each x = y € X, a™-ker({x})Na™-
ker({y}) = ¢ [by theorem (4.11)] implies x & a™-ker({y}) and y & a™-ker({x}) this means a™-cl({x}) =
{x}, hence a™-cl({x}) € U. Thus, (X, T) is a™-R,-space.

Conversely, let (X, t) be an a™-T,-space and a™-R,-space, then for each x # y € X there exists a™-open set U
suchthatx e U,y Uorx g U,y e U.Say x € U, y ¢ U since (X,7) is a™-R,-space, then a™-cl({x}) € U,
this means there exists a™-open set V suchthaty € V, x € V . Thus, (X, ) is a™-T,-space.

Theorem 4.13: A topological space (X, t) is a™-T,-space if and only if
(i) (X, 1) is a™-T,-space and a™-R,-space.
(i) (X, 1) is a™-T;-space and a™-R,-space.

Proof: (i) Let (X, 7) be an a™-T,-space then it is a™-T,-space. Now since (X, t) is a™-T,-space then for each

x #y € X, there exist disjoint a™-open sets U,V such that x € U and y € V implies x € a™-cl({y}) and
y & a™-cl({x}), therefore a™-cl({x}) = {x} € U and a™-cl({y}) = {y} S V. Thus, (X, 1) is a™-R,-space.
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Conversely, let (X, ) be an a™-T,-space and a™-R,-space, then for each x # y € X, there exists a™-open set U
such that x e U, y ¢ U or y e U, x ¢ U, implies a™-cl({x}) #= a™-cl({y}), since (X,7) is a™-R,-space [by
assumption], then there exist disjoint a™-open sets G, H such that x € G and y € H [by definition (3.13)]. Thus,
(X,7) is a™-T,-space.

(ii) By the same way of part (i) a™-T,-space is a™-T;-space and a™-R,-space.

Conversely, let (X, 7) be an a™-T;-space and a™-R;-space, then for each x # y € X, there exist a™-open sets
UV suchthatx e U,ye Uandy €V, x ¢ V implies a™-cl({x}) # a™-cl({y}), since (X, T) is a™-R,-Space,
then there exist disjoint a™-open sets G, H such that x € G and y € H. Thus, (X, 1) is a™-T,-space.

Corollary 4.14: A topological a™-T,-space is a™-T,-space if and only if for each x #y € X with a™-
ker({x}) # a™-ker({y}) then there exist a™-closed sets G,,G, such that a™-ker({x}) € G,, a™-
ker({(x})NG, = ¢ and a™-ker ({y}) € G,, a™-ker({y}HDNG, = ¢ and G,UG, = X.

Proof: By theorem (3.19) and theorem (4.13).

Corollary 4.15: A topological a™-T,-space is a™-T,-space if and only if one of the following conditions holds:
(i) for each x # y € X with a™-cl({x}) # a™-cl({y}), then there exist a™-open sets U,V such that a™-cl(a™-
ker({x})) € U and a™-cl(a™-ker({y})) c V.

(ii) for each x = y € X with a™-ker({x}) # a™-ker({y}), then there exist a™-closed sets G;,G, such that a™-
ker({x}) € Gy, a™-ker({x})NG, = ¢ and a™-ker({y}) € G,, a™-ker({y} NG, = ¢ and G UG, = X.

Proof: (i) By corollary (3.20) and theorem (4.13).
(ii) By theorem (3.19) and theorem (4.13).

Theorem 4.16: A topological a™-R,-space is a™-T,-space if and only if one of the following conditions holds:
(i) for each x € X, a™-ker({x}) = {x}.

(ii) foreachx =y € X, a™-ker({x}) # a™-ker({y}) implies a™-ker({x})Na™-ker({y}) = ¢.

(iii) for each x # y € X, either x € a™-ker({y}) ory & a™-ker({x}).

(iv) foreach x = y € X then x € a™-ker({y}) andy & a™-ker({x}).

Proof: (i) Let (X,t) be an a™-T,-space. Then (X,7)is a™-T;-space and a™-R,-space [by theorem (4.13)].
Hence by theorem (4.7), a™-ker({x}) = {x} for each x € X.

Conversely, let for each x € X, a™-ker({x}) = {x}, then by theorem (4.7), (X, t) is a™-T;-space. Also (X, 1) is
a™-R,-space by assumption. Hence by theorem (4.13), (X, 7) is a™-T,-space.

(ii) Let (X, 1) be an a™-T,-space. Then (X, 1) is a™-T,-space [by remark (4.2)]. Hence by theorem (4.11), a™-
ker({x}h)Na™-ker({y}) = ¢ foreachx =y € X.

Conversely, assume that for each x #y € X, a™-ker({x}) # a™-ker({y}) implies a™-ker({x}) Na™-
ker({y}) = ¢. So by theorem (4.11), (X, 1) is a™-T;-space, also (X, 1) is a™-R,-space by assumption. Hence by
theorem (4.13), (X, t) is a™-T,-space.

(iii) Let (X, ) be an a™-T,-space. Then (X, t) is a™-T,-space [by remark (4.2)]. Hence by theorem (4.3), either
x & a™-ker({y}) ory & a™-ker({x}) foreachx # y € X.

Conversely, assume that for each x # y € X, either x € a™-ker({y}) or y & a™-ker({x}) for each x # y € X.
So by theorem (4.3), (X, 7) is a™-T,-space, also (X,7) is a™-R,-space by assumption. Thus (X,7) is a™-T,-
space [by theorem (4.13)].

(iv) Let (X, 7) be an a™-T,-space. Then (X, 1) is a™-T;-space and a™-R,-space [by theorem (4.13)]. Hence by
theorem (4.10), x € a™-ker({y}) and y & a™-ker({x}).

Conversely, let for each x # y € X then x € a™-ker({y}) and y € a™-ker({x}). Then by theorem (4.10), (X, 1)
is a™-T;-space. Also (X, t) is a™-R,-space by assumption. Hence by theorem (4.13), (X, t) is a™-T,-space.

Remark 4.17: Each a™-separation axiom is defined as the conjunction of two weaker axioms: a™-T;-space =
a™-R;_,-space and a™-T;_,-space = a™-R;_,-space and a™-T,-space, i = 1,2.

Definition 4.18: Let (X, 7) be a topological space. Then X is called:

(i) a™-regular space (a™r-space, for short), if for each point x and each a™-closed set F such that x € F€, there
exist disjoint a™-open sets U and V suchthat x e Uand F S V.

(ii) a™-normal space (a™n-space, for short) iff for each pair of disjoint a™-closed sets A and B, there exist
disjoint a™-open sets U and V suchthat A € U and B € V.
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Theorem 4.19: A topological space (X, t) is a™r-space if and only if for each a™-closed subset G of X and
x & G with a™-ker(G) # a™-ker({x}) then there exist a™-closed sets F;,F, such that a™-ker(G) < F;, a™-
ker(G)NF, = ¢ and a™-ker({x}) € F,, a™-ker({x})NF, = ¢ and F,UF, = X.

Proof: Let (X,7) be an a™r-space and let G be an a™-closed set, x & G, then there exist disjoint a™-open sets
U,V such that G c U, x e Vand UNV = ¢, then U°and V¢ are a™-closed sets such that U°UV¢ = X. Put
F,=Und F;, = V¢, so we get a™-ker(G) € U C F;, a™ker(G)NF, = ¢ and a™-ker({x}) SV S F,, a™-
ker({x})NF, = ¢ and F,UF, = X.

Conversely, let for each a™-closed subset G of X and x &€ G with a™-ker(G) # a™-ker({x}), then there exist
a™-closed sets F;,F, such that a™-ker(G) € F,, a™ker(G)NF, =¢ and a™-ker({x}) € F,, a™-
ker({(x})NF; = ¢ and F;UF, = X. ThenFf and F§ are a™-open sets such that FfNF5 =¢ and a™-
ker(G)NF{ = ¢, a™-ker({x})NFy = ¢. Sothat G € F5 and x; € Ff. Thus, (X, 1) is a™r-space.

Lemma 4.20: Let (X, ) be an a™r-space and F be an a™-closed set. Then a™-ker(F) = F = a™-cl(F).

Proof: Let (X, 1) be an a™r-space and F be an a™-closed set. Then for each x & F, there exist disjoint a™-open
sets U,V such that F € U and x € V. Since a™-ker(F) < U, implies a™-ker(F)NV = ¢, thus x ¢ a™-cl(a™-
ker(F)). We showing that if x € F implies x ¢ a™-cl(a™-ker(F)), therefore a™-cl(a™-ker(F)) S F = a™-
cl(F). As a™-cl(F) = F < a™-ker(F) [by definition (3.1)]. Thus, a™-ker(F) = F = a™-cl(F).

Theorem 4.21: A topological space (X, t) is a™n-space if and only if for each disjoint a™-closed sets G,H with
a™-ker(G) = a™-ker(H) then there exist a™-closed sets F;,F, such that a™-ker(G) < F;, a™-ker(G)NF, =
¢ and a™-ker(H) € F,, a™-ker(H)NF, = ¢ and F,UF, = X.

Proof: Let (X, 1) be an a™n-space and let for each disjoint a™-closed sets G,H with a™-ker(G) # a™-ker(H)
then there exist disjoint a™-open sets U,V suchthat G € U and H € V and UNV = ¢, thenU¢ and V¢ are a™-
closed sets such that U°UV¢ = X and a™-ker(G)NU®¢ = ¢, a™-ker(H)NVE = ¢. Put U° = F,and V¢ = F,.
Thus, a™-ker(G) € F;, a™-ker(G)NF, = ¢ and a™-ker(H) S F,, a™-ker(H)NF; = ¢.

Conversely, let for each disjoint a™-closed sets G,H with a™-ker(G) # a™-ker(H), there exist a™-closed sets
F,,F, such that a™-ker(G) € F;, a™ker(G)NF,=¢ and a™-ker(H) € F,, a™-ker(H)NF, =¢ and
F,UF, = X implies F{ and Fy are a™-open sets such that FfNF5y = ¢. Put Ff =V and Ff = U, thus a™-
ker(G) € Uand a™-ker(H) € V,sothat G < U and H € V. Thus (X, t) is a™n-space.

Remark 4.22: The relation between a™-separation axioms can be representing as a matrix. Therefore, the
element a;; refers to this relation. As the following matrix representation shows:

and a™-T, a™-T, a™-T, a™-R, a™-R,
a™-T, a™-T, a™-T, a™-T, a™-T, a™-T,
a™-T, a™-T, a™-T, a™-T, a™-T, a™-T,
a™-T, a™-T, a™-T, a™-T, a™-T, a™-T,
a™-R, a™-T, a™-T, a™-T, a™-R, a™-R,
a™-R, a™-T, a™-T, a™-T, a™-R, a™-R,

Matrix Representation (4.1)
The relation between a™-separation axioms

5. a™-kr-spaces

Definition 5.1: A topological space (X, t) is said to be a™-kr-space if and only if for each subset A of X,
then a™-ker(A) is an a™-open set.

Definition 5.2: A topological a™-kr-space (X, t) is called a™-Tk-space if and only if for each x € X, then a™-
kerg,-({x}) is an a™-open set.

Example 5.3: Let X = {a, b} and let T = {¢, X, {a}} be a topology on X. Then, (X, t) is a™-Tk-space.
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Theorem 5.4: In topological a™-kr-space (X, 1), every a™-T,-space is a™-Tx-space.

Proof: Let (X,7) be an a™-T;-space. Then, for each x € X, a™-ker({x}) = {x} [by theorem (4.7)]. As a™-
kerg ({x}) = a™-ker({x}) — {x}, implies a™-kerg, ({x}) = ¢. Thus, (X, 1) is a™-Tk-space.

Theorem 5.5: In topological a™-kr-space (X, ), every a™-Ty-space is a™-T,-space.

Proof: Let (X,7) be an a™-Tk-space and let x # y € X. Then, a™-kery, ({x}) is a™-open set, therefore, there
exist two cases:

(i) y € a™-kerg, ({x}) is a™-open set. Since x & a™-ker,,-({x}). Thus (X, t) is a™-T,-space

(i) y & a™-kerg.({x}), implies y ¢ a™-ker({x}). But a™-ker({x}) is a™-open set. Thus, (X,7) is a™-T,-
space.

Definition 5.6: A topological a™-kr-space (X, t) is said to be a™-T; -space if and only if for each x # y € X,
a™-ker({x}))Na™-ker({y}) is degenerated (empty or singleton set).

Example 5.7: Let X = {a, b, c} and let 7 = {¢, X, {a}, {a, b}, {a, c}} be a topology on X. Then, (X, 1) is a™-T;-
space.

Theorem 5.8: In topological a™-kr-space (X, ), every a™-T,-space is a™-T-space.

Proof: Let (X,7) be an a™-T,-space. Then for eachx # y € X, a™-ker({x}) = {x} and a™-ker({y}) =
{y} [by theorem (4.7)], implies a™-ker ({x})Na™-ker({y}) = ¢. Thus (X, 1) is a™-T,-space.

Theorem 5.9: In topological a™-kr-space (X, ), every a™-T, -space is a™-T,-space.

Proof: Let (X,7) be an a™-T,-space. Then for each x # y € X, a™-ker({x})Na™-ker({y}) is degenerated
(empty or singleton set). Therefore there exist three cases:

(i) a™-ker ({x})Na™-ker({y}) = ¢, implies (X, 1) is a™-T,-space.

(i) a™-ker({xPHNa™-ker({y}) = {x}or {y}, implies y & a™-ker({x}) or x & a™-ker({y}), implies (X, 1) is
a™-T,-space.

@ii)) a™-ker({xPNa™-ker({y}) ={z}, z#=x+y,z€ X, impliesy & a™-ker({x})and x ¢ a™-ker({y}),
implies (X, 7) is a™-T,-space.

Definition 5.10: A topological a™-kr-space (X, t) is said to be a™-Ty-space if and only if for each x =y €
X, a™-ker({x}H)Na™-ker({y}) is empty or {x} or {y}.

Example 5.11: Let X = {a, b, c} and let T = {¢, X, {a}, {b}, {a, b}} be a topology on X. Then, (X, ) is a™- Ty-
space.

Example 5.12: Let X = R (the set of all real number) and let 7 = {¢, R, [a, ), a € R} be a topology on X.
Then, (X, 1) is a™-T,-space but not a™-Ty, a™-T,, or a™-Ty spaces.

Example 5.13: Let X = N (the set of all natural number) and let 7 = {¢,N,{n,n+1,n+2,..},{n+1,n+
2}, ...} be atopology on X. Then, (X, 1) is a™-Tx-space but not a™-T, or a™-Ty spaces.

Example 5.14: Let X = {a, b, c} and let T = {¢, X, {a}, {a, b}, {a, c}} be a topology on X. Then, (X, ) is a™-T}-
space but not a™-T)-space.

Theorem 5.15: In topological a™-kr-space (X, t), every a™-T;-space is a™-T)y-space.

Proof: Let (X,7) be an a™-T;-space. Then for each x # y € X, a™-ker({x}) = {x} and a™-ker({y}) = {v}
[oy theorem (4.7)], implies a™-ker ({x} ) Na™-ker ({y}) = ¢. Thus (X, t) is a a™-Ty-space.

Theorem 5.16: In topological a™-kr-space (X, t), every a™-Ty-space is a™-T,-space.

Proof: Let (X,7) be an a™-Ty-space. Then for each x = y € X, a™-ker({x})Na™-ker({y}) is degenerated
(empty or singleton set). Therefore there exist two cases:

(i) a™-ker({xHNa™-ker({y}) = ¢, implies (X, T) is a™-T,-space

(i) a™-ker({(x})Na™-ker({y}) = {x} or {y}, implies y & a™-ker({x}) or x & a™-ker({y}), implies (X, 1) is
a™-T,-space.
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Theorem 5.17: A topological a™-kr-space (X,7) is a™-T,-space iff for each x #y € X, then a™-
ker({x)hNa™-ker({y}) = ¢.

Proof: Let (X, t) be an a™-T,-space. Then for each x # y € X there exist disjoint a™-open sets U,V such that
x € U,and y € V. Hence a™-ker({x}) € U and a™-ker({y}) € V. Thus a™-ker({x})Na™-ker({y}) = ¢.
Conversely, let for each x # y € X, a™-ker({x})Na™-ker({y}) = ¢. Since (X,7) be a topological a™-kr-
space, this means a™-kernel is an a™-open set. Thus (X, 1) is a™-T,-space.

Theorem 5.18: A topological a™-kr-space (X,7) is a™r-space iff for each G a™-closed set and x ¢ G,
then a™-ker(G)Na™-ker({x}) = ¢.

Proof: By the same way of proof of theorem (5.17).

Theorem 5.19: A topological a™-kr-space (X, 1) is a™n-space iff for each disjoint a™-closed sets G, H, then
a™-ker(G)Na™-ker(H) = ¢.

Proof: By the same way of proof of theorem (5.17).

Theorem 5.20: A topological a™-kr-space (X, t) is a™-T,-space iff it is a™-R,-space and a™-Ty-space.
Proof: By theorem (5.5) and remark (4.17).

Theorem 5.21: A topological a™-kr-space (X, t) is a™-T,-space iff it is a™-R,-space and a™-T -space.
Proof: By theorem (5.9) and remark (4.17).

Theorem 5.22: A topological a™-kr-space (X, t) is a™-T;-space if and only if it is a™-R,-space and a™-Ty-
space.

Proof: By theorem (5.14) and remark (4.17).

Theorem 5.23: A topological a™-kr-space (X, t) is a™-T;-space if and only if it is a™-R;_;-space and a™-T-
space, i = 1,2.

Proof: By theorem (5.5) and remark (4.17).

Theorem 5.24: A topological a™-kr-space (X, 1) is a™-T;-space if and only if it is a™-R;_;-space and a™-T; -
space, i = 1,2.

Proof: By theorem (5.9) and remark (4.17).

Theorem 5.25: A topological a™-kr-space (X, t) is a™-T;-space if and only if it is a™-R;_,-space and a™-Ty-
space, i = 1,2.

Proof: By theorem (5.14) and remark (4.17).
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Remark 5.26: The relation between a™-separation axioms can be representing as a matrix. Therefore, the
element a;; refers to this relation. As the following matrix representation shows:

and am'To (Zm-Tl (Zm-TZ am'RO am'Rl am'TK (Zm-TL am'TN

am'To am'Tg am'Tl am'Tz Olm-Tl am'Tz am'TK am'TL Olm-TN

(Xm-Tl am'Tl (Zm-Tl (Zm-TZ am'Tl am'TZ (Im-Tl am'Tl am'Tl

am'TZ am'Tz am'TZ (Zm-TZ (Zm-TZ am'TZ am'TZ (Zm-Tz am'Tz

am'RO Olm-T1 am'Tl am'Tz am'Ro am'Rl am'Tl am'Tl am'Tl

am'Rl am'Tz am'TZ (Zm-TZ am'Rl am'Rl am'TZ (Zm-Tz am'Tz

am'TK am'TK (Zm-Tl (Zm-TZ am'Tl am'TZ am'TK (Zm-TL am'To

a™-T, a™T, | a™T, | a™T, | a™T; | a™T, | a™T, | a™T, | a™T,

a™Ty | a™Ty | a™T, | a™T, | a™T; | a™T, | a™Ty, | a™T, | a™-Ty

Matrix Representation (5.1)
The relation between a™-separation axioms in topological a™-kr-spaces
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