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Abstract

In this paper, we introduce Helly and Helly -Bray theorems in term double sequence in the context of Riesz
space with order continuous norm, and we review some of the results that are needed to prove our theorems.

We state some definitions, like as the moment double sequence and complete moment. Later we prove the
corresponding generalized moment theorem and representation in term of double sequence of positive operators.

2010 Mathematics Subject Classification primary 46B42.
Keywords: vector lattice, Moment sequence, completely moment sequence, positive operator.
1. Introduction

Helly's theorem had been of some importance along time above all in the probability theory in connection with a
problem of moments of distributions.

Let f,g:[a,B] X [@’,B'] = R X R, be a monotone map.
Then the following is true:
1. f, g has countable set of discontinuity points .

2. If (fum,» 9nm) 1s @ double sequence of functions from [a, 8] X [@’,B']t0 R X R , which is uniformly bounded and
monotone. The there exists a sub double sequence (fnjmk,gnjmk) of (fum» 9nm) CONVerging to a monotone map f, g.

3. Let (fum, 9nm) be a double sequence from [a, 8] X [a’, '] to R X R, which is monotone and converging to a
mapf, g: [a, B] X [a’,B'] = R X R.

Then for any continuous maps h,w: [a, 8] X [@, 8] = R X R , we have
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We shall investigate these three properties for function f, g and f,,,,, gnm With values in Banach lattices. We shall see that
they do not remain true for any Banach lattice and that we must confine ourselves to the narrower class of Banach lattices
with order continuous norm. Next, we shall give two applications of these investigations a generalized moment theorem
and a representation theorem.
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2.Helly and Helly-Bray theorem in term of a double sequence.

We recall that Banach lattice E' X E is said to have an order continuous norm if limg g Il xqp 1= 0,limgg Il yep 1= 0,
for every nonincreasing double net (xqg, yap) in E X E such that infx,g =0, infyez =0 .

Proposition 2.1: [1]

The Banach lattice E has order continuous norm if and only if each order interval in E is weakly compact. Moreover, a
Banach lattice with order continuous norm is necessarily Dedekind complete.

The equivalence of (1) and (2) in the following proposition are the main result in [4]. We will use only (1)=(2) (that is
a direct application of ~ [5,111.2,Theorem 3]).

Proposition 2.2: Suppose E X E is a 0 —Dedekind complete Banach lattice, the following conditions are
equivalent:

1. E X E has order continuous norm;
2. Every non-decreasing function f:[0,1] x [0,1] — E X E has at most countably many points of discontinuity.

Proposition 2.3: Let f be a non-decreasing function defined on an interval I x I of R X R, with values in a Banach
lattice E x E with order continuous norm, the folowing conditions are equivalent:

1 flx,y) =inf{f(z,e)/x<zel,y<e€l},
2. f is right-continuous at (x, y) for the norm topology;
3. f is right-continuous at (x, y) for the weak topology.
For the left-continuity, we have the similar characterizations, and in particular for continuity.
Proof: The proof is similar in [1]
We now state and prove a Helly's theorem in term of a double sequence in the setting of Banach lattice.

Theorem 2.4: Let E X E is a Banach lattice and [, 8] X [a’, 8'] be a closed interval in R X R . The following
conditions are equivalent:

1. E X E has order continuous norm;

2. 1f (fam> Gnm)nmen 1S @ double sequence of nondecreasing functions on [a, 8] X [a', B'] , with values in some
order interval [a, b] X [a’,b'] in E X E , then there exists a double subsequence (fnjmk'gnjmk) njmyeN of (fum» Gnm)

and a non-decreasing functions f, g: [a, 8] x [a', B'] = [a, b] X [a’,b']

such that (fn].mk (x, y),gnjmk (x,y) njmeN is convergent to f(x,y), g(x,y) for the weak topology o(E X E,E" X
E") at each continuity point (x,y) €]a, B[x]a’,B'[ of f,g,butalsofor (xvy)=(ava’) andfor (xvVy)=(BV
B)-

Moreover, if E X E has order continuous norm, then the functions f, g in (2) can be assumed to be right-

continuous at every points (x,y) €]la, B[x]a’, B'[ .

Proof: 1 = 2
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Let (ay;, @'ki)k,en e adense double sequence in [a, B] x [a', B'] including (@, a”) and (B, B"). Since the order
interval [a, b] X [a’, b'] is weakly compact (Proposition 1), the double sequence (fnm, 9nm) has a double subsequence
(fn(,l,f,g,(lln)l) such that (fn(,ln)(al,a{), gfj,)l(al,a{)) nmen 1S Weakly convergent to some (ay,a;) € [a,b] X [a',b"] (by

Eberlein-Smulian theorem [2, The.10.13]). By induction , for p=2,3,... , g=2,3,..., the double sequence

(p-1),(q-1)) (p-1),(q—-1)) , , § ' X ’ .
(fn(nf U ,g,(”’;l 2@y has a subdouble sequence (£ PP, gD such that (f,f,’;lq)(ap,aq), g,(lfnq)(ap, ay)) nmen i

weakly convergent to some (a,, aq) € [a,b] X [a’, b'] . Using the well known diagonal process, we define a sub double

sequence (fn]-mk_' gnjmk) j,kEN of (fams Gnm) DY (fn]-mk' gn]-mk) = (f;'(kj'k)l g]('{{'k))

It is clear that the double sequence (fnjmk (ap, “&)'gn,-mk (ap,@g))jren is weakly convergent to (a,, aq) (p =
12,..,9 =12,..,) and, the considered functions being non-decreasing, that (a,, vV a;,) < (as, V as,) implies

(@, v ap,) < (ag, V ai,).

Recalling that E X E is Dedekind complete (Proposition 1), we now define a non-decreasing function
fr9:la, Bl x [a’,B'] - [a,b] X [a’,b"] by

fGe,y) = inf{(ar, by,) | x < ar,y < by}

9tey) = inf{(ar, by,) | x < @y, y < by}
Itis clear that lim;_,q fnjmk (x6y) = f(xy), limj ;. Gnjmy, C,y) =90, y)
for o(E X E,E' X E"), if (x,y) = (a,a") or (x,y) = (B,8") . Let us show that this equality remains true for any
(x,y) € [a,B] x [a’,B’] suchthat f, g is continuous at(x,y). To this end , we recall first that the topological dual

E' X E' of E X E is the set of all differences of two positive linear functionals on E x E [2,Corollary 12.5].Let @pbe any
positive linear functionals on E X E. Forany (a, V ag) < (x Vy), we have

P Frjme (@p @0)) < 0 Ui 5, 3)) 0 0(Gnjmy (@p) @4)) < 0(Gnjmy (6, )

and, since (fnjmk(ap,ﬁq)),-,ke,v is weakly convergentto  f(a,, a;) = (a,, a;) and (gnjmk(ap,a,;))j,ke,\, is weakly

convergent to (a,, a;) = (a,,a;) , we obtain :
o(f(ap, @g)) < lim info(fom, ()
9(9(@p @) < lim_ inf(gnm, (x,))

But {(a,, a;)|a, < x,a} <y} isadirected upwards set converging to (x,y) and, by continuity of £, g at (x,y)
o(f (), ¢(g(x, ) is the limit of the double net {o (f(ay, @;)) ey <x, @y <y},

{o (g(ap, 0((’{)) | ay, <x,aq <y} Itfollows that,
o(F(5,)) < lim_ inf @ (fom,(3))
eg(y) = lim infe <gn,.mk (x, y))
and , similarly , by considering (a, V ag) = (x V y ), we also obtain

im_sup ¢ (fn e (X y)) <o(f(xy)
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Jim_sup ¢ (gn,-mk (x, y)) < (g, ).

We conclude that (p(f(x, y)) = lim; 00 <p(fnjmk x,v), <p(g(x, y)) = limj k- (p(gnjmk (x,v)) and, finally, that

f(x,y), g(x,y) is the weak limit of the double sequence (f i), (%, ¥), g jm (X, ¥)) jken -

To prove that we may assume f, g right-continuous at every point (x,y) € [a, 8] X [a', B'], it suffices to replace f, g
by the functions h,w:[a, 8] X [a@’,B'] = [a,b] X [a’,b'] , defined by

h(a,a’) = f(a,a"),h(B,B") = f(B,B")
h(x,y) = inf{f(z,e)|x <z €[a,p], for(x,y) € [a ] x [’ B]
y<eelad, B}

w(a,a') = g(a,a"),w(B,B) =g B")
w(x,y) =inf g(ze) |x <z €lapl] for (x,y) € [a, B] X [a', B']
y<e€la,p']}

Itis obvious that f < h,g < w , h,w are non-decreasing, right-continuous on ]a, 8[x]a’, B[ and also that f (x,y) =
h(x,y),g(x,y) =w(x,y) forsome (x,y) €]a, B[X]a’, B[ ifandonlyif f,g are right-continuous at (x,y) . We now
show that f, g is continuous at (x,y) €]a, B[x]a’, B'[ if and only if h,w is continuous at (x,y) , we have successively

h(x,y) = f(x,y) = sup{f(z,e) |Z <x,e <y} <sup{h(ze) |z <x, e<y}
w(x,y) = g(x,y) = sup{g(z,e) |z <xe<y}<sup{w(ze) |z <xe<y}
and, consequently
h(x,y) = sup{h(z,e) |z < x,e <y},

w(x,y) = sup{w(z,e) | z<x,e<y}

Conversely, if h,w iscontinuous at (x,y) , we then have:

flx,y) < h(x,y)=supz<x h(z,e) = supz<x (infz<zlf(21, el)>
e<y e<y

e<e;

< supz<x (infz<z;<xf(zy,€1) < f(x,9)
e<y e<e <y

g, v) S w(x, y)=supz<x w(z, e) = supz<x (infz<z1 g(z4, el))
e<y e<y

e<e;

< supz<x (infz<zi<x g (z1,e1) < g(x,y)
e<y e<e <y

Hence f(x,y) = h(x,y),g(x,¥) =w(x,y) and f, g is right-continuous at (x, y). Moreover, by Proposition 2, there

exists an increasing double sequence (z,, enm) i [@, B] X [a', B'], converging to (x,y), such that f, g is continuous at

each (zpm, €nm) -1t follows that:
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f(x' Y) = h(x' y) = SUPnm (infznm<21 f(Zl’ 61)> = SUPnm f(an: enm)

enm<er

< supz<x f(z,e
e<y

enm<ei

g(x' y) = W(X, Y) = Supn,m (infznm<21 g(Z1: 61)> = Supn,m g(znm! enm)

< supz<x g(z,e)
e<y

We conclude that f(x,y) = supz<x f(x,y), g(x,y) = supz<x g(x,y) and, finally, f, g are also left-continuous at
e<y e<y

(xl y) .

2=>1.

Suppose 2 is true , then for every order interval [a, b] X [a’,b'] in E X E , for every double sequence in [a, b] X
[a’,b"] must have a double subsequence weakly converging to some pointin [a, b] X [a’,b’] . Thus order interval is
weakly compact (by Eberlein-Smulian theorem again [1, The. 10.13]). By Proposition 1 that E' has order continuous
norm.

O]

The following example shows that functions h, w in the previous proof is not necessarily to be right-continuous at
(a, a") or left-continuous at (8, 8").

Example 2.5: For n=1,2,..., define
far9n:[0,1] x [0,1] - [0,1] x [0,1] by

- 1 1
foey) = (00) , gu(x,y) = 00) if xyelo:] afo]]

11 1

f@en =(G3) o =(G3) if xye1-2[aE1-1]
Ry =00 Gy =00 i xyelt-11]af1-]

Thus, the functions h, w (which coincide with f, g ) is clearly not right-continuous at (0,0) , nor left-continuous at
(1,1).

In order to consider a Helly-Bray theorem in the context of banach lattices, we need the following lemma.

Lemma2.6: Suppose E X E be a ¢ —Dedekind complete vector lattice, [a, 8] X [a’, B'] a closed interval in R X R
and f a non-decreasing functions from [a, 8] X [a’,B'] into E X E.

Letalso a =xy <x; < <xp,=f,a =y, <y, < <y, =[ assume that f is order continuous at
(x1,¥1)s o » (Xp—1,Yq-1) » and consider a functions

h:[a,B] x [a',B'] = R X R such that

h(x,y) = constant (zj,ei) if x€l[xj_u,x[, ¥y€yi—uyil
1<j<p),(A<i<q)
h(B,B") = (2p.¢q)
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Then h is integrable with respect to f and

!

B B P q
[ [ rewar@dra =" (o + el (o) = £ (5-031-)]

j=1i=1

Proof: For simplicity, we only prove that

X1 V1

f f h(t,w)df (Odf @) = (21, eD)f G y1) — f (@, @')]

a o

Given any partition a = x5 < x; < -+ <xy, =x; 0Of [a,x],

a' =y, <y <<y, =y of [a,y,] andpointst;, € [x 1, x|, (1 <iy <m), uy, €[y, ¥,] (1<ip <
7,) , We have :

D bt u)[F (i vi) = (i ¥ipa)] = (a + Dl Geayn) = f(, )]

i1=1iz=1

| h(trl'urz) —(z1+ey) | [f Gy, 1) — f(x41—1'}’;2—1)]
| (22 + €2) = (21 + e) | [F (er, y1) = F (371, 1,-1)]

IA

We now choose an increasing double sequence (&, Bnm) I [@, x1[ X [@’, y1[ , converging to (x;,y,) . Since f
order continuous at (x;,y;) , we have

f(xl'yl) = Sup{f(xIY) |C¥ Sx<x ,a' < y< yl} = Supn,m(anm'ﬁnm)

Then (Ppm, Prm) = | (zo+e) —(z;+ ) | [f (x4, ¥1) — f(@um, Bam)] 1S @ nonincreasing double sequence in E such
that

inf ppm Vinf ppm = 0.

nm nm

On the other hand, letting (8, V 8nan) = ((¢1) — Prm) > 0, we see that

max ((xlgl’yilz) - (x{1—1'y1"2—1)) < (Onm Onm) = | (z2,€2) — (71, €1) | [f Gy, v0) — f(x;1—1:y;2—1)] < (Pnms Prm)

1<i;s1ry
1<iys1y

The proof is complete. @

We now state and prove a Helly-Bray theorem in term of a double sequence:
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Theorem 2.7: Consider a closed interval [a, 8] X [a’,8'] in R X R , a Banach lattice E x E with order continuous
norm and an order interval [a, b] X [a’,b'] in E X E . Let (f,,m, 9nm) Pe a double sequence of nondecreasing functioms
from [a, B] % [a’, B'] into [a, b] X [a’, b'] and assume there exists a nondecreasing functions f, g: [a, B] X [@’,B'] —
[a,b] x [a’,b'] such that

lim fon(x,y) =f(xy) , lim gn,(x,y) =g(xy)
n,m-oo n,m-oo

For the weak topology o(E X E,E' X E') at each continuity point (x,y) € [a, B8] X [a’,B'] of f,g , butalso for
(x,y) = (a,a') and (x,y) = (B,B") .Then, for each continuous function h,w:[a, 8] X [a',8'] = R X R , we have

B B B B

Jim [ e wdfun@dfn@ = [ [ eodrodre,
B B B B

dim [ [ we0dgum@dgun@ = [ [ wndg©dgt

Foro(E X E,E' X E").

Proof: By Proposition 2, we have know that f, g has at most countable many points of discontinuity. For p = g =
1;21; L )

» (v)

< x! (q)

<x® = o =y <y1 @ _

let @ = x, < X, = B’ be points of continuity of f,g ,excepted

- < — < —
perhaps e and B, suchthat |h(x,y) —h(ze) | _p+q |w(x y) —w(ze)| —
if x,z€ [ ](p)l, (p)] y,e€ [yl(qi,yl q)] (1<j<k,) (A <i<ky.

Define h on [a, B] x [a', 81 by hpq(x,y) = h(xP)y ) if x € [xP,xP[, y € [y 0y @[, (1<) <
p.a’Wpa ) ) Y NpqX,y vYic1 yYEZLYy L= =
ky), (1 <i<kgy)

and Ry o (B8 = h(L 1,7 1) Wy q(B.B) = w(xd -, vl )

By Lemma 6 , we have

!

B B kp Kkq

[ [ toatdfum@dum —ZZ 52,59 U (57,32 = frm (x20 0]

a a i=1 j=

B B kp kq

f f W q (6, 1) G (£) dGrm (1) = ZZ (%70 792) [gm (47 5?) = Guom (70 991

a a i=1 j=

And this weakly converges in n, m to

kp kg B B
> WA (i) = £ (2] = [ [ hnatearararcn
j=1i=1 a o
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kp kg BB
> w (52 @) [o (57 5) = o (2 2)] = | f Wy o (£, 1)dg () dg ()
j:l i=1 4 (X

On the other hand, it follows from

!

B B
1
!J-(h—hp,q)dfnm gm((b+b)—(a+a)) and

I

BB
1
J cj’- (h = hyq)df| < m((b +b)—(a+a’))

!

B B
1
w—w,,)dgmum| <—— b+ b")—(a+a')) and
af‘l( p.q)g p+q( ) —( )

!

B B
1

JJ(W—Wp‘q)dg sm((b+b)—(a+a))

that

B B B B
I (R (v
a o a o

B B
lim f f (W —wp)dGnm = pll;r_r)lmf f(w —wp,)dg =0
a a ’ a a

p,q—>©

uniformly in n, m for the norm topology. The result follows. @
Next, we give the following Corollary:

Corollary 2.8: With the same assumptions as in Theorem 2, we have also

g B B B

lim_ j j Fum (6 W) dR(E)dR(u) = f f £t w)dh()dh(w)
B B BB

Jim [ [ gm@waoane = [ [ geoa@an

foro(E X E,E' X E")
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Proof :By the formula of integration by parts [3] , we have

i

B
f Fum(E AR ) = fon (B BYRCB, B) — fum (@ V(e ')

B
Z[a’

!

al

I

B B
f f Gam (6 )AW (1) = G (B BIWB, B — G (0 W (@, ')

!

!

al

In the same way, we can prove that

f

!

B

f f&,wdh(t,u) = f(B,BIRB,B") — fa, a)h(a,a’)
f

ﬁ’

j g9t wdw(t,w) = g(B,BIW(B,B") — g(a,aYw(a,a’)

!
B
a

If we take the limit in (1) and (2) asn,m — oo, we have

a
!

B
f h(t, wdf (Odf ()

al

B
l a
!

B
f w(t, Wdg(t)dg ()

al

!

B
[ fun &R0 = fon (8. B, ) = fom (@ OB, @)

r

lim (
n,m—oo

Q\m

a

!

(Z’

n,m—oo

BB
_f f h(t, w)d fom (O d frm @) ...

BB
_f f w(t, w)dgnm (O)dgnm (@) ...

BB
_ f f R(t, 1) fam (D) frm (W)

€y

(2)

B B
lim ( f | Gun € 10aw(€,0) = Gun 8. 8 W, B = gum(a,awia, @)
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r

B B
—f f w(t, W) d gnm () dGnm W)

Thus
B B B B
Jim [ [ funtwar©ane = [ [ rewan@ane
B B B B
nlr}ln_}oof f gnm(t,u)dw(t)dw(u)zf fg(t,u)dw(t)dw(u) O]

3. Applications

As in the classical case, we are now able to prove a moment theorem and to deduce from it a representation theorem for
operators on the space of continuous function on [0,1] , by means of a nondecreasing function . Our proofs are easy
adaptions of the classical proofs. We include these proofs for sake of completeness.

Let us set some definitions, which will be used for prove the theorems following.

Definition 3.1: Let E be a Banach lattice and Let f:[a, 8] X [a,8] 2 E, [@,B]CR.

f is called o-bounded variation if there exist M € E such that for any partition (xg, x4, ..., X), Vo, V1, -» Vi) Of
[a, B] x [, B] , the following inequality holds :

m

> D M Ginyn) = )| <

n
i=1 j=1
Where M = (M, M,).

Definition 3.2: Let E be a Banach lattice. The double sequence (ay;, by;) in E X E is called moment double sequence if
there exist two functions

f,9 :10,1] x [0,1] = E with o-bounded variation , such that for any k, [, we have

an = [ [@+ud dr@areo
00

11

bt = f f ¢k +ud) dg(6)dg ()

Defintion 3.3: Let E a Banach lattice. The double sequence (ay;, by;) in E X E is completely monotone, if for any
,m, k, 1, we have

10
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Atay, = ZZ( 1)”’ < )ak+ll+1 =0
i=0 j=
A™by, = ZZ( 1)”] ( )bk+zl+] =20
i=0 j=

We now state and prove a Moment theorem in term of a double sequence:
Theorem 3.4: Let E be a Banach lattice with order continuous norm and (ay;, by;) is a double sequence in E X E .

(ax1, byy) 1s @ moment double sequence of a nondecreasing functions f and g if and only if (ay;, by;) is completely
monotone .

Proof: From definition (3) and (4) we get that, if the double sequence (ay;, by;) is the moment double sequence of
nondecreasing functions f and g then it is completely monotone.

For the opposite side we have for n = 0,1,2, ... define two functions

farGn + [0,1] X [0,1] > E by

fulx,y) = (T) (?) A gy
i=0 j=0
for (x,y) €]7=,2[A] "2
m-1m-1 n n
Gn(x,y) = (1) (}) ATy

i

I

(=)
Il
(=]

J

SR

i=0j

Ms

( )ATL i— ]aU

fn(0,0) = (0'0) ,fn(l,l) = a(0,0)

D=2 200

i=0j
gn(0,0) = (0'0) ,gn(l,l) = b(0,0)

Il
(=]

Ms

]
=)

The functions f;, , g,, is nondecreasing and has values in the order interval [0, a,] % [0, by] of E X E .

If we define the operator A on the space of polynomials by

INGE
M:

A( (clx +dy1)) ZZ(C a;j +dau)
i=0 j=0 i=0 j=

A(zn: zn:(c xl+dyl)) = ZZ(qu +d;by)
i=0 j=0 i=0 j=
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It is clear that the Bernstein polynomials

n l

>()E) @) werna-wenyo

n
Bupn(x,y) =
i=0 j=0

verify

11
ABage) = [ [ ruyan@ane

11
(Bugen) = [ [ uydgu@dga@
00
Using Theorem 1,we can choose a sub double sequence (fnjmk,gnklmkz)j,ke,\, of (fum» 9nm) and a nondecreasing
functions f, g such that (fnjmk(x, ), gnjmk(x, ¥))jken Weakly convergesto f(x,y), g(x,y)

at each continuity point (x,y) €]0,1[A]0,1[ of f,g forx,y =0 andx,y = 1.By Theorem 2, for every k,l we have:

J,k—oo

11 11
i, [ [ @ +ufy y ©tfy 0 = [ [ +udar@ara,
00 00

11

lim (tk+ul)dgnjmk (t)dgnjmk W = (tk+ul)dg(t)dg(u);
/] /]

j,k—>o0

for o(E,E") .

We now show that limy, e A(Bgyn) = Qi > limp 0 (Beiyn) = b for the norm topology of E x E , and the
conclusion will follow . By classical algebraic computation , it is easy to show that a o) = A(B(O,O),n) ,

b0y = A(B(o,0),n)

and that

o = ii G+D(E+D 1) (G+D—k—1+1) ® (n) wet-lg,

nn-1)..n—-k—-14+1)

b, = ii G+DGE+) -1 (G+) —k—1+1) (n) (n) weiip,,

nn-1).(n—-k—-14+1)

ou=aep) = 33 (CPERIE R () () ) ()

SO0
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b — (B = ii GHNE+D -1 (G+D—k—1+1) (i)k (i)l (n) (n>A"—i—1b
Kt (kDn L L nn—1)..n—k—-1+1) n/ \n i/\j Kl
i=k j=
—11-1 ) )
_ ™M™ e dyipn-i-ip. .
Y. (i)<j)(n) (n)A bij
i=0 j=0

Let (z,e) = (ii) , and observe that
iy
G+PE+H-1) ....((i+j)—k—l+1)_<i‘)"(£>’ B l—[(nz—i)+(ne—j)
nn—-1).m—k—-1+1) n) m=D+Mn-)

—(Z*+ebH

n

=0
j=0

It follows that , given € > 0, there exists n, such that

(i+j)((i+j)—1)....((i+j)—k—l+1)_<£>k<i>z<
nn—-1).n—k—-1+4+1) <e

n n

forn = n,
and
53 (LD () ) <
55 (RPN not ot (4 ) () i
for n = n,.
It is also clear that

> G @) o < 6) () awo

L NN k l

22 () () 5l < () 6) oo

Now, it easy to conclude that if n is large enough we have
| @y = A(Bgepyn) | < 2eaq,0) V | byt — A(Bgepyn) | < 2€b (0,0,
which proves the theorem. @

We use only an ((Helly theorem)) and not a representation theorem of [6] in prove theorem above, Making it simpler
than those [7,8], such that theorem is only a special case of the ((moment theorem)) of [4,5] , And improve the ((moment

theorem)) in [9] .we conclude this section by showing that , in the special setting of banach lattice with order continuous
norm , is a corollary of the above theorem.
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We now state and prove a Representation theorem in term of a double sequence:

Theorem 3.5: Every positive linear operator L on C([a, B] X [a, B], R X R) with values in a Banach lattice E with
order continuous norm, is representable in the from

um=ffhwwwawﬂw

BB
Mm=ffw@mwwwwy

where f, g is a nondecreasing functions from [a, 8] X [a, 8] into E X E.

Proof: It is clear that it suffices to prove the result for the interval [0,1] .The double sequence (ay;, by;)x, en defined by
the formula ay, = L(t* + u') , by, = L(t* + u') is completely monotone.

In fact, we have

Ay =Zn:zn: ( ) @usiaes = anzn: ( LG 4wty = L = O+l =)™ 20
j=

i=0 j=0 i=0

A™b,, = ii (T)( )bkmﬂ ii ( )L(tk“ +ult) = Lt — O™ +ul(1 —w)™) 2 0.

i=0 j=0 i=0 j=0

By the preceeding theorem, there exists a nondecreasing functions f, g such that

Ltk +ub) = ff(t" +ubdf(Odf (w) L(tf +ub) = ff(t" +ubdg(t)dg(u)
00 00

and , by Weierstrass theorem this equality extends to every continuous functions. We recall that a positive linear mapping
from a Banach lattice into a normed vector lattice is automatically continuous ([2,Theorem 12.3]). @
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