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Abstract 
Youness introduced the concepts of E – convex sets and E – convex functions and studied their properties. 

Following this in this paper we further characterize E- convex functions. 

AMS Subject Cllasification(2000)Nos: 26A51,26B25,32F,32T,46A03,46A55,52A. 

 

1. Introduction and Preliminaries  

    Youness introduced the concepts of E – convex sets and E – convex functions in 1999 which have 

applications in various branches of Mathematical Sciences.  In this paper we further discuss some basic 

properties of E- convex functions. 

 

Definition 1.1: Let E : 𝑅𝑛 → 𝑅𝑛 be a map . A set M ⊆ 𝑅𝑛 is said to be E – convex if λ E(x) + (1 – λ )E(y) ϵ M 

for x, y ∈ M and 0 ≤ λ ≤1 [6] 

E(M) ⊆ M whenever M is E-convex. 

Definition 1.2: Let E : 𝑅𝑛 → 𝑅𝑛 be a map and let M ⊆ 𝑅𝑛 be convex. A function f: 𝑅𝑛 → R is said to be E – 

convex  on M if 

f( λ E(x) + (1 – λ )E(y)) ≤ λf(E(x)) + (1 –  λ ) f(E(y))for x, y ϵ M and 0 ≤ λ ≤1 [6] 

Definition 1.3:A function f on 𝑅𝑛  𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒𝑙𝑦 ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 if for every x f(λx) =  λf(x), 0 <

λ <  ∞. [1] 

It can be proved that if f is positively homogeneous then f(0) = 0 

𝐋𝐞𝐦𝐦𝐚 𝟏. 𝟒:  Let f : 𝑅𝑛 → R , E : 𝑅𝑛 → 𝑅𝑛 𝑎𝑛𝑑 M ⊆ 

𝑅𝑛 𝑏𝑒 𝑎𝑛 𝐸 − 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐸(𝑀) 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡 𝑖𝑛 𝑅𝑛 . Then f is E- convex if and only if 

f(𝛼1E(𝑥1) +𝛼2E(𝑥2) +...+𝛼𝑚E(𝑥𝑚)) ≤ ∑ 𝛼𝑖
𝑚
𝑖=1 f(E(𝑥𝑖)) for every integer m ≥ 2 and all 𝑥𝑖  ∈ 𝑀, 𝛼𝑖 ≥ 0 , i =

1,2, … , m with ∑ 𝛼𝑖
𝑚
𝑖=1  = 1 [7] 

2 Properties 

     Theorem 2.1:   Let f : 𝑹𝒏 → 𝐑 , be any E convex function and α ∈ ( −∞ , ∞ ), 𝑡ℎ𝑒 𝑠𝑒𝑡𝑠  (𝑖){ x : f(E(x)) 

<  α } and (ii) { x : f(E(x)) ≤  α } are E – convex then It has equivalence property.  

Reflexive Property : Let M = { x ∈  𝑹𝒏 ∶  f(E(x)) <  α }. Let x ∈ 𝑀  , 0 ≤ λ ≤1 . 

Then f(E(x)) <  α. Since f is E − convex, using Definition 1.2  

we have f (λE(x) + (1 −  λ)E(x))  ≤ λ f(E (x)) + (1 −  λ)f (E (x)) 

                              <  λ α + (1 −  λ)α 

                              = α 

Symmetry Property :  

we have f (λE(x) + (1 −  λ)E(y))  ≤ λ f(E (x)) + (1 −  λ)f (E (y)) 

                              <  λ α + (1 −  λ)α 

                              = α 
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f (λE(y) + (1 −  λ)E(x))  ≤ λ f(E (y)) + (1 −  λ)f (E (x)) 

                              <  λ α + (1 −  λ)α 

                              = α 

Transitive Property : f (λE(x) + (1 −  λ)E(y))  <  α 

                   f (λE(y) + (1 −  λ)E(z))  <  α 

                  then f (λE(x) + (1 −  λ)E(z))  <  α 

The proof for (ii) is analog. 

𝐋𝐞𝐦𝐦𝐚 𝟏. 𝟓:  Let f : 𝑅𝑛 → R , E : 𝑅𝑛 → 𝑅𝑛 𝑎𝑛𝑑 M ⊆ 

𝑅𝑛 𝑏𝑒 𝑎𝑛 𝐸 − 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐸(𝑀) 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑣𝑒𝑥 𝑠𝑒𝑡 𝑖𝑛 𝑅𝑛 . Then f is E- convex if and only if 

f(𝛼1E(𝑥1) .𝛼2E(𝑥2) .....𝛼𝑚E(𝑥𝑚)) ≤ ∏ 𝛼𝑖f(E(𝑥𝑖)) 𝑚
𝑖=1 for every integer m ≥ 2 and all 𝑥𝑖  ∈ 𝑀, 𝛼𝑖 ≥ 0 , i =

1,2, … , m with ∏ 𝛼𝑖  
𝑚
𝑖=1  = 1 

𝐋𝐞𝐦𝐦𝐚 𝟏. 𝟔:  Let E : 𝑅𝑛 → 𝑅𝑛  𝑏𝑒 𝑙𝑖𝑛𝑒𝑎𝑟 . 𝐿𝑒𝑡 𝐶1, 𝐶2,..., 𝐶𝑚 be the E- convex subsets of 𝑅𝑛 . 𝑇ℎ𝑒𝑛 𝜆1𝐶1. 𝜆2𝐶2.... 

. 𝜆𝑚𝐶𝑚 is an E- convex set where 𝜆𝑖 ∈ 𝑅 𝑓𝑜𝑟 𝑖 = 1,2,3, … , 𝑚. 

  Theorem 2.2 :   Let f be a positively homogeneous E – convex function on M ⊆ 𝑅𝑛 such that E(M) is convex 

in 𝑅𝑛 . 𝑇ℎ𝑒𝑛 𝑓𝑜𝑟 𝜆1 > 0, 𝜆2 > 0, … , 𝜆𝑚 > 0 𝑤𝑒 have 

f(𝜆1E(𝑥1) .𝜆2E(𝑥2) .....𝜆𝑚E(𝑥𝑚)) ≤ ∏ 𝜆𝑖f(E(𝑥𝑖)) 𝑚
𝑖=1  

Proof: Let 𝜆1 > 0, 𝜆2 > 0, … , 𝜆𝑚 > 0 and 𝜆1. 𝜆2 ….  . 𝜆𝑚  =  𝜆𝑚 

 Let 𝑐𝑖 = 
𝜆𝑖

𝜆
 for i = 1,2,..,m. Then since 𝑐1. 𝑐2.... 𝑐𝑚 = 1 

using lemma 1.5 f(𝑐1E(𝑥1) .𝑐2E(𝑥2) .....𝑐𝑚E(𝑥𝑚)) ≤ ∏ 𝑐𝑖f(E(𝑥𝑖))𝑚
𝑖=1 𝑎nd using Definition 1.3 we get  

f(𝜆1E(𝑥1) . 𝜆2E(𝑥2) . . . . . 𝜆𝑚E(𝑥𝑚))  ≤  ∏ 𝜆𝑖f(E(𝑥𝑖)) 

𝑚

𝑖=1
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