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Abstract: There are several theorems are prove in L — space, using various type of mappings. In this paper, we
prove some fixed point theorem and common fixed point theorem in L- space using different, symmetric rational
mappings.
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1. Introduction:

It was shown by Kasahara, S.[2] in 1976, that several known generalization of the Banach Contraction Theorem
can be derived easily from a Fixed Point Theorem in an L — space. Iski [1] has used the fundamental idea of
Kasahara to investigate the generalization of some known Fixed Point Theorem in L- space.

Let N be the set of natural number and X be a nonempty set. Then L — space is defined to be the pair (X, —) of
the set X and a subset — of the set XV x X, satisfying the following conditions:

Ly —ifx, =x € X for all n € N, then ({x,}nen x)) € —

LZ - if ({xn}nCN,x)) € —, then{ xn,;}ieN
For every subsequence {x, }icy Of {Xp}nen

In what follows instead of writing ({x,}nenx)) € —, we write  {X,}neny — X o X, — X and read {x,}nen
converges to X. Further we give some definitions regarding L — space.

Definitionl. Let (X, —) be an L- space. It is said to be ‘separated’ if each sequence in x converges to at most
one point of X.

Definition 2. A mapping f on (X, —) into an L- space (X',—) is said to be continuous’ if x,, — x implies f(x,,)
- f(x) for some subsequence {2, ien for {xp}nen -

Definition3. Let d be a non negative extended real valued function on X xX: 0 < d(x, y) < oo; for all x, y € X.
The L — space is said to be d — complete if each sequence{x,},eninX with 372 d(x;,x;41) < ®©
converges to the atmost one point of X.

In this context Kasahara, S. proved a lemma, which as follows:

Lemma (Kasahara, S.): Let (X, —) be an L — space which is d — complete for a non negative real valued
function d on X x X. If (X, —) is separated then:

d(x, y) =d(y, x) =0 implies, x =y for all x, y € X.

During the past few years many great mathematicians Yeh [7], Singh [6], Pathak and Dubey [4], Sharma and
Agrawal [5], Patel, Sahu and Sao [3], worked for L- space. In this paper, we similar investigation for the
study of Fixed Point Theorems in L- space are worked out. We find some more Fixed Point Theorem and
Common Fixed Point Theorem in L — space.

Theorem 1: Let (X, —) be a separated L — space, which is d — complete for a non negative real valued
function d on X < X with d(x, x) =0, for each x in X. Let E, F, S and T be three continuous self mapping of X
into itself, satisfying the following condition:

(1) E(X) < T (X) and F(X)  S(X),
(2ET =TE, FS=FS
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[d(Sx,Ty){d(Sx,Ex) + d(Ty,Fy)}
(3)d(EX'Fy) < (1[ d(Sx,Fy) + d (Ty,Ex)

+B[d(Sx,Ex)+d(Ty,Fy)]+y[d(Sx,Fy)
+d(Ty, Ex)] + 6 d(Sx, Ty)

for all x, y in X where non negative a, , ¥, 6 such that 0 <o + B +y + 6 < 1. With Sx=Ty. ThenE, F, S, T
have unique common fixed point.

Proof: Let x, € X, since E(X) < T(X) we can choose a point x; € X, such that Sy, = Ex, = Yo also F(X) c
S(X), we can choose x, € X such that T,,, = F,, = y;. In general we can choose the point:

Sx2n+1_ Ex2n_ Yan, Tx2n+2_Fx2n+1 = Yan+1-

Now consider,

d(Sxon,Tx d(Sx2n,Ex25)+d(Tx: JFx
d(sx2 1’Tx2 2) — d(ExZ ’ sz 1)£ [ (Sx2n, Tx2n+1){d(SX2n,Ex2n) +d(Tx2n+1,FX2n+1)}
n+ n+ n n+ d(Sx2n,Fxzn+1)+ d(Txz2n+1,Ex2n)

+ B[d(Sx2p, Exppn) + A( TX2p41, FX2p41)]
+y [d(Sx2p, FXopne1) + d(Tx2p41, Exop)]
+ 0 d(Sxzp, Txzpn41)

[d(V2n-1.Y2n){d(V2n-1Y2n) + d2nY2n+1)}
d(y2n-1.Y2n+1) + d (V2n.Y2n)

HBlAV2n-1, Yor)HdV2nYans1)] Y [A02n-1, Yont1) + A2 Y2n)l - + 8 d(Van-1, Y2n)

d(V2nYon+1)< a[

d(Van: Yan+1) S0 dan-1,Y20) T B AdW2n-1,Y2n+1) +V dW2n-1,Y2n+1)
+8 d(¥2n-1,Y2n)
dzn, Yons1) € 0 d(Van-1,Y2n)  + Bl d(Van-1, Y2n) + A(Van: Yan+1)]
+ vy [d(Van-1,Y2n) + AW2n, Yan+1)]
+8d(¥an-1,Y2n)
(1-B-v) dWzn: Yan+1)

<(a+B+y+06)d(Van—1,Y2n)

(a+B+y+95)

a-B-v) d(Y2n-1,Y2n)

d(Vans Yan+1) <

dVzns Yan+1) <4 d(V2n—1, Y2n)

(a+B+y+9)
1-B-v)

forn=1,2,3,...

where q = <1

Whether d(y25,, Y2n4+1) = 0 Or not
Similarly, we have

dzns Yan+1) 4" d (Vo, ¥1),
for every positive integer, this means that,
2izod ($%2i41, T Yait2) < .

Thus the d — completeness of the space implies that, the sequence (S™xg)nen) and (T™xg)nen CONVeErges to
some u.

(E™xo)nen) @and (F™xg),cn CONVerges to some point u, respectively. Since E, F, S and T are continuous, there is
a subsequence t of (T™x,),cn Such that:
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E[S(t) — E(w), S[E(t)] — S(u), F[T()] — F(u), T[F(H)] — T(w)

we have, E(u) = F(u) = S(u) = T(u)

Thus, we can write

S (Tu) = T(Su) = E(Tu) = T(Eu) = E(Su) = E(Eu) = E(Fu)= T(Fu) = S(Fu)) = F(Fu),
If E(u) # F(Eu)

[d(Su, T(Eu)){d(Su,Eu) + d(T(Eu),F(Eu))}
d(Sw,F(Eu)) + d (T(Eu),Eu)

d(EuF(EW)I< of + B[d(Su, Eu) + d( T(Eu), F(Eu))]

+y [d(Su, F(Eu)) + d(T(Eu), Eu)]
+ 8 d(Su, T(Eu))
d(Eu, F(EW] < (B +y + 8)[d(Eu, , F(Eu))]
Thus we get a contradiction. Hence Eu = F(Eu)
we get Eu = F(Eu) = T(Eu) = E(Eu) = S(Eu). Hence Eu is a common fixed point of E, F, Sand T.

Uniqueness: Let v is another fixed point of E, F, S and T different from u, then we have

u, Tv){d(Sx,Eu) + d(Tv,Fv)}
d(Su,Fv) + d (Tv,Eu)

+ Bd(Su, Eu) + d( Tv, Fv)]

d(u, v) =d(Eu, Fv) < u[[d(s

+y [d(Su, Fv) + d(Tv, Eu)]
+ 6 d(Su, Tv)
d(u, v) < (2y +8) d(u, v)

which is a contradiction. Therefore u is unique fixed point of E, F, Sand T in X.
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