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ABSTRACT

We define SubArtex Space of an Artex space over a Bi-monoid. We give some examples of SubArtex spaces.
We prove the necessary and sufficient condition for a subset of an Artex space over a bi-monoid to be a
SubArtex space. We prove another equivalent Proposition for the necessary and sufficient condition for a
subset of an Artex space to be a SubArtex space. We prove a nonempty intersection of two SubArtex spaces of
an Artex space over a bi-monoid is a SubArtex space. Also we prove a nonempty intersection of a family of
SubArtex spaces of an Artex space over a bi-monoid is a SubArtex space. Finally, we prove, in this chapter, by
giving an example, that the union of two SubArtex spaces need not be a SubArtex space.

1.INTRODUCTION

Most of the People are interested in relations, not only the blood relations, but also the Mathematical concept
relations. The word relation suggests some familiar examples of relations such as the relation of father to son,
mother to son, brother to sister, etc. Familiar examples in arithmetic are relations such as greater than , less than.
We know the relation between the area of a circle and its radius and between the area of a square and its side.
These examples suggest relationships between two objects. The relation between parents and child is an example
of relation among three objects. This motivated us to think about relation between two different systems and
how there are related or how long they can coincide or how much they can be related or how one system can act
on another system or how one system can penetrate into another system. As a result, we introduced a new
concept in our paper titled “Artex Spaces over Bi-monoids” in the “Research Journal of Pure Algebra”. This
theory was developed from the lattice theory. George Boole introduced Boolean Algebra in 1854. A more
general algebraic system is the lattice. A Boolean Algebra is then introduced as a special lattice. Lattices and
Boolean algebra have important applications in the theory and design of computers. There are many other areas
such as engineering and science to which Boolean algebra is applied. As the theory of Artex spaces over bi-
monoids is developed from lattice theory, we hope, this theory will, in future, play a good role in many fields
especially in science and engineering and in computer fields. In Discrete Mathematics this theory will create a
new dimension. We hope that the theory of Artex spaces over bi-monoids shall lead to many theories. But a
theory can lead only if the theory itself is developed in its own way.
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As a development of it, now, we introduce SubArtex spaces of Artex spaces over bi-monoids. From the
definition of a SubSartex space that we are going to define, it is clear that not every subset of an Artex space
over a bi-monoid is a SubArtex space. The problem that we solve here is to find subsets which qualify to become
SubArtex spaces. In our attempt to solve this problem we find some propositions which qualify subsets to
become SubArtex spaces. These Propoitions will have important applications in the development of the theory of
Artex spaces over bi-monoids.

2.PRELIMINARIES
2.1.0 Definitions

2.1.1 Lattice : A lattice is a partially ordered set (L,<) in which every pair of elements a,b € L has a greatest
lower bound and a least upper bound.

The greatest lower bound of a and b is denoted by aAb and the least upper bound of a and b is denoted by avb

2.1.2 Lattice as an Algebraic System : A lattice is an algebraic system (L,A,V) with two binary operations A
and V on L which are both commutative, associative, and satisfy the absorption laws namely

aA(aVb)=a and aV(aAb)=a
The operations A and V are called cap and cup respectively, or sometimes meet and join respectively.
2.1.3 Bi-monoid : A system (M, +, .) is called a Bi-monoid if
1.(M, +) is a monoid
2.(M,.)is amonoid and
3.a(btc)=ab+tac and (at+b)c=ac+b.c,forallabceM
2.2.0 Examples
221 LetW={0,1,2,3,...}.
Then (W, +,.), where + and . are the usual addition and multiplication respectively, is a
bi-monoid.
2.2.2 Let S be any set. Consider P(S), the power set of S.
Then (P(S) ,u, N) is a bi-monoid.
2.23 LetQ’=Q"u {0}, where Q" is the set of all positive rational numbers.
Then (Q’, +, . ) is a bi-monoid.
2.2.4 LetR’=R"u {0}, where R" is the set of all positive real numbers.
Then (R’, +, . ) is a bi-monoid.
2.3.0 Definition

2.3.1 Artex Space Over a Bi-monoid : A non-empty set A is said to be an Artex Space Over a bi-monoid
M,+,.) if 1.(A, A,V)isa lattice and
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2.for eachm € M, mi0, and a € A, there exists an element ma € A satisfying the following
conditions :

(i) m(aAb)=maA mb
(i) m(aVb)=maV mb
(iii)) ma Ana<(mtn)a and ma V na<(mtn)a
(iv) (mn)a =m(na), for all m,n e M,m#0, n#0, and a,b € A
(v) la=a, forallae A
Here, < is the partial order relation corresponding to the lattice (A, A, V)

The multiplication ma is called a bi-monoid multiplication with an artex element or simply bi-monoid
multiplication in A.

Unless otherwise stated A remains as an Artex space with the partial ordering < need not be “less than or equal
to” and M as a bi-monoid with the binary operations + and . need not be the usual addition and usual
multiplication.

2.4.0 Examples
24.1 Let W={0,1,2,3,...} and Z be the set of all integers.
Then (W, +,.) is a bi-monoid , where + and . are the usual addition and multiplication respectively.
(Z, <) is a lattice in which A and V are defined by a A b =mini {a,b} and a V b = maxi {a,b} , forall a,b € Z.
Clearly for each m € W,m#0, and for each a € Z, there exists ma € Z.
Also, (i) m(a Ab)=maA mb
(i) m(a Vb)=maV mb
(i) maAna<(m+n)a and maVna<(m-+n)a
(iv) (mn)a =m(na), for all m,n € W, m#0, {0 and a,b € Z
(v) la=a,forallaeZ
Therefore, Z is an Artex Space Over the bi-monoid (W, +,.)
2.4.2 Asdefined in Example 2.4.1, Q, the set of all rational numbers is an Artex space over W
2.4.3 As defined in Example 2.4.1, R, the set of all real numbers is an Artex space over W
2.4.4 LetQ=Q" u {0}, where Q" is the set of all positive rational numbers.
Then (Q’, +, . ) is a bi-monoid.
Now as defined in Example 2.4.1, Q, the set of all rational numbers is an Artex space over Q’
2.4.5 LetR’=R"u {0}, where R is the set of all positive real numbers.

Then (R’, +, . ) is a bi-monoid.
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As defined in Example 2.4.1, R, the set of all real numbers is an Artex space over R’
2.4.6 As defined in Example 2.4.1, R, the set of all real numbers is an Artex space over Q’
2.4.7 Let A be the set of all sequences (x,,) in Z, where Z is the set of all integers and let W = {0,1,2,3,...}.
Define <’ ,an order relation, on A by for (x,), (v,) in A, (x,) <° (y,) means x, <y,, for eachn,
where < is the usual relation “ less than or equal to *
Clearly <’ is a partial order relation on A
Now the cap ,cup operations are defined by the following :
(Xn) A (v4) = (u,), where u, =mini { x,, y, }, for each n.
(X) V (v4) = (Vy), where v, =maxi { X,, y, }, for each n.
Clearly (A, <) is a lattice.
The bi-monoid multiplication in A is defined by the following :
For each meW,m#0, and xeA, where x= (x,), mx is defined by mx = m(x,)=(mx,).
Then clearly A is an Artex space over W.

2.4.8 IfB is the set of all sequences (x,) in Q, where Q is the set of all rational numbers, then as in Example
2.4.7, B is an Artex space over W.

2.4.9 Asdefined in 2.4.8, B is an Artex space over Q’

2.4.10 If D is the set of all sequences (x,) in R, where R is the set of all real numbers, then as in Example 2.4.7,
D is an Artex space over W.

2.4.11 As defined in 2.4.10, D is an Artex space over Q’
2.4.12 As defined in 2.4.10, D is an Artex space over R’.

Proposition 2.5.1 : If A and B are any two Artex spaces over a bi-monoid M and if <; and <, are the partial
ordering on A and B respectively, then AXB is also an Artex Space over M, where the partial ordering < on
AXB and the bi-monoid multiplication in AXB are defined by the following :

For x,ye AXB, where x=(a;,b;) and y=(a,,b,) , x <y means a; <; a, b;<b,
For meM, mi#0, and xe AXB, where x=(a,b),the bi-monoid multiplication in AXB is defined by
mx = m(a,b) = (ma,mb), where ma and mb are the bi-monoid multiplications in A and B respectively.

In other words if A; and V| are the cap, cup of A and A, and V, are the cap, cup of B, then the cap, cup of AXB
denoted by A and V are defined by x A y = (a;,b;) A (a,by) = (a; Aja,, by Ayby ) and xVy = (a;,b;) V (az,b,) =
(a1Viaz,b V;by).

Corollary 2.5.2 : If A}, A, ,A;,......, A, are Artex spaces over a bi-monoid M, then A} X A, X A3 X .... X A, is
also an Artex space over M.

3 SubArtex Spaces
3.1 Definition : SubArtex Space : Let (A, A ,V) be an Artex space over a bi-monoid (M , +, .)

42



Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) SN
Vol.2, No.7, 2012 stk

Let S be a nonempty subset of A. Then S is said to be a SubArtex space of A

if (S, A,V) itself is an Artex space over M.

3.1.0 Examples

3.1.1 Asin Example2.4.1, Z is an Artex space over W = {0,1,2,3,.....} and W is a subset of Z.
W itself is an Artex space over W under the operations defined in Z

Therefore, W is a SubArtex space of Z.

3.1.2 Asin Example 2.4.2,Q is an Artex space over W = {0,1,2,3,.....} and Z is a subset of Q.
Clearly Z itself is an Artex space over W and therefore Z is a SubArtex space of Q.

W is also a SubArtex space of Q.

3.1.3 Asin Example 2.4.3, R is an Artex space over W = {0,1,2,3,.....} and Q is a subset of R
Clearly Q itself is an Artex space over W and therefore Q is a SubArtex space of R over W .
W is also a SubArtex space of R over W.

3.1.4 Asdefined in Example 2.4.6, R, the set of all real numbers is an Artex space over Q’ and as in Example
2.4.4, Q, the set of all rational numbers is an Artex space over Q’ .

Therefore, Q is a SubArtex space of R over Q’.

3.1.5 InExamples 2.4.7 and 2.4.8, A is a SubArtex space of B over W.

3.1.6 InExamples 2.4.7,2.4.8 and 2.4.10, A and B are SubArtex spaces of D over W.
3.1.7 In Examples 2.4.9 and 2.4.11, B is a SubArtex space of D over Q’.
Proposition 3.2.1 : Let (A, A ,V) be an Artex space over a bi-monoid (M, +, .)

Then a nonempty subset S of A is a SubArtex space of A if and only if S is closed under the operations A,V
and the bi-monoid multiplication in A.

Proof: Let (A, A,V) be an Artex space over a bi-monoid (M,+, . )

Let S be a nonempty subset of A.

Suppose S is a SubArtex space of A.
Then S itself is an Artex space over M.
Therefore, S is closed under the operations A,V and the bi-monoid multiplication in A.
Conversely, suppose S is closed under the operations A ,V and the bi-monoid multiplication in A.
As an Artex space, (A, A,V) is a lattice.

We know that a non-empty subset S of a lattice (A, A ,V) is a sublattice iff S is closed under the
operations A and V.

By assumption S is closed under the operations A and V.
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Therefore, (S, A ,V) is a sublattice and hence a lattice.
Now, letme M, m#0,anda€ S
By assumption the bi-monoid multiplication in A is also defined in S.
Therefore, for eachm e M, mt0, anda € S, ma € S.
Now, let m,n e M, mi0, nt0, and a, b€ S
Sincea,b e S,and SC A, a,b € A.
Since A is an Artex space over M, m,n € M, m#0, n#0, and a, b € A,
(i) m(aAb)=maA mb
(i) m(aVb)=maVmb
(i) ma Ana<(mtn)a and ma V na<(m+n)a
(iv) (mn)a = m(na)
(v) la=a
Therefore, (S, A ,V) itself is an Artex space over M.
Hence (S, A ,V) is a SubArtex space of A.
Proposition 3.2.2 : Let (A, A ,V) be an Artex space over a bi-monoid (M, +,.)
Then a nonempty subset S of A is a SubArtex space of A if and only if for each m,n € M, m#0, n¥0, and
a,beSmaAnbeSand maVnbeS
Proof : Let (A, A,V) be an Artex space over a bi-monoid (M, +, .)
Let S be a nonempty subset of A.
Suppose S is a SubArtex space of A.
Then S itself is an Artex space over M.
Therefore, for each m,n € M, mi0, nt0, anda,be S, maeSandnb e S
and hence maAnb € S and maVnb e S.
Conversely, suppose for each m,neM, m#0, i0, and a,be S, ma Anb e Sand ma VnbeS.

Since (M, +, .) is a bi-monoid, M contains the multiplicative identity, that is, the identity corresponding
to the second operation .in M .

Let 1 be the identity corresponding to the second operation . in M.
Take m=1 and n=1
ma AnbeSimpliesl.aAlbeS

Since a,b €S,and S C A, a,beA.
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Since A is an Artex space over M, 1.a=a and 1.b=b
Therefore,l.a A 1.b € S impliesa A b € S.
Similarly, ma V nb € S implies 1.aV 1.b € Sand hencea Vb e S.
Therefore, S is closed under the operations A ,V
Now, let meM, m#0, aeS
By assumption, for each m,neM, m#0, nt0, and a, b €S, ma A nb € S and ma Vnb € S.
Take n=m and b=a
Then ma A nb € S implies ma A ma e S
Since (A, A,V) is a lattice, every element is idempotent in A, thatis a A a=a, forallae A
and hence in S
Therefore, ma A ma € S implies mae S
That is, foreachme M, mt0,andaeS, mae S
Thus S is closed under the operations A ,V and the bi-monoid multiplication in A.
By Proposition 3.2.1, S is a SubArtex space of A.
Proposition 3.2.3 : A nonempty intersection of two SubArtex spaces of an Artex space A over a
bi-monoid M is a SubArtex space of A.
Proof : Let (A, A,V) be an Artex space over a bi-monoid (M,+, . )
Let S and T be two SubArtex spaces of A such that S N T is nonempty.
Let B=SNT.
Let m,n e M, mi0, nt0, and a, b € B.
a,beBimpliesa,be Sanda,beT.
Since m,n € M, m#0, n#0, a, b € S, and S is a SubArtex space of A, by Proposition 3.2.2,
maAnbeSand maVnbeS
Similarly, since m,neM, m#0, nt0, a, b €T, and T is a SubArtex space of A, by Proposition 3.2.2,
maAnbeTand maVnbeT
Therefore, ma Anbe SNT=B and maVnbe SNT =B
Therefore, by Proposition 3.2.2, B=S N T is a SubArtex space of A.
Hence, a nonempty intersection of two SubArtex spaces is a subartex space.
Proposition 3.2.4 : A nonempty intersection of a family of SubArtex spaces of an Artex space A over a bi-

monoid M is a SubArtex space of A.
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Proof: Let (A, A,V)be an Artex space over a bi-monoid ( M,+, .)

Let { S,/ 0e] } be afamily of SubArtex spaces of A such that N S, is nonempty.
LetS=NS,

Let m,n e M, mt0, n#0, and a, b € S.

a,b € S implies a,b € S, , for each ael.

Since a,b € S, , for each ael, and S, is a SubArtex space of A, by Proposition 3.2.2,
ma AnbeS,and maVnbeS,, for each ael

Therefore, ma AnbeNS, and maVnbeNS,, for each ael

Thatis, maAnbeS and maVnbeNS

By Proposition 3.2.2, S =N S, is a SubArtex space of A

Hence, the nonempty intersection of a family of SubArtex spaces of an Artex space A overa  bi-monoid M is
a SubArtex space of A.

4 Problem

4.1.1 Problem : The union of two SubArtex spaces of an Artex space over a bi-monoid need not be a SubArtex
space.

Solution : Let us prove this result by giving an example
Let R’ =R"u {0}, where R" is the set of all positive real numbers
and let W = {0,1,2,3,.....}

(R’, <) is a lattice in which A and V are defined by a A b =mini {a,b} and a V b = maxi {a,b} , for
alla,b e R’.

Clearly for each m € W,m#0, and for each ae R’, there exists mae R’.
Also, (i) m(a Ab)=maA mb
(i) m(aVb)=maV mb
(i) maAna<(m+n)a and maVna<(m-+n)a
(iv) (mn)a =m(na), for all m,n € W, m#0, n#0, and a,b € R’
(v) la=a, forallaeR’
Therefore, R’ is an Artex Space Over the bi-monoid (W, +,.)

Generally, if A;, Ay, and Aj are the cap operations of A , B and C respectively, then the cap of AXBXC is
denoted by A and if V;, V,, and Vj; are the cup operations of A , B and C respectively, then the cup of AXBXC
is denoted by V

Here, A;, Ay, and Aj denote the same meaning minimum of two elements in R’ and Vi, V,, and V; denote the
same meaning maximum of two elements in R’
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Now by Proposition 2.5.1 and Corollary 2.5.2 , R’ = R’XR’XR’ is an Artex over W, where cap and cup
operations are denoted by A and V respectively

Let S={(a,0,0)/aeR’ } and Let T = { (0,b,0)/beR’ }
Claim 1: S is a SubArtex space of R
Let m,neW, and mt0,nt0, and x, y € S, where x = (2;,0,0) and y = (a,0,0), a;, a,eR’
Now mx A ny =m(a;,0,0) A n(a,0,0)
= (ma;,m0,m0) A (na, n0,n0)
= (ma,;,0,0) A (na,0,0)
= (ma; Ajna,,0 A,0,0 A30)
=(ma; Ana,, 0,0)
Since m,neW, m#0,nt0, and a;, a,eR’, and R’ is an Artex space over W, ma; Ajna, € R’
Therefore, (ma; Ajna,, 0,0) €S
That is, mx A ny e S
Now mx V ny =m(a;,0,0) V n(a,0,0)
= (ma;,m0,m0) V (na, n0,n0)
= (ma,;,0,0) V (na, 0,0)
= (ma; Vna,,0 V,0,0 V50)
=(ma; Vinay, 0,0)
Since m,neW, mt0,n#0, and a;, a,eR’, and R’ is an Artex space over W, ma; Vna, € R’
Therefore, (ma; Vina,, 0,0) €S
Thatis, mx V ny e S
Therefore by Proposition 3.2.2, S is a SubArtex space of R™.
Hence Claim 1
Similarly T is a SubArtex space of R’
Claim: Su T is not a SubArtex space of R
Let us take x=(2,0,0) and y = (0,3,0)
Clearly xeS and yeT
Therefore, x,ye Su T
Butx Vy= (2,0,0)V (0,3,0)

= (2V,0, 0V,3, 0V;0)
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= (2,3,0) which does not belongto Su T
Therefore, S u T is not a SubArtex space of R
Hence the union of two SubArtex spaces need not be a SubArtex space.

References : 1. K.Muthukumaran and M.Kamaraj, ”Artex Spaces Over Bi-monoids”, Research Journal Of Pure
Algebra,2(5),May 2012, Pages 135-140.

2. J.P.Tremblay and R.Manohar, Discrete Mathematical Structures with Applications to Computer
Science, Tata McGraw-Hill Publishing Company Limited.

3. John T.Moore, The University of Florida /The University of Western Ontario, Elements of
Abstract Algebra, The Macmillan Company, Collier-Macmillan Limited, London.

48



This academic article was published by The International Institute for Science,
Technology and Education (IISTE). The IISTE is a pioneer in the Open Access
Publishing service based in the U.S. and Europe. The aim of the institute is
Accelerating Global Knowledge Sharing.

More information about the publisher can be found in the IISTE’s homepage:
http://www.iiste.org

The 1ISTE is currently hosting more than 30 peer-reviewed academic journals and
collaborating with academic institutions around the world. Prospective authors of
IISTE journals can find the submission instruction on the following page:
http://www.iiste.org/Journals/

The IISTE editorial team promises to the review and publish all the qualified
submissions in a fast manner. All the journals articles are available online to the
readers all over the world without financial, legal, or technical barriers other than
those inseparable from gaining access to the internet itself. Printed version of the
journals is also available upon request of readers and authors.

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalITOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

m EB O INDEX (\@‘ COPERNICUS
I N T E RN A TTITIT ON AL

INFORMATION SERVICES
ULRICHSWES,  JournalTOCs @

N A ;
. E'z B Elektronische
lBAS(E T— Q0@ Zeitschriftenbibliothek O

open
> )
OCLC v)

The world’s libraries. — U cDigitalLibrary —
Connected. WorldCat e

Ny

'- ¥
GEORGETOWN UNIVERSITY
LIBRARY



http://www.iiste.org/
http://www.iiste.org/Journals/

