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Abstract

Mixed Poisson distributions can be expressed in explicit, recursive
and expectation forms. It can also be expressed in terms of special
functions.

This paper expresses mixed Poisson distributions and their proba-
bility generating functions in terms of Confluent Hypergeometric func-
tions and modified Bessel function of the third kind.

Keywords: Mixed Poisson; Confluent Hypergeometric; Bessel fun-
tion; Probability generating function

1 Introduction

The main difficulty with the use of mixed Poisson distributions is that, its
probability mass function is difficult to evaluate, except for a few mixing
distributions. One way of solving this problem is to express the mixed
Poisson distributions in terms of special functions.

In this paper, mixed Poisson distributions and their probability gener-
ating functions have been expressed in terms of confluent hypergeometric
functions. Beta, gamma and Pareto distributions and their generalizations
have been used as mixing distributions. The work has been given in Section
2 where the definition of Confluent hypergeometric has been given and its
relations.

Mixed Poisson distributions have also been expressed in terms of mod-
ified Bessel function of the third kind. The mixing distributions for this
case are: inverse gamma, inverse Gaussian, reciprocal inverse Gaussian and
generalised Gaussian distributions. The work is in Section 3 where the mod-
ified Bessel function of the third kind has been defined and some properties
stated. In Section 4 we have some concluding remarks.
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2 Confluent hypergeometric functions

The confluent hypergeometric function, also known as Kummer’s series is

defined as:
ar aa+1)x?
Fi (a:c: - 14+ 2= _
1F1 (a; ¢ ) +61!+C(C+1) 51
B ia(a—i—l)(a—}—Q)...(a—kn—l)x" 1)
N ~ clc+1)(c+2)...(c+n—1) n!
where ¢ #0,—1,-2, ...
An integral representation is
1
F o o= 1 o c a—1 xtdt 9
1F1 (a5 ¢52) = (@.c7) / e (2)
0

Another confluent hypergeometric (Tricomi) function has the integral
representation as

Y(a,cx) = /t“l (14+t) et (3)
0
The following relations hold:
Y(a;cx) =2 P (a—c+ 152 - ¢ ) (4)
'l-e L(c—1)zl=e
. —_ F F _ 1:2 — ¢
w(aacax) F(a—c+1)1 1(a,c,x)+ F(CL) 1 l(a c+ 1 C,l‘)
(5)
Incomplete Gamma function is defined as
v(a,z) = /ta_le_tdt
0
= a1z% " F (L;a+ 1;2) (6)
2.1 Mixing with 2-parameter Beta distribution
2.1.1 Beta I distribution
The probability density function of Beta I distribution is given by
A (1 =\
g\ = ,0< A<l a,6>0 7
S TN "
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Therefore the mixed Poisson distribution is given by

1

e )\t Xt (1 - n)Pt
r) = dA
@ o= [ B (a.f)
0
1
_ t* zt+a—1 1 _ y\(@z+a)+B—(z+a)—1 —Xt
= x!B(a,ﬁ)/)\ (1—=2X) e MdA
0
t* B(x+ «, B) ‘ ‘
- EW 1B (z+ a2+ a+ 5;—t) (8)
forx=0,1,2,...

In terms of probability generating function (pgf), we have

Gy (S, t) _ )\)aJrﬁfafl 6—[t(1—s)])\d)\

= 1P (ga+ 8-t (1-5)) (9)
as obtained by Gurland (1958) and Katti (1966) .
2.1.2 Rectangular distribution

The probability density function of a Rectangular distribution is given by
1

g =2 <A< (10)
Therefore
F L0 da
£HE
_ — At
f) = /6 ! b—a
b
— /—)\t>\xd>\ /—At)\xd)\
0
Let

y:)\t:>dy:td)\:>d)\:%

247



Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) JiL sl

Vol.5, No.6. 2015 IIsTE

Therefore
. bt - at -
t Y Y
flz) = D) /e ytmdy—/e el
0 0

1 1 .
- m!(b—a)t{x+1(bt) +11Fl(”3+1;96+2;b7f)}

1 1 N
a0 —a)t {m—i—l (at)*™ Py (:c+1;a:+2;at)}

Therefore,

t* (bz _ ax)

m {1F1 (x 4+ L2+ 2;bt) — Fy (x+ 1,2+ 2;at)} (11)

flx) =

In terms of pg f

b
i
Gx (s,t) = / e M

_ (b — a) 11 — S) . {e—bt(l—s) - e—at(l—s)} (12)

as obtained by Bhattacharya and Holla (1965) for ¢ = 1.

2.1.3 Beta II distribution

The second kind of beta distribution also known as inverted beta distribution

is given by
AP~1
A) = i A>0; p,g>0 13
Y= B ) (AP -
Therefore
r) = [
J 2! B(p,q) (14 1)
t* T
= o [ AT )T N gy
AB . q)o/ ey
t*T (x4 p)
g —_—— X + ,33 - + 1,t 14
$!B(p,Q>¢( pe ) o

248



Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) ILEL

Vol.5, No.6. 2015 IIsTE

In terms of pg f

Gx (s,t) = /)\P11+)\1qp1—/\t(1 $) A
0
(p)
= 1—qt(l-s)),0<qg<1 15
Blp.g VPt et=s) 1 (15)

2.2 Mixing with 3-parameter Beta distribution
2.2.1 Scaled Beta distribution
Let the classical Beta (Beta I) be written as

et (1 — )t

vl = "B ap)

,0<t<l;, a,8>0

By the tranformation

A dt 1
t="= A=ptand — = ~
7 PR T

we have the scaled Beta distribution

D (T
g0 = potB1B (o, B)

0< A<y a,8>0 (16)

so that the mixed Poisson distribution becomes

o
tl'
f(x)= = 1B /eAtAa+z 1(1u )\),3 L
T
0
Putting
)\:,uz:z:é and d\ = pdz
i
then
1
f(m) _ x'B a IB /za+x 1 _z)a-‘r:c—l—ﬁ—(a-‘rx)—l eHAt ]
0

(nt)* B (o + x, B)
z! B(a,p)

In terms of pgf,

1F1(a+x;a+a:+ﬁ;—ut), $:0,172,(17)

o
1
Gx (5:0) = igmigra g | X (=20
0
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putting
A
)\:,uz:>z:; and d\ = pdz
gives
a 1+8-1+1 ;
= Oé+ﬂ—oz—1 —ut(l—s)z
Gx (s,1) ua+ﬁ B f) J 2 e dz
B (a, )
= ——— 11 (o s —pt (1 — 18

as obtained by Willmot (1986) when ¢t = 1.
A more general situation is given by letting

A—oO d 1

Y
Yy m - ny + o an i
If ) o
v (1-y)"
gly) = ,0<y<1; a,8>0
W =""B )
then
g (y) — ()‘ — 0,)04—1 ((M + U) B )‘)5_1
petP=1B (a, B)
foro<A<o+4+p; a,B,pu,0 >0
therefore
o+u
£ . o o
f(z) = 218 (0, B) X (A= 0)* (o + p) — AP e MdA
Putting
AN—oO
z =
I
gives

(2 + 0)" (u2)* (o + p) — pz — 0]? L e =N 4,

~
—~
S
N~—
Il
\H

'T!HOHFB 1B

0
x ,—ot 1
= te/ (pz 4 0)" 2071 (1 = 2)P et
z!B (Oé,ﬁ) 0
et Qe ko, ok 1 A1
- - r— a— 1— f,uztd
e S @it 0o
t(ltefa't T T ok
- kb | : - 1
x!B(a7B)k:O{(k)o— 22| 1(Oé+k‘,06+k‘+ﬁ7 /.Lt)} (9)
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In terms of pgf,

o+
1 —xt(1—s) a-1 p-1
t) = A— —A d\
Gx (1) = —emrgres [ M0 (A=) (o)~ X
Putting
z:)\;J:dz:ud)\cmd)\:uz-i-a
,u
we have
—ot(1—s) ;
Gx (s,t) 763 @9 /zo‘_l (1 — z)othrarlgmptll=s)zgq,
0
e By (a0 + By —pt (1 — 5)) (20)

When ao =t =1, we have

Gx (s) =" Fy (14 Bip(s — 1)) (21)
as obtained by Willmot (1986) .

2.2.2 The Full Beta Model

Kempton (1975) mixed two Gamma distributions to obtain what he called
Full Beta model given by

a1 1 —a g1
g(A) = / e N . — e ba? N da
*) o I'(p) bT (q)
bP AP—1
= , A>0:b,p,g >0 22
B (p,q) (14 ba)PTe P (22)

This distribution can also be obtained by the following transformation:
From the Beta II pdf given by

yPt
sﬂwzlﬂn@a+yyﬂ;y>&pﬂ>0
Let dy
y=br= —1="b
therefore

bP APl
B (p,q) (1 +b\)PT

g\ = 5 y>0;b,pg>0
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Therefore the mixed Poisson distribution is given by,

e}

f(z)= %i/e—”vﬂ—l (14 bA)P77dA
0
letting
z:bA:A:fanddA:%Z
we get
flx) = LA 72”5“"1 (14 z) o (@tp) =1 =gz,

B (p, q) z! b**P
0

bt* T (z+p) t
= 1—q; -
Blpgal b (0 <a: +p,x+ q; b>

Using the relation (4); i.e.,

VY(a,c;x) =z Y (1+a—c2—cx)

we obtain
q
f($)=<z> m¢<p+q,l—x+q;z> forx=0,1,2,... (23)

as given by Gupta and Ong (2005) when t = 1.
In terms of pgf

bp o0
Gx (s,t) = / AP (1 4 bA) P9 e NA=8) )
B (p,
(p,q) /
Putting
pm A= A= and dr= ¥
b b
therefore
17 .
Gx (s,t) = /zp_l (14 2)l P07t g3 (-9)2g,
B (p,
(p,q) /
I'(p) t
= M 1—q:-(1— 24
Ay (p1-a1-9) (21)

2.3 Mixing with 4-parameter Beta distributions

Pearson Type I and VI distributions are cases of 4-parameter Beta distribu-
tions.
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2.3.1 Pearson Type I distribution
The pdf of Pearson Type I mixing distribution is given by:

1l A=aP - N
9N =3 (P,q) (b—a)’™t (b—a)?'b—a

Therefore the mixed Poisson distribution is as follows

(25)

/b DT 1 =a)P =N da
W Bl -y (b—a)f b—a

Jz (t) =
" b

x _ p—1 _ 191
_ t /e_’\t)\m A—a 1 A—a dA
x!B (p,q) b—a b—a b—a

a

Let
A—a

b—a

—= A A=a+(b—a)zand d\= (b—a)dz

z =
Therefore

txe—at

v —(b—a)tz . z _p—1 a1
e a+(b—a)z|" z 1—2z2 dz
z!B (p,q) [ ( ) 2] ( )

Jz (t) =

!B (p, q) pard

t:ve—at x o\ k kB(k+p,Q)

(k) a®* (b —a)

1
0/
tze—at ! z z\ k k 1
= /e_(b_“)tz Z(k) a®Fb—a) k| P (1 - 2)T dz
0

B ) 1 Fy (k+p;k+p+q;—(b—a)t)}

(at)® e ™ T (p+q)
x! I'(p)
. k
Z<x> <b_a> FP(IHq) Fi(k+pk+ptag—(0b—-a)) (26)

=0 k a (k+p+q)1

When a = 0,

fo(t) = x!ész’q)B(:v +p,q9); F1 (x +p,x +p+q;—bt)

Both f; (t) and fo (t) are as given by Albrecht (1984).
In terms of pg f

1
Gx (s,t) = /e—[a+(b—a)z}t(1_s)zp_1 (1- Z)q_ldz

0
= e “IIB (p,g), Fi (p;p+¢;— (b—a)t(1 —s))
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2.3.2 Pearson Type VI distribution

The pdf of Pearson Type VI mixing distribution is given by

<>\7d)b—a—1L
d—c d—c

A—d b’
B(a,b—a) <1+ﬁ>

Therefore the mixed Poisson distribution is given by

g(\) = A>d (27)

b—a—1
00 - A—d 1
fo () = / e (A;,) (=) Sd)
p ) B(a,b—a)( 3:21)
putting
A—d
e —= A A=d+(d—c)zand d\ = (d —c)dz
we get
t*e —dt i b
fac (t) _ 'B ; / x bfafl <1+Z)_ ef(dfc)tzdz
z!B (a,b—a)
0
T —dt 3
— 'B ; / ( >dx k (d c)kszrbfafl (1 + Z)_b ef(dfc)tzdz
x!B (a,b— a)
0
B (dt)x —dt
~ 2!B(a,b—a)
a 2\ [d—c\*
> L ) T(ktb—a)p(k+b—ak—a+1;(d=c)t) (28
k=0

Therefore when x = 0 we have:

e_dt
fo(t) = mf(b—a)¢(b—a,l+a;(d—c)t)
—eidtr(b) —a —a a;(d—c
= e_dtr‘(b) —a a;(d—c

Both f, (t) and fy (t) are given by Albretch (1984) who states that the
result are neater than those of Philipson (1960, p 152).
In terms of pgf,
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o0 —At15<z\lg)ba1 o
Gx (s,t) = / a)<1+xd>bd—0
d

c

e—dt(l-s) F
_ /Zb a1 (1 4 5) a1 —(d=t(1-s)z g
(a, B(a,b—a) a)
0
e—dt(l s)
= mr(b—a)¢(b—a7l—a,(d_c)t(l—s)) (29)

2.4 Mixing with Gamma distributions
2.4.1 Shifted Gamma (Pearson Type III) distribution

The pdf of a Shifted Gamma distribution is given by:

g(\) = FB(Z)e_B(A_“) A= A>p>0a,8>0  (30)

The Poisson - Shifted Gamma distribution is therfore given by

tr g r “Myz,—B(A—p) a—1
() = — r AP d
Folt) = S [N = ay
o
o tTpYe 7 x a—1 _—(t+8)(A—p)
I
Putting
z=A—p=>A=z+4+pand d\=dz
we obtain

x Qo ,—ut
fo) =S [y et 0

z!l' (a) /

Next, letting
z=puy = dz = udy
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we get
txﬁae_“t x x a— o— -
fz(t) = M/M (1+y)" u Lya—le (t+5)“yudy

‘ 0

T Qo ,—ut,, r+o

= 5;;(05 / Yy (L) trrmen e (R gy

)" (uB)* e Ht

S b a4 1 (e 5) ) (1)

as obtained by Rolski et al (1999,p 372). Using the relation (4),Al-
bretcht (1984) obtained

tmﬁaeﬁut

L) = =t + AT (el —a—a (t+ Hu)  (32)

In terms of pgf

Gx (S,t) = /e—At(l—s)Fﬁ(a)e—B(/\—u) ()\ _M)oc—l d\
W

o B e—ut(l—s)

_ )L e~ =) [t(1=s) 4]
T () A=p)* e d\

B _ut(i-s)
P
Ba

= T @ e Ht(=s)p (@)Y (,a+ 1t (1 —s8) + f) (33)

201 (] 4 )otlmal o—2l-s)+6l g,

0\8 ’;\8

by letting
Z=A—U.

2.4.2 Gamma truncated from above

A two-parameter Gamma pdf is given by
h(y) = == " y>0; a,b>0 (34)

Let us consider the integral

P
I= /eayybldy
0
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put
r=ay=—=y=—and dy = —
so that
ap
I = /e_a: (E)bil dﬁ
a a
0
ap
1
= e Tx ldx
a
0
1
= (b,
&7 (b-ap)
Therefore

p
ab a® 1 v (b, ap)
—ay, b—1 _ - — )

0

where 7 (b, ap) is a truncated Gamma. Therefore,

p
O L0 ] o
e Wy dy = 1
HORIOTON S

p
ab —ay b—ld 1
0/ ybap)” YT

which also implies that

p

b
e—ayyb—ldy — 7( 7bap)
a

0
Thus the mixing distribution to be considered is the Gamma truncated
from above which is given by:

ab

A)=———e N 0<A<p; a,b>0 35
5 v (b, ap) (35)
The corresponding mixed Poisson distribution is
T b b
_ @ —A(t+a) yz+b—1
L (1) = A dX
O =
0

t*ab 5 (x+b,(t+a)p)
aly(b,ap)  (t+a)"?

(pt)" (ap)” v (z +b, (pt + ap))
! (pt + ap)™t* 7 (b, ap)
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But

v(a,x) =a 12" F (a;a + 1; —z)
therefore
fw = @ (ap)’  (z+0)"" (pt +ap)" " 1Py (x + bz + b+ 1;—pt — ap)
. —
! (pt + ap)*** b= (ap)" 1 F (b;b+ 1; —ap)

(pt)* b 1Fi(x+b;z+b+1;—pt —ap)
! b+x 1F1(b;b+ 1; —ap)

(36)

If we use the relation (6), then

()" (ap)®  (x+b) " (pt + ap)™ TP e PP Fy (152 + b+ 1; pt + ap)

z (t) =
2 (8) ! (pt + ap)™t? b1 (ap)° e~ %1 F (1;0 + 1;ap)
(37)

as given by Johnson, Kemp and Kotz (2005) .
In terms of pgf

P
b —aA)\b—l
Gx (s, t) = /e’\t(ls)aed)\

7 (b, ap)
ab v (b, (t(1—s)+a)p)
[t(1—s)+a) 7 (b, ap)
b=1 (ap)” 1 F1 (—ap)

also given by Johnson, Kemp and Kotz (2005) .

2.4.3 Gamma truncated from below

A Gamma distribution with two parameters o and 8 has pdf

BY gy a-1
h — By, & .
(y) T Y ,y>0; a,6>0
Therefore -
Ba / —By -1
“Tdy =1
F(a) € ) Yy
0
Therefore
/8(1 Ao 00
—By, a—1 —By, a—1 - 1
I (o) /e Y dy—l—/e Yy dy
0 o
7 (@) | B° 7 P
dy = 1
Ia) T/ ¥ ¥
Ao
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o
—By, a—1 _ I (O[) 0 (aa B)‘O)
e Py dy = Ba 5o
Ao

- ;a{r (a) = 7 (@, 20)}

which implies that

=1

/ ﬂa 5yya 1dy
a, o)

Therefore the pdf of a Gamma distribution truncated from below is given

by:
5(16—5)\ Aa—l

A) = ,
9N = Ty =7 (@ Br)
so that the mixed distribution becomes

T e preient
) = J o T ) = (@ e

1/ BN t \'T(a+az)—y(ata(t+p) )
(7%5) (5) " R

In terms of pgf, we have;

A> Ao (39)

® a —ﬂ/\)\a—l
_ _a(1-s) P
Gx (5:1) J T @ A (w e
0

B B\ (@) — y(oft(1— 8)+ A M)
- <ﬁ+t(1—8)) T'(a) — 7 (a, Bro) (4D

2.4.4 Gamma truncated from both sides

Consider the integral

a

b b
/eﬁyyo‘ldy = /e aldy—/eﬂyyo‘ldy
a

0 0
7 (a,8b) (e, Ba)
pe B

Therefore
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Therefore ,

/ 5a€—ﬂyyo¢—1 dy .
Y (Oé, Bb) -7 (Oé, BCL)

a

Hence the pdf of Gamma distribution truncated from both sides is given
by;
() = e A<b<oo a0 (22)
g = ,0<a<A<b<oo; a,8>0 2
7 (o, Bb) — 7 (@, Ba)

The Poisson - Gamma truncated from both sides is thus given by;

b
x a,—BAya—1
f$ (t) — /e)\t ()\t) B € A d\

z! 7y (a, Bb) — v (a, Ba)

b

txﬁa L,

_ \eta—1 )\(t+5)d)\
o1 [y (o, 3b) — 7 (o, fa)] / )

_ Lt N[BT
I <t+,8> <t+ﬁ)
vy(@+a,(t+6)b) —y(x+a,(t+5)a)
[7 (a718b) -7 (Q¢Ba)]

In terms of pgf

b

Gx (s,t) = /e_)‘t(l_s)
X( ) '7(

a

l@aefﬁz\)\afl
& 8) — 7 (o, fa)

- o]
B+t(l—ys)
v (o, [B+t(1—8)]b) —v(a,[B+t(1—5)]a)
{ 7 (e, Bb) — 7 (e, Ba) } (44)

2.4.5 Truncated Pearson Type III distribution

The Pearson differential equation is given by

ldy a+zx
ydr  co+ iz + cox?
where
y=f(2)

is a probability distribution function.
Pearson Type III corresponds to the case of co = 0 and ¢; # 0.
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Therefore
ldy _  xta
ydz B c1x + ¢o
. llz+4a
|zt o
Ci
_ 1 e
c1 c1x + ¢
Therefore
) C1 c1xr =+ Co
a:. —
logy = ot (cocy! —a) ey M log (c1z + ¢o) + log K
= —CE +log (12 + ¢o)™ + log K
1
where
m = Cfl (cocf1 - a)
Therefore
logy = loge o +log(cra + co)™ + log K

y = Ke o (crx+co)™, 1 #0
If ¢; > O,then c1x + ¢g > 0 implies z > —g—(l’.
If c1 < 0,let ¢; = —9 where 6 > 0 then c1z + ¢y > 0
which implies that

€o
—dx+cy>0= —dx>—cy=dx<cp=x < —

1)
so that
co
A<=z <——
Cc1
a case we want to consider.
Therefore
y = Ke o (ciz +co)”
Kes (co — 0x)™
x m
= Kimes (C—O - :1:)
1)
Putting
1
%0 =land a= 5
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we obtain
K axr m
y=_ne 1—-—2)", z<1
But
y=f(z)
Therefore

Consider the integral

1 1
/ 1 . 1’ de = /1,‘11 (1 . I)2+m7171 % dy
0 0
B

(I,m+1), Fi (1;m+2;a)

Putting
b=m+2=pF—-1=m+1land m=p—2
we get
1
[ e ay e = B (1,5 - 1), P (1 a)
0
therefore

1

/ (1- )5 2 paz _
B(lvﬁ_l) ( Ba )

0

Thus the mixing distribution (Truncated Pearson Type III) under con-
sideration is
(1-— )\)'6 —2 A

Y= BE A, A@aa SN )

262



Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) JiL sl

Vol.5, No.6. 2015 IIsTE

Therefore the mixed Poisson distribution is given by;

1 T4 ot
f) = [0 (- N
0

! B(1,8—1), F1 (1;8;)

1

_ ¢ (@+1)—1 (1 _ y\z+B—(a+1)—1 (a—t)x
a x!B(l,ﬁl)lFl(l;ﬁ;a)//\ A=A ‘ A
0
B+ L-1)1F (z+ Lo+ Ba—t)
~ z B(1,8-1) 171 (1; s a)
. U(B) 1@+ Lz+Ba—t)
! I'(z+5) 171 (1 85 ) (46)

In terms of pgf

(1— N2 e
B(Lﬁ_ 1)1F1 (Lﬁ;a)

1
Gx (s,t) = /e_)‘t(l_s) d\
0

1
1
_ AT (1= B—-1-1 e[aft(lfs)]/\d)\
B(175—1)1F1(1;5;04)0/ ( )

1F1 (18500 —t + ts)

= 47
1F1 (1385 a) 0
When a = t, we have
F1 (1 ﬁ tS)
Gx (s, 1) = 2202
x (1) 11 (L85 a)
as given in Johnson, Kemp and Kotz (2005, p 370, eqn (8.82)).
2.5 Mixing with Pareto distribution
2.5.1 Pareto I distribution
Let
af®

This is the Pareto distribution, sometimes called Pareto of the first kind.
Willmot (1993) calls it Shifted Pareto. The mixed Poisson distribution be-

comes
tl‘ « 7
fo(t) = 220 / e AT
€.
8
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Let

Therefore

Putting

we get

fa (t)

A=z+B=2=A—Band d\=dz

T Qo ,—ft %
fol) = 2T [ prete s

0

z = Py = dz = [Bdy

[e.e]

In terms of pgf

Putting

gives

1 B — Bt

_ @ i'e /Bac—a—l (y+1)x—a—1 e_ﬁytﬁdy

' 0

o0

_ @ (wi' e Pt /yl—l (y + 1)’”“‘“—1_1 e Pvtay

' 0

tB)* e Bt
- a(ﬁg)ﬂe@b(l,a:—oz—kl;ﬁt) (49)
Gx (s, t) = ap” / ATl A=) g\
B

A=z+B8=2=A— B and dz =d\

Gx (s,t) = af®e Pt0-3) / (z 4+ B) @ L e t0-97g,
0

Putting

Gx (S,t)

z = Py = dz = [Bdy

_ aﬁae—ﬁt(l—s)/ﬁ—a—l (1+y)—a—1 €_t(1_8)6y5dy (50)
0

_ ae—ﬂt(l—s) yl—l (1 _|_y)1—o<—1—1 e—t(l—s),Bydy (51)

\8

< o

=9y (1,1 — a; Bt (1 — ) (52)

= «ae
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2.5.2 Pareto IT (Lomax) distribution

The Pareto II (Lomax) distribution pdf is given by

o
()\ + ﬁ)a+1

The mixed Poisson distribution becomes

g(\) = ; A>0; a,8>0 (53)

fo(t) = Cape / X (A4 B)~ L e Md

x!
0

Let
A= Pu = d\ = Bdu
Therefore

[e.9]
x

fel) = Sap [ s a et e

0
00

_ tx'aﬁx/uawrll (1 + u)1+$*a*(1+1)*1 eiﬂtudu
z!
0
= a(ft)’P(z+ 1,z —a+1;6t) (54)
In terms of pgf,
Gx (s,t) = aﬁa/(AﬂLﬁ)al e M)A

0
0o

— aﬁa/(ﬁu+,8)_a_l E_BUt(l_s)/Bdu

0
0o

_ oz/ul_l (1 +u)1—a—1—1 e—ﬂt(l—s)udu
0

= ap(1,1 —a;pt (1l —s)) (55)

2.5.3 Generalized Pareto distribution

The pdf of a Generalized Pareto distribution also known as Gamma- Gamma
is given by

> K g1 BN ka—1
g)\:/e N1 o—ukpa—lgy

W= T I
ua)\ﬁfl

Tl s O 70 a0 (56)
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Now, the mixed Poisson distribution becomes

_ T+LB— 1 a—08 -\t
Fo) = ity [ A O e
0
Putting
A= puz = d\ = pdz
we get
s +B-1-a—f+1 a+p—1 —a—f ,—pzt
- A x a T 1 Hz
Fol) = i [ 0 R
0
(" |
pt a+h—1 z+l-a—(z+8)-1 —pzt
= 7 1 .
z!B (a, B) /Z s o
0
Therefore
fz(t):ﬂF(m—i—ﬁ)w(x—i-ﬁ x—a+1;ut) (57)
z!B («, B) ’ 7

as given by Willmot (1993, p 119).
In terms of pgf,

Gy (s,t) = 1 AL (O 4 )0 e M=) gy

o
&
=

(12)" " (nz + )= e

Il
Sy
BIE
=
0\8 0\8 0\8

S
= O vE et (1-2)
Therefore
G (s.0) = 0 (5,1~ it (1= ) (59
Using the relation (5),
fo(t) = (ut)” F(x+ﬂ)T(Oé—w)1F1(93+B;1+:v—a;ut)

T(a)T(B)T(z+1)

j
()" Tt ) i
@@ T, T T
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This result is similar to that of Bruno et al (2006) who used different nota-
tions for ¢ = 1.
The pgf becomes

[t (1 —9)]] Fi(a+B;1+a;ut (1 —s))
(59)

Gx (s,t) =1 F1 (851 —a;ut (1 — S))+B

3 Mixed Poisson Distributions in terms of Modi-
fied Bessel function of the third kind

In this section, mixed Poisson distribution are expressed in terms of modified
Bessel function of the third kind denoted by

/x”_le_g(mﬂlv)dx (60)

which is a function of w with index v. Some properties of the Bessel
function are:

Ki(@) = oKy (@)= —3 (Ko (@) + Kot ()]

T . YL (w+9)! (2w) ¢
K1 (w) = \/;e {1+Z;((v)—£)'2')}

3.1 Inverse Gamma distribution

The pdf of Inverse Gamma distribution is given by

v =

e INTL NS0, 0, 8> 0 (61)

which is obtained as by replacing y with % in the Gamma pdf with two
parameters « and 3 given by:

IBOé

h — —By, a1, . 9
() T V>0 a,B>0 (62)
Therefore the mixed Poisson distribution is given by
tr g hi w—a—1,-t(A21)
() = = A dA
fo (1) 2! T () / c M
0
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Let

= \/éz=>d/\: \/édz
t t
Therefore

B0 = i ( ) RN

m'F
) [
_ j!(/itza;f(z_a <2\/E>; r=0,1,2,... (63)

In terms of pgf,

Gx (s,t) = Fﬂ(a)//\ale)\tus)fd)\
0

— /)\ a=1, —t(1—s |:>\+t(1 s)A]dA
0

| B
z = d\ = t(l—s)dz

0
25° 5\
- @ Q/E) K o (2 5t(1—s)> (64)

3.2 Pearson Type V distribution

Let

Il
- |
.
|Tb
N

The pdf of Pearson Type V distribution is given by

50{

N = e AT A asz0 (o)

The Poisson-Pearson Type V distribution is therefore given by

o0

r 5&) /x’v (A=) (@D M55 g

fo (1) = AT ()

C
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Putting z = A — ¢ we have

g 7
f$ (t) = .T'Pﬁ(a) e / (Z + C)CC Zfafleftzfgdz
0
. txﬂo‘e*d T " . 0 o Z+él

k=0 0

Let

Z = \/Eu — dz = \/Edu

t t

then,

o] k—a
B twﬂae—ct S ok \/E Ee—a—1 _27\/@ ut L
fx(t) = m {]C . <k:>c /( t) U e ( +u)dz

0
zpa,—ct T 5
_ m <x>c$_k (6 2K} s (2 573)

_ % i (2); f) = Ki_o (2 Bt) (66)

When ¢ = 0, we obtain the result for Poisson-Inverse Gamma distribu-
tion.
In terms of pgf

B 7 “(at1) —M(1—s)— 2
Gx (s,t) = T (a) (A—¢) e A=ed\
C
Put
z=A—c=dz=d\
Therefore,
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j a1

[y3

GX (87t) = /Z a—1 7t1 S(Z+C)7§dz
0
= ﬁa et(lS)C/Zale—t(l—s)[z_l’_t(lﬁ_s)i]dz
I'(a)
0
_ B e_t(l—s)c/ B y_a_le_@<y+§)dy
0

/Ba ﬁ - —t(1—s)c
= Zr(a>< t(l—s)) e K o (2B =5) (67

3.3 Inverse Gaussian distribution

The pdf of Inverse Gaussian distribution is given by:

o= (£) rten {24 -5 @

The Poisson-Inverse Gaussian ditribution is therefore given by:

1 00
e\t e T o . o u
fo(t) = a:!<27r> eu/)\ 2 exp{ -\t QM)\ 52 N d\
0

1 )
[ d\2 ¢ 1 20°t + ¢ w9
- (L A (e vy 2 gy
x! (271') e“/ ’ exp{ < 2p2 +2,u2t—|-¢)\
0

Put
2 2
u [
=|l———2=d\N=|———d
202+ ¢ 22+ 6"
Therefore
1 7=3 oo
£ ) 2 p\2 @ 12 / el 1 2,u2t+<z5
= — = — z Lex =
* x! \ 27 2u?t + ¢ P12

o

N

_ (o e [ e N [t + )6
- m'(27r> c ( 2,u2t+¢> Kx%( 12 )
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In terms of pgf
2
L, M}A_m
GX(S,t) = <2¢> en 2
T

xéfle_[ 207 dX

¢u2

1 e 2401_
b\2 o o _(zu t(2125)+¢> A
= er [ AT27 e "
2T

Put
Pu?
d)\ =
\/2u2t(1—s) o
Therefore
% /z_é_le
0

Gx (s,t) = <
(

N— N————
[SIES
Q)
T e
VR

Using Willmot’s notation, ¢ = u?/3

1

1
2u2t(1—s)+¢ A d\

2¢(1—s
#[2n tibl2 )+ (Z+%)dz
(70)

Gx (s,1) = <M2>ée5 & o
XA\ 28r 2612t (1 — s) + p? T2
2\2 , 3
(2%) At (VBT + 1) 1 (5
— <;">2e73( 25t(1—s)+1>%K5<g 2Bt(1—8)+1>
But
Ky (@)=
Therefore

1

(&)

5o~ 5V2Bt(1—5)+1
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3.4 Reciprocal Inverse Gaussian distribution

The pdf of Reciprocal Inverse Gaussian distribution is given by;

g(\) = <2¢;> e®/h N~ zexp{—cg)\— 2:;)\}; A>0 (72)

The Poisson-Reciprocal Inverse Gaussian distribution becomes

t* 2 ¢ 7 1
fz(t) = x'<2(fr> eﬁ/x\x_Qexp{— (5 252)\}d)\
0

T % @ 7 1 2t 4 1
() Pl e
0
_ (e : %oo z+i-1 o 2+, ¢ 1
= (27r> ‘ /A ep{ 2 (A u2(2t+¢)k>}CM
0
Put
o ¢
eeret T P eeEa”
Therefore
A YT [ 1 fsCtre (1
L) = 5 27r> \/74—(;5 /z eXp{ 2\ <z+2>}d'z

(freies)

(\/ 2 2t+¢>

e ¢ ;K [, [e2t+d)
u (2t+¢) P22t +¢) ) Ttz 2

[2) T %
_ et ]9 2 |0 P2t +9)
-l (u <2t+¢>> (/m (2t+¢)> Kot ( " ) (73)

3.5 Generalized Inverse-Gaussian Distribution

@

en
2 9
en
¢

I
]
Y Y Y
DN
¥e
N——
Nl

2 [
N————
Wl

N[

The pdf of Generalized Inverse-Gaussian distribution is given by

_ %v—le}(p{—; (a9 brs0

with the parameters taking values in one of the ranges:

g(A)
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(i) >0, 9>0ifv<0
(ii)) >0, v >0if v=0
(iii) ¢ >0, v =0if v>0

Therefore the mixed Poisson distribution is

fz(t):ZM/AW lexp{—;(Zt—i—@b)[ @ﬁw)ﬂ}d)\

S _ ¢
A= mz:d)\— (2t+¢)dz
Therefore
_ (e - [ vty 1
fo(t) = $!<¢) <2t+w) 2K( 0/ + exp{ 5 ¢(2t+¢)<z+ )}dz

PN =52 2K, (VO 0))
<¢) <2t+w> 2K, (VY9)
In terms of pgf,

Put

<

<

,r=0,1,2,.

z!

 (p/9)? r w1 —L[@t(1—s)+¥)A+¢]
Gx (s, t) = 2K, (V33) (\/W)/)\ e d\

¢/¢ /)\'u 1 —3[2t(1— 5+¢]{>\+mx}d)\

0

- sl o
K

6 \E [V )+ﬂ
<2t(1—s)+w> K, (Vi9)

(75)

4 Conclusion

A number of mixed Poisson distributions can be expressed in terms of special
functions. This paper has derived Poisson mixtures in terms of confluent
hypergeometric functions and modified Bessel functions of the third kind
for continuous mixing distributions. These expressions seem quite involved;
however, most of them can also be expressed recursively as given by Sarguta
and Ottieno (2014); rendering the distributions usable. Algorithms have
also been developed by Press et al (1999) and have been used to calculate
Generalized Pareto mixtures of Poisson distributions by Bruno et al (2006).
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